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WTannjaHckn matematuyap Jacopo Riccati (1676—
1754) ncnntmeao je npen, noyvetkom XVIII Beka, jefHa-
YMHy 06/MKa

gi ’1bu2= ex”
Koja je og Tora goba no3HaTa nof MMeHom Riccati-ese
jegHaumnHe.

N Riccati u MHOrM BenMKWM TeOMETPU Herosora
foba, mefy Kojuma Basba HapouuTo uctahu Daniel Ber-
noulli-a., ynoXxwnu cy 6unM Bpno MHOro Tpyaa fAa npo-
Hahly cBe OHe BpefHOCTM napameTpa n Koje he po-
nycTuTW fa ce MNPOMEH/bMBE Y jeaHaydmHu 1) pasgsoje.
W, He3aBUCHO jedaH of gpyrora, CBU Cy HalIM UCTe
BpegHoOCTM n Koje omoryhaBajy pasfgBajatbe MPOMEH-
/buBmx. CBe Te BpPeAHOCTM n faTe cy onwTvM obpacuem

4\

roe je A Ma Kakas LEOo W no3utueaH 6poj, payvyHajyhu
TY W Hy”ny.

AKO Yy jegHauyvHH 1) M3BPLIMMO NPOCTY CMEHY He-
3aBUCHO NPOMEH/bUBE

X -It- 2)



OHa fJobuja 061MK
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N oBa jeaHayMmHa 3) 0OMYHO Ce JaHac 30BE caelujanHa
Riccati-eea jegHauuHa. YCnoB fa ce jefHauynHa 3) MOXe
Yy KOHa4yHOM O06/IMKY WHTErpaauTn, M TOo camMo nomohy
anreb6apcknx n noraputamckmx PyHkuuja, AaT je oner
NUCTUM obpacuem

4\
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nowTo y CMeHU 2) He dwurypuwe napamerap n.

MpeameT oBora paga Hehe GUTU UCNUTUBaHE Cre-
unjanHe Hero onwTe Riccati-eBe jegHayMHe, a OULITOM
Riccati-eBoM jegHauMHom Ha3BahemO CBaKy jefHau4yuHYy
06/mKa

U+5X —o0)tqg
rge je w npousso/bHa PyHKUMjA Of X.

OnwTta Riccati-eBa jegHaumHa, poknerog je w(X)
npou3sBo/bHa PYHKUMja Of X, HE MOXE Ce VMHTerpaauntw,
CpeAcTBMMA [AaHawbe AHanuse, y KOHa4HOM 00/uMKy,
Hero nomohy pefoBa u ogpeheHux wHTerpana. A, 3a-
XBasbyjyhu jelHO] NHTepecaHTHOj OCOOMHM, KOjy, Of, CBUX
andepeHumMjaiHMX jefHavyMHa npsora pefa, uMMa camo
Riccati-eBa jegHaunMHa. — Kao LWWTO je 10 Kronecker mo-
Kazao — K onwTa Riccati-eBa jefgHa4YnHa MOXe Ce U«-
TerpanuTu, T.j. HeH WHTEerpas CBecTU Ha KBagpaType,
camMoO aKo je MOo3HaT jefaH HeH NapTUKynapHWU UHTerpan.

Kag je nosHaT jegaH napTukynapHu mHTerpan Ric-
cati-eBe jefHauyMHe, OMNWTK WMHTerpan gobuja ce nomohy
[Be KBafgpatype. A Kaf Cy no3Harta [Ba MapTuKynapHa



nHTerpana, Minding je nokasao Aa ce ONWTW WHTerpan
fobuja camo nomohy jefHe Keagpatype. MehyTtum, ako
Cy nosHaTa Tpu MapTUKynapHa MHTerpana, OHAa, npema
jefHOj 3Ha4ajHOj 0cobMHWM Riccati-eBe jefHauuHe : ga je
aHXapMOHUJCKN OABOC 4YeTMpu Ma Koja, Mehy cooom He-
3aBMCHa, NapTuKynapHa WHTerpana KOHCTaHTaH, ONWTK
NUHTerpan aobuja ce 6e3 unjegHe KBagpaType.

OnwTtn unHTerpan Riccati-eBe jefHauynHe nma 061K

Cfix) +9(x)
Cy ¥ -)-v K

WHTerpauynoHa koHctaHTa C owurypulle, fakne, nu-
HeapHO K Yy 6pojuouly M y WMeHWOUy onuwTera WHTe-
rpana. OnwTy nHTerpan Riccati-eBe jegHayunHe je, fakne,
paunoHanHa v fnHeapHa ®PyHKUMja UHTErpauMoHe KOH-
CTaHTe.

[a nomeHeMo joLl jeHY BaXKHY 0cobuHy Riccati-ese
jefHaumnHe.

AKo, ca Picard-ou, nog eceHUWjenHUM CUBrynapu-
TeTMMa jefiHOra WHTerpasa pasymMemMo CBE HeroBe CUH-
rynaputete OcMM NofioBa. WM anre6apcknux KpUTUYKUX
Tayaka, OHAa je no3Hato u3 AHanutuyHe Teopwuje Au-
depeHyunjanHux JefHaumHa fa cy 3a UHTerpane jefHavyuHe

roe je f paumoHanHa ®PyHKuUMja Mo u, CBU eCeHAWUjenHU
CUHTYNapuTeTn CTasHW, A0K MOSI0BU U anrebapcke Kpu-
TUYKe Tauyke YONWTe Bapupajy ca MHTerpauvoHOM KOH-
CTaBTOM.



0f, VBTerpauuoHe KoHcTaHTe. WHTerpanu Riccati-ese
jeaqHauMHe wuMajy, [akne, cTanHe anre6apcke Kpu-
TUUYKE TaukKe.

Ha Riccati-eBy jefHa4MHy Hawunasn ee 4Yecto, U TO
He camo y obnactu Teopujcke Hero uy obnactn [MMpu-
MeteHe MaTtemaTtuke.

Y AHanuTuyHoj Teopuju AudepeHuynlanHux JepHa-
ysHa. Riccati-eBa jefiHauMHa urpa Bp/O 3Ha4vajHy ynory.
Kao WTOTO MOKasyjy MHOrobpojHu pagosu Poincaré-a,
Painlevé-a, Picard-a, Goursat-a, Appel-a, M TleTpo-
Buha n 1. 4 Ocum TOra, Ha H> Ce 4YecTo Hamnasn u
Yy pasHoBpPCHUM npobnemuma y [eomerpuju, MexaHHLM,
dusnun 1 Xemuju.

Y leomeTpuju ce, H. Mp.. Haunasn Ha Riccati-eBy
jeHauMHy: NpUAKKOM oApesnbe jefHOra cucremMa acuM-
TOTHIX NvHWja NpaBoOIMHUJCKMX MOBPLUNHA; Y Npobriemy
N30roH-a/IHUX TpajekTopuja jegHe damunnje Kpyrosa LUTO
3aBuUce 0f jefHOr MPOMEH/LUBOT MapameTpa; Yy MOAEPHO]
TEOPWNjN NPUPOLHUX jefHAuYMHa KPUBMX Yy MpPOCTOPY: Y
TEOpMju noBpLINHA; 3aTUM Y MHOTUM 3ajaTuMma OBakBe
BpCTe: fAa ce Hahe KpuBa NMHWMja Kog Koje wm3Mmehy cek-
TOpa S, padyyHator of ©= 0, U NOMapHUX KoopauHaTa
0 T O noctoju, W. np., OAHOC

S—ab+ b

Y MexaHuymn ce, H. np., CBOAe Ha Riccati-eBy jefHa-
YMHY : nNpobnem najaka MaTepujaiHe Tayke Kpo3 cpe-
ANHY KOja faje OoTmop nponopuuoHanaH KeagpaTy 6p-
3uHe; npobnem BepTUKANHOr XWUTUA Kaj ce y3Me Aa je
0TNOp Ba3fdyxa NponopuuoHanan Keaapaty 6p3vHe. Dar-
houx je nokasao fa ce u upobnem ob6bpTaka jegHOr
YBpPCTOr Tefla OKO jefHe CTanHe Tauke, npobnem KOjH
ce 00MYHO CBOAM Ha CUCTEM Of Tpn cumynTaHe aude-



peHuunjanHe jefHauYnMHe, MOXe CBECTU Ha MHTerpauyujy
jeaHe jeauHe Riccati-eBe jegHauynHe U T. [,

Y dusnr™m ce Ha Riccati-eBy jegHauyMHy Haunasm
H. Mp. Yy NPHMeHW MOJepHe Teopuje jOHOBA Ha WPOBO-
herwe enekTpuumuTeTa Kpo3 racoee u T. A

Y Xemujckoj huHeTuUuM Cce, H. Nip., CBe XOMmoreue
peakuUHje apyrora pega (bMMonekynapHe peakuuje) ceome
Ha Riccati-eBy jefHauuHy M T. [,

Jesankom MaTemaTnuke DenoMeHonornje  MOXXemo
yonwTe pehm pga ce' Ha Riccati-eBy jegHauyuMHy CBOAe
CBe NpPoCTe MnojaBe LITO Pe3ynTyjy M3 CUMyNTaHe akuuje
[iBa y3poKa: jefHora, [enpecuBHOr WM WUMMY/ICUBHOT,
ca He3aBWCHWM Bapujaumjama, KOju MoOXe O6UTK Yy cne-
UMjaTHOM Ccny4ajy M KOHCTaHTHe jauuHe, W gpyrora, Ta-
Kohe pgenpecuBHOr MAX MMMNY/ICUBHOI, afH MPOMOpPAMO-
HanHOr KBafpaTy BeNM4YMHe HenocpefHor objekrta. Jep
je Tapa

X, =f(t)X2= +Av'A

Tako fa je amdepeHumjanHa jefHauymHa Mojase
k~, * = f(t]

Kao wrto ce Bugu, obnact npuvmeHa Riccati-eBe
jegHaunMHe oaucTa je Beoma,npocTpaHa W TO je, nopef
bEHUX WHTEPEecaHTHUX HHTUMHMX O0CO06MHa, 6uo no-
rNasnTW pasfor LTO joj je 0f YBEK yKa3uBaHa BenuvKa
naxwa. Riccati-eBa jeHaunHa 6una je NpeaMeT MHOrmMx
NcnuTUBata Yy MPOLLSIOCTM, OHAa W fgaHac Y. HajBehoj
Mepy 3aHMMa MaTeMaTW4Ku CBET, a HemMa CcyMme fa he
T ybyayhe npvBnaynt Ha cebe 0COOMTY Naxmy.

Haw paf cagpXw HEKONMKO HOBUX npusora Teo-
puju Riccati-eBe jefHauMHe W n4a 3a UWbL fa Jonpu-
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Hece WTO 60/beM W MOTMYHHjeM MO3HaBaky OBE 3Ha-
yajHe jefHaumHe. TexuwTe paga 6uhe y KBaIMTaTUBHUM
HcnTueathuma.

Basba jow pfga HarnacMmo fga ce CBe Hawe uchu-
TMBake OLHOCKM Ha peanHe, opgpeheHe, KOHauyHe U He-
NnpekugHe WHTerpane, Ha OHe, [aKne, WHTerpane Koju
Cy of Hajsehera 3Hauyaja 3a NpUMEHY.



| TPAHC®OPMALWMIE

TpaHcopmaymja Riccati-eBe jefHauynMHe umpolinpeHa
obnmka

h o QU+ A y+ yms(*)=0
Ha ournTu 06/1UK
tl w —(©O{x N )
Tpeba GIMD y jefHauYMHN 5) U3BPLUMTM CMEHY

V= Lu-S A z" L 7,
1P

na he ce OHa CBeCTM Ha onwTn 06aMK 6), rge je
WraWi— Y Wi p%— Wi
00 = ParfV T e P

rRYr TEi_V_roi
Wi »T 1 ~1 ¥3

NcTo Tako, ako OMCMO Yy jefHAUYMHU 5) K3BPLLNIN

CMeHy

" +i Y3+ Ya
W, 2<%
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fobmnn 6ucmo oHWTKU 06nK

n' - U = 0 (x)
roe je
00 = qras VIOT—% 0203
2<H 20>
PTe3— 93 -

TpaHehopmaunja nuHBapne jegnauunune gpyrora peda
Ha ouwTwn 06nMK Riccati-eee jefgHaynHe n ob6bpaTno.
AKO Yy NMHeapHoj jegHaunHu

y" + f(X)y' + @(X)y = o - - -9
V
I/I3BpLIJI/IMO CMEHy

Y= m - - 10)
fobujamo Riccati-eBy jegHaumHy
7 n — (x) <o 11)
roe je

f1, f
W=t 1 J —y

Nako ce yBuha, n3 cmeHe 10), ga je wHTerpan w
Paccati-eBe jegHayuMHe 11) Be3aH ca WHTerpaioM y JfiH-
HeapHe jegHauynHe 9) penayujom
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Y cneuujanHoMm cnyyajy, Kaf je nvMHeapHa jefHa-

YyMHa pata y ckpaheHoMm 061MKy
y'= w(X)y L. 12)

OHa nNpocToM CMEHOM

Audx
y=¢e -mm 13)

npenasu y Riccati-eBy jefHaynHy

7 n2— w (x) - - 14

Nako ce yeuha, u3 cmeHe 13), ga u3mMehy WHTe-
rpana n Riccati-eBe jegHaumHe 14) n uHTerpana y am-

HeapHe jefHauuMHe 12) MOCTOjU MPOCT OAHOC

g Y

Yy



I KBANTNTATUBHA WHTEIMPALWNJIA

MomeHynn cmo Beh paa Hmje moryhe Riccati-eBy
jeAHa4ynHy, Yy ONwITeM Ccnyyajy, uHTerpanutu. Amu je,
nopeg ceera Tora, unak moryhe pohu [0 npuavyHor
bpoja mMofaraka O HEHUM WHTerpaiuma u 1o 6awl OHUX
KOju cy noHajuyewhe of WHTepeca 3a NpuUMeHy. [pyrum
peynMma: M ako Huje MoryhHa keaHTWTaTVBMa., YBEK je
moryhHa kBanaMTaTuWBHa WHTerpaymja. A 3ajaTtak je Ksa-
NUTaTUBHE WHTerpauunje ga ce Ha camoj gatoj aundepeH-
UMjaIHOj jefHAUYMHU NpOoy4Yu rato BuLle MOjeAuHOCTU O
HEHUM WHTErpainuma, Kao H. up. :

1° [a ce ncnuta TOK UHTErpasiHe KpvBe yharom pasmaky;

2° pa ce Hahy rpaHuue 6poja Hyna M 6eckoHavyHWUua
MHTEerpana y fatom pasmaky M fa ce npoyyu HhuxoB
pacnopeg;

3° Oa ce ucrwTa putam M YeCcTWUHa, 3aTUM MojavyaBahe
UM aMopTU3npare ocumnaumja y cnyyajy Kag WH-
Terpannm MMajy ocuunatopaH KapakTep;

4° pa ce ucnuta eranucTeHumnja makcumyma v MUHUMYMa,
CUHTYNapHUX Tayaka;

5° pa ce npoyye acMMTOTHe BpeLHOCTU U T. A
CKyn cBUX TakBMX MOjefIMHOCTM CayutbaBa KBaiu-

TaTUBHY CAWKY MNpOy4YaBaHUX WHTerpana u ta he cnuka
6UTKU, OYEBUAHO, Y TONMMKO TFLITMYHMja Y KOMUKO CBE



KBaMTaTUBHE MOjeMHOCTUN, KOje Yyfa3e Kao eNeMeHTU
V oacTaB Te C/vKe, Oyfy MOTMyHWje W NpeunsHuje.

Cam 065K Riccati-eBe jegHauynHe U HbeHa WHTUMHaA
Be3a Ca /IMHeapHMM jefHayMHama fJpyrora pefga gouy-
lwrajy ga ce Ha caMoj jeAHauyuMHW, Kao Mito hemo Bu-
[eTn, HCNWUTaJy MHOre WHTepecaHTHe nojeAVHOCTU O
HEHUM WHTerpamma.

il
MHTmHa Besa u3mehy Paccati-eBe jefHauduHe
n+ n = 0(x |
i J/IMHeapHe jefHaunHe
y' —oX)y .o 9
onM4yeHa y cbpacpay

Yy

nokasyje : da je cBakn uHTerpan u jegHaunue 1) norapu-

TaMmcnu W3BOJ OArosapajyner uHTerpana y jefHauuHe 2).
AKO caf npetnocTtaBuMo fa je PyHKUMja W X) XO-

noMmoptHa y nocmaTpaHOM pa3maky, o6pasal 3) Ham

o4Max WCTWYe Ha BUAWMK OBaj pesynTar:

a OeckoHayHuMUe uWHTerpana U jegHauynmHe 1 aoknauajy
Ce ca Hynama wHTerpana Yy jefHauymHe 2), MOLUTO,
npema jeaHoj MNo3HATOj OCOOGMHWU jeAHauynHe 2), He
MOXe O6uTK, O0K je PyHKuMja w (X) xonomop®PHa, Yy
UCTO BpemMe My —ony' — o,

d Hyne wuTerpana u wuoknamajy ce ca Hynama WpBsor
n3Boja MHTerpana y, T.j. ca Hynama ogy'.

§ 2.

LLITo ce TMye Toka MHTErpasHe KpuBe W y3ajamMHOr
pacuopefa 6eckonayHuua n Hyna y jegHom pasmaky (aR),
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n3pewhemo, Ha jefaH BpnO MNPOCT HauuH, oBe Beh fo-

3HaTe pesynrtare.*) ;N 0B A

1° MpeTnocTaBUMO faje PyHKUM]ja w ix)[HenpecTaHO He-
ratMBHa y pasmaky (a, ) ¥ HanUWKUMO jegHayunHy 1),
c 063vpom Ha penagujy 3), y 061Ky

MowTo je, ®yHKuMja w (X) HENpecTtaHO HeraTuBHa
t

y pasmaky (a, B), noraputamcku I/I3BO,D,%, T. J. WHTe-

rpan u, jegHaunHe 1), HenpectaHo he onagatn y TOM

pasMaky, Kao LTO TO O4UrnedpTo MokKasyje jegHaydnHa 4).

MehyTum, 3a CBaky BPeAHOCT X 3a KOjy je y paBHO Hynu,

T. ]. 3a cBaKy 6eCKOHayHuLYy WHTerpana u, foraputamcku
t

M3BOA ~=, T.j. MHTErpan u, Mpenasu W3 HeraTMBLOT Y

MO3WMTMBHO cTawe. C Apyre CTpaHe, 3a CBaKy BpefHOCT X
3a KOjy je y' paBHO HYNW, T.]. 3a CBaKky Hy/y HHTe-

rpana u, mspas X T. J. 1, NOWTO npema jefHa4ynHN 4)

HeENpPecTaHoO onaga, Mopa npehm M3 MNO3UTUBHOI Yy He-

raTUBHO CTare'; 3aTUM, JOK X HeMpecTaHo pacTe T

n, 6eckpajHo onaga y3umajyhu cBe Mare HeraTMBHE
BPe4HOCTU [OK He MOoCTaHe y paBHO HyW, T.j. AOK ce
He Hauhe Ha jegHy OeCcKOHayHugy wHTerpana u. Tafa

— , T.J. uHTerpan u, noctale deckpalaH n Me?Ba 3HaK npe-
nasehn ns— oo y -j- oo. locne Tora, AOK X OoneT pacTe,
*) Bugn M. Petrovitch, Remarques algébriques sur les fonctions défi-

nies par les équations differentielles du premier ordre (Bulletin de la So-
ciété Mathématique de France. 1896. cTp. 58).
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--, T.J. wHTerpan u, onet oaajga ysumajyhu cse Mame

N Mawe TTO3UTUBHE BPEAHOCTW CBe [OK He noctave y'
paBHO HynW, T.j. OOK Ce He Hauhe Ha jefHY HYyny WH-
Terpana, u U T. [

N3 cBera osora 3ak/by4yyjemo : kaj je y pasmak?
ia, B) pyHKUMja w (X) HeMpecTaHO HeraTuBHA, MHTerpan u
jefiHaumMHe 1) y ToMe pasmaky HempecTaHO owvaga ; Hyne
n 6ecKOHauYHULe MHTerpana jefgHayuMHe 1), WTO ce Hanase
y pasmaky (a, B), pasgBajajy ce mehly cobom, Tako pfa
MHTerpan U uocTaje Haum3MeHue paBaH Hynu n beckpajaH
fok X apupa pacryfiu y pasmaky (a, B).
2° TpeTnocTtaBMMO fa OYHKUMja  (X) HUje HenpecTaHo

HeraTueHa y pasmaky (a, f). Taga wn3pas l, T. ]

WHTErpaa u, MOXe 4ac pacTu 4yac onagatu. Anu,
HOLWUTO ce OEeCKOHauyHWUEe WHTerpana v noknanajy
ca Hynama o y, a Hyne Of4 M ca Hynama of Y/,
To npumeHoMm Rolle-oBe Teopeme M3BOAUMO HemMo-
CPeAHO OBe 3aK/byukKe :

a) M3mehy faBe y3aCTOMHe OecKOHauyHule uHTerpana u,
LWTOo ce Hanase y pasmaky (o, B), mopa ce HaJla3uTwu
6ap jedua Hyna, uauM, ako UX MMa BULLE, HUXOB je
6poj yBeK HewapaH ;

0) n3mehy [ABe y3acTOWHE Hyne MHTerpana U, LITO CB Ha-
nase y pasmaky (o,Bt, He MO>Xe ce HanasuTu BuLe
Of jefHe GeCKOHauHreLle.

8§ 3.

Oppeanmo caf 6poj G6eckoHayHMLa W Hyna LWTW Ce
Hanase y pasmaky (o, B). Hajnpe hemo ce 6aBut camo
0 6ecKkoHa4yHMLama 1 noTpaxknhemo nogatke O HUXOBOM
Opojy y fatom pasmaky.

OwnTa Riccati-eBa jefHay. npsora peja 2
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Y TOM um/by u3Bewhemo MpBO W3BECHE Teopeme
LUTO Ce 0fHOCe Ha GeckoHauHuue mMHTerpana Riccati-eBe
jefHaunHe, aHanore LUTYpMOBMM Teopemama rato Baxe
3a Hyne WHTerpana fiMHeapHe jefHauYnHe papyrora pefa.
Hasegumo, Tora pagu, LLUTypmoBe Teopeme y OHOM 06-
NMKy y Kome he Ham Tpeb6atw.

1° Kag cy paTe nMHeapHe jefHauunHe

le
tll

wl(x) <o XS
oor (X)t -+ - 6)

roe cy N w2 xonomop®PHe GyHKUMje Yy pasmaky

(a, B), oHpa, kaarog je y pasmaky (a, B) Henpe-
CTaHO 3a/l0BO/bEH YC/IOB

) < LK)

a) [Be Yy3aCTOMHe Hyne Of t WITO fieXe Yy TOM pasMaky
yBeK o00yxBatajy 6ap je4Hy Hyny Of Z;

6) aKo z 1 t HMajy jeaHy 3ajelHNYKY HyNy, H. Np. X = @,
OHAa, Kaf X pacTte, No4yeBlWW 0f a, nNpeo he Havhu
Ha jefHY Hyfny MWHTerpana z, va TeK OHAa Ha Hyny
NHTerpana t.

2° Kapg cy pate nuHeapHe jegHaunHe 5 u 6), oHAa,
Kagrog je y pasmaky (a, B) HenpecTaHO 3a40BO/beH
yCnos*

o (¥) ()

a) ABe y3acTonHe' Hyne of t XmTo nexe y ToOM pasmaky
Mory obyxBartaTv HajBuLle jedHY HyNy Of Z;
6) ako z n t nmajy jegHy 3ajefHUYKY Hyny, H. Np. X = a,
OHfa, Kaf X pacTe, Ho4yeBWM of a, NpBO he Hamhn
Ha jefHY Hyny of t, na TeK OHAa Ha Hyny of z
KombuHyjyhn Teopeme nog i° n 2° pgobuja ce
0Ba OcHOBHa. LLITypmoBa Teopema :

3° Kag cy faTe TPy /IMHeapHe jefHauuHe
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"=t (X) z

=Xy
=, (Xt

roe cy OyHkumje 0} w2 n w xonomop®PHe y pas-
maky (a,B), oHga, Kag rog je y pasmaky (o,B) He-
npecTtaHo 3a40BO/beH YC/OB

< 0wl <)

a) ABe y3acTOMHe Hy/ne oAt WTO nexe y TOM pasmaky
yBeK o0b6yxBaTajy 6ap jeaHy Hyny og vy, a [OBe
y3acTonHe Hyne of z obyxsartajy HajBulie jefHy
HYY og y;

0) ako WHTerpannm z u t umajy ca WHTerpanoMm y jeaHy
3ajeHUYKY HyNy, H. Np. X = a. OHAa, Kaj X pacTe,
noyeswn of a, npso he Hauhu Ha je4HY Hyny of z
3aTMM Ha jeflHy Hyny of Yy, na Hannocne Ha jeaHy
Hyny of t.

Bogehn payyHa o jefHOM Mano npe MOMeHYTOM
pesyntaty, Nno KOMe ce Hyfie UHTerpana SIMHeapHUX
jeflHauMHa noknanajy ca 6eckoHayHuLamMa WHTE m
rpana ogrosapajyhux Riccati-eBUX jefHaunHa, Kao
HenocpegHe nocneguue LLTypmMoBMX Teopema u3-
BOAVMO OBe TeopeMme:

1° Hap cy paTts Riccati-eee jefHaumHe

vyt =z 1) . . T
W+ w2= w2(X) . . .8

rge cy wl u w2 xonomopHe yHKUMje y pasmaky
<t B)} oHpa, kagrog je y pasmaky (0, ) HeumpecTaHo
3a/10BO/bEN YC/IOB

wl(x) " w2(x)

a) [Be y3aCTOMHe OGecKOHauyHULEe Of4 W LITO NiedXKe Yy Tom
pasmaky YyBek ob6yxsaTajy 6ap jegHy 6ecHOHau-
HuLy of V;
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6) ako V1 w umajy jeaHy 3ajeAHUUKy GeckKoHauHuuyf
H. up. X = @, OHAa, Kaj X pacTe, MOYeBWN Of a,
npso fie naufiu Ha jegHy 6eckoHauyHULy MHTerpana v,
na TeK OHAa Ha jegHy 6eCKOHa4YHMLUY MHTerpana w.

2° WNap cy pate wucTe Riccati-eee jegHauuHe 1) n 8)T
OHfAa, Kagrog je y pasmdy (o, B) HempecTaHo 3ajo0-
BO/bEH YC/I0B

Wl ix) w2 (X)

a) [ABe y3aCTOWHe OeCKOHauuuue Of4 W LWTO fiedKe Y iop
pasmaky Mmory obyxsaTarnm Hajsuwle jegHy 6ecko-
HayYHWULUYy Of V ;

6) ako Vv 1 w umajy jefHYy 3ajefHUUYKYy OGeCKOHauyHULY
H. up. X~ a, OHAa, Kaj X pacTe, MWOYeBLIN Of 4,
npeo fie uvaufiu Ha jegny 6GeckoHauyHuuy o w, na
TeK OHfa Ha 6ecKOHauyHuLly Oof V.

KombuHyjyhu teopeme nog I u 2° u3BOAMMO OBY

OCHOBHY TeopeMmy, aHanory ocHosHoj LLITypmoBOj Teopemu:

3° kap cy pgate Tpy Riccati-eee jegHavunHe

V3 v2= oA - - - 9

" Ml—w (X)) mmm 10
W' -\-wi=6)i (¢ mm-1lU&

rge cy wy wm Xo/loMophHe (yHKUMje Yy pas3mMaky
(a, B), oHpa, Kagrog je y pasmaky (a, B) HeupecTaHo
3a/l0BO/bEH YCNOB

W, X< wix)< oy " "12)

a) aee y3acTOMHe GECKOHAYHWULEe Of W LUITO /iedKe Y TOM
pasMmaky yBeK obyxsaTajy 6ap jefHYy 6eCKOHauyHuULy
og u, a dee ysacTomHe GeckoHauyHuUe of Vv 0b6yxBa-
Tajy Hajsuwe jegHy 6Geckonadyuuy of W;

0) aKk0 uHTerpaan v u w MMajy ca WHTerpaioM U jefHy
3ajefHNUYKY 6eCKOHa4yHuUy, H. Mp. X —a, OHAa, Kaf X
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pacTe Mo4yeBWIN Of a, upeo he Hamhu Ha jegHy 6ec-
KOHayHUUy of V, 3aTuUM Ha jefHy 6ecKoHauyHuLUy
04 W. Mma Hajuocnies Ha jeaHy O6eckKOHauyHMUY Of W.

MpBM [e0 OBe TeOpeMe MOXEeMO WucKasatu u Yy
OBOM 06/IMKY Koju h<emo yewhe ynoTpeb/baBaTi :

MHTerpan u y pasmaky (a, B) mmahe Hajmame oup-
NMKO 6eckoHayHMLa KOMIMKO UX MMa y TOM pas-
Maky WHTerpan:<> unm camo jeaky maH,(\ a Haj-
BULLE OHO/IMKO KONMKO MX 6yae mmao y TOM pasmaky
WHTEerpan v WUAM camo jefHYy BuLle.

Mocnepta Teopema,. nof 3°, MOXe [a MOCIYXHn
Kao OCHOBa Ba Npoy4yaBake 6ECKOHauyHuAa WHTerpana
jefHe pate Riccati-eBe jefHayHHe, ako OBy OyAemo Yro-
pehuBanu ca gpyrum Riccati-eBuMm jegHauynmHama uumje cy
6eckonauBuiue 60.Be NO3HaTe.

Heka je pata, H. np., jeaHaumHa 10) Kojy Tpeba
npoyuntn; ysumajyhu 3a KomnapaTusHe jefHaymHe 9)
n 11) TakBe jeflHaYMHe KOje Ce MOry WHTerpaiuTH u
Koje y3 TO 3afjoBosbaBajy Yycnos 12), mmahemo, npema
nocneanwoj teopemu 3°, nogaTke o 6pojy W pacnopeay
bGeekoHayHMua y fgatom pasmaky W camora npoy4yaBa-
Hora mHTerpana.

3a KbmnapaTuBHe jefHayuMHe MOry ce y3uMmaTtu pas-
HOBPCHE jeflHAYMHE nNpema MNpPMPOAN Cry4vaja C Kojum ce
MMa nocna; off kWX ce 3axTeBa caMo TO: fAa Ce Mory
UHTerpanuTn unM 6ap ga ce MMa KOMMKO TOMMKO nNo-
TpeObHUX nojaTaka O TBUXOBUM WHTErpaimma.

§ 4.

YnorpebrumMo caf, HeKOJIMKO 3rofHO n3abpaHux jefHa-
4YMHa 3a Kommapagujy.

Hajnpe hemo y3eTu 3a Komnapauujy jeAHauumHy y
K0joj ce dyHKuMja 0 CBOAM Ha KOHCTaHTy, Kao LITO je
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noctynuo LLTypM NpM MpoyyaBarby fIMHEAPHUX jefHa-
YnHa fpyrora pefa.

1° Heka je
n +Fn" —u0 (xj * .1

farta jeflHaYMHa Koja nMa ga ce npoyuyu y pasmaky (a, B).

MpeTtnoctaBumo ga PyHkumja w (X) y pasmaky (a, B)
3a4p)XaBa CTaJlHO jefaH WUCTM 3HaK M pasfIMKyjMo Taja
oBa fBa C/yd4aja:

a) MpeTnocTaBHMO, Hajnpe, Aa je PyHKuUMja o) (x, Heupe-

CTaHO No3uTMBHA Yy pasmMaky (a, ) M 03Ha4YMmOo

ca N HeHy HajMakwy BpefHOCT Yy TOMe pasmaky.

Y3MMMO caf 3a Komnapagujy jefHauuHy
Vi-vi = N mm 2
ymju je jeflaH NapTuUKynapaH MHTerpasa, Kao LWTO 3HaM0?
V= fN mE E3)

lMpema jefHOj paHWjoj TeopeMu, MOLWITO je Yy pas-
Maky (a, B) HenpecTaHo

N < w(rj

[iBe Yy3acTOMHe O6ECKOHa4yHWLEe Of M LITO Ce Hanase y
TOM pa3maKy Mopane 6u obyxBatatu 6ap jeaHy 6ecKo-
HayHUUYy Of V, a MOWTO v, Kao LITO ce BMAX U3 obpacua
3)7 yonwte Hema 6eckOHayHuUa, 3Ha4M fa WHTerpan u
y pasmaky (a, Bj He MOXe HM Yy KOM Ccny4ajy wumatu [Bse
O6ecKoHauyHuMLUe Beh jedHY WM HUjefHY.

/3 Tora ce M3BOAM OBaTeOpeMa; Kaarog je pyHk-
uMja w(X) y garom pasmaky (a. ) HempecTaHO MO3U-
TVBHA, HUWjefaH WHTerpan W faTe jefHauuHe i) UMe .MOXKB
MMaTy y TOM pasmMaky Buwe of jefHe 6ec.KOHauHuLe ;
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6) npeTnocTtaBMMO caj fa je PyHKuMja w (X) HenpecTaHo
HeraTMBHa y pasmaky a, (). O3Hauumo ca —N u
— M Hajmawby 1 HajBehy BpefHOCT KOjy uma PyHk-
umja Y (x) y pasmaky a.p), na ysmmmo 3a KoMmma-
paTnBHe jegHaunHe OBe [Be

A -j-V-:_N . u
w'+ W2= —M m mmd)

UnMju cy MapTUKYNapHU WHTErpam

V= (N cotg X iV - - m6
w — ¥YM cotg X yM mmm 7

lMpema jegHOj paHWjoj Teopemu, MOrMTO je y pas-
MaKy (a, B) HenpecTaHo

—N 9fx) —M,

UHTerpan m mmahe y pasmaky () Hajmakbe OHOJIMKO
0eCKOHaYHMLA KO/IMKO UX MMa Yy TOMe pa3mMaky uHTe-
rpan w Wam camo jefHY Mawe, a HajBuLle OHONMKO KO-
NNKO ux Oyfe MMao y TOMe pasmaKky WHTerpas v wim
camo jefiHy BuLle, na NOWTO WHTerpan w, fAedPuHueaH
obpacgem 7), uma y pasmaky a, B) OHOAMKO 6ecko-
HayHULUa KONMKO BpefHOCT

B —a

+
_“_Ym

eafpXu Lenux jeanHuLa, To ce aobuja oBa Teopema :

cBaku umHTerpan u dare jegHauune 1) umahe y pasmaky
(e, B) Hajmare OHOMMNKO OeckomayHuua KOAMKO WMa
ue/lux jeguHuua y BpegHOCTY

B—a
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lIcCTO Tako, npema WCTOj TeopemMu, WHTerpan wu
nMmahe y pasmaky (a, P). HajBulle OHONMKO 6eCcKOHau-
HULa KOMIMKO Ux Oyfne Mmao y TOMe pa3maky WHTerpan v
Wnu camo jefHy BuwWwe,' ma MOwTo WHTerpan r, gedwu-
HucaH obpacuem 6), uma y pasmaky' (U, B) oHonuko 6bec-
KOHayHWAa KONWKO BpefHOCT

R—a i
YN + |

cafipXu uenux jegumHuua, TOo ce Aobuja oBa Teopema:
cBakM wunTerpan u pgarte jegHalluHe 1 mma y pasmaky
(a, B) Hajsuwe OHONMKO 6eCKOHa4YHMLUA KOMUKO uMa
Lenux jefuHuua y BPeaHOCTMU

B a
o N

(paHMUe KOje CMO Ha 0Baj HauyuH pobunu 3a 6poj
6ecKOHayHMLUa y jesHOM faToM pasmaky 3sahemo LUTyp-
MOBVM TrpaHuLama.

LLTo ce TMye pacnopena 6eckoHa4yHuMLa UHTErpana u
y pasmaky (a, B), O wemy :ce MOXeMO ob6aBecTuTa, Yy
OBOM C/ly4yajy, Ha 0Baj HauuH.

Younmo jeaHy 6eCcKOHauyHuULY X = a uUHTerpana wu.
AKO 3a KOMMNapaTWBHe WHTerpase v MU W Y3MEMO OHe
napTukKynapHe naHTerpane Koje pfobwjamo um3 OMWTUX
WHTerpana jegHaumHa 4) un 5)

v= fN totg [ix—cy YM ]
uU—[Mcotg [(X—cj VM ]

Kaf WMHTEerpauMoHMM KOHCTaHTama ct M c2 gamo TakKBe
BPEAHOCTU [a W MHTerpanun v mu w mmajy BpPefHOCT X = a
Kao 6eckoHayHuWuy, OHAa, npema je4HOj paHWUjoj Teo-



peMun, Kafg X 6yfe pacno, no4veBwn of a, vpBo he Hauhu
Ha jegHY G6eCKOHauyHuLy X = A WHTerpana v, 3aTuMm Ha
jefHy ©6eckoHayHMUy X = a' WHTerpana u, na Hajnoene
Ha jeaHY GeCKOHauyHULY X = [ UHTerpana w, LUTO 3Hayu
fa he noctojatg penagHja

)\<a'<u 8}

AN, nowTo je X = a 6eckoHayHMLa M 044 W Of W,
TO je, 04YeBMAHO, OECKOHA4yHMLUA Of vV LITO [0/1a3U He-
nocpefHo nocne a garta BpegHowhy

9

a 6eckoHauyHMUa Of W LITO f0/1a3n HerocpefHO nocne a
BpesHoWwhy

. I
NI SR

3ameHom BpegHocth 9) u 10) y HejegHauymHama 8),
fobunja ce

a <€a' < a
nnm

7= < a’—a<C-rT/t= v
N 1m
' HejegHaumHe il) pajy moryhHocT fa ce npoyum
BapujauMja pasfa/bMHa Y3acTOMHMX 6GeCKOHaYyHWLA WH-
Terpana u, kKag x 6yge pacno y jedHOM [aTOM npasLy.
Y TOM Au/by, pasfiMkyjMo oBa fABa Cnydaja:

1) npetnoctaBuMo fAa ®PyHKUMja w (X) HeNpecTaHO pacTe,
Nno anconyTHOj BPeAHOCTM, Yy pa3maky (a, B).
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HejegHaunHe 11) MoOXemo Hanucatu Uy 061UKY
jefiHauYnHe

Tt

T e

roe 6 o3HavyaBa M3BECHY BPeAHOCT LUTO Ce Hanasu H3-
mehy a n a.

3a 6eckoHayHMUy a" wWTO fgonasv ogmax nocne a'
ouhe

T
\io (@)

, rge @' o3HayaBa W3BECHY BpegHOCT TITO Ce Hanasu
n3melly a’ m a" v 1. 4., Tako ga hemo wumaty Hu3 je-
[lHaunHa

™
Yo (8)

T
Taw)

_ T
1w(®™)

m13)

a

MehyTMm, MOWTO anconyTHa BPEAHOCT dyHKuuje
w (x), MO npeTnocTaBuu, pacte y pa3maky (a, ), 6uhe,
OYeBUAHO, Y TOMe pasmaky

w(0)< wb") < < N
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na npema Tome U

m s T s

y<oW) > Jal(f7 > j [ > ' > fN-
nn, ¢ 063MpoM Ha jegHauynHe 13),

a —ala"—a'Oa"—a" 7> - . >~

HejegHaunHe 14) uckasyjy oBaj pesynTar:

pas3Juka wu3mMBhy [Bejy y3acTOMHMUX 6eCcKoHauyHuua
WHTerpana U MoCcTaje CBe Mawa M Maka Kafj X pacTe,
y pasmaky ia, B), T.j. 6eckoHaunuue cy cee 6au>Ke jBaHe
Apyruma, anu mpu Tom upubnm>kasaky pasnmka unsmehy
[Bejy y3acTOMHMX OecKOHayHuua He MOXKe 6UTM Mara

00 7%=,
YN

2) npeTtnocTtaBMMo ga PyHKumja w (X) HEMNpecTaHO onaga,
no amconyTnoj BpeaHoCcTH, Yy pasmaky (a, B). Taga,
ynoTpebuBLLM UCTE O3HAKe M UCTO Pe30HOBakEe Kao
N mMano npe, A40MasMMO [0 HK3a HejefHAYMHa

w®)>weE)> u@®G)> - - -> M
—n Tl Tt Tt
&TOY < bTW) < WW1 < S Y

a<a'—a < a"—a"< <

Y~Mm

ofjlaK/le YnTaMo O0Baj pes3ynTar:

pasnuka usmehy fAgejy y3acToOWHMX O6ecKOHayHuua
MHTerpana U wuocTaje cee Bena W Beha, Kafg X pacTe Yy
pa3maky (a, B); 6eckoHauyHuue ce, [akne, pasmuyy, Mo-
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'‘Crajly cBe paspehBHuje, anu pasnuka uamehy [Asejy ,y3a-
CTOMHUX 6ecKoHayHMLa He MO>XKe OUTM HuKako Beha
T

2° Y3MuMO caj 3a Komnapauujy jegHaumHy o6nnka

A — B xim

w' |- w2 4X' .15)

roe je
A—m—1

HeH napTuKynapHu WHTCrpan pgat je obpacuem

W= —— - 4-amx cotg ax = = mlo
2 X

roe ce a ofpehyje u3 jegHayunHe
B= 4az2m’

BeckoHauyHuUe MapTHKYNapHOT WHTerpana w, Kao
ITO ce BUAM M3 o6pacua 16|, gaTe Cy OULLITUM YC/IOBOM

j T
I a

Oflakfie ce /flako Hanasn fa MHTerpas w MMa y pasmaky
(o, B) OHOMMKO 6GeckoHayHWMAa. KOMMKO MMa Aennx jeau-
HULA Yy BpefHOCTH

Heka je
n--u' = wK )

farta jefjHauymHa Koja Tpeba ga ce npoyym.
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AKo unsabepemo kKoeduumeHte A 1M B, na npema
TOME U T W a Y jefHaunHn 15) Tako, fa y pasmaky
(a, Bj byne HenmpecTaHO 3a40BO/bEH YC/OB

A — B X"
OM < - 4x 18)

oHfa he, npema npehawmwem, vHTerpan u, y pasmaky
[a, B, umatm 6Gap OHOMMKO 6Geckoaauymmua KOIMKO WX
MMa y TOMe pasMaky WHTerpas w Wan camo jefHy Mame,
na Kako wuHTerpan w, pge®uHucaH obpacgem 16), vma,
Kao LWTO CMO BuAenn, y pasmaky (a, B) OHONMKO 6Gecko-
HauyHULA KOMMKO MMa Lenux jeauHuua Yy BpPefHOCTM

TO Cce [obwja OBa Teopema: CBaku wWHTerpan U pgare
jegHaunHe ) umahe y pasmaky [a, ) Hajmare OHO-
IMKO 6ecKOoHayHuLa KOAMKO WMa Lenux jeguHuua vy
BpeAHOCTU

[a 6u gowa rpaHuua, gata obpacuem 19), 3a 6poj
O6ecKOHayHMUa MHTerpana u y pasmaky \a, B), 6una no-
BO/bHMja Of paHuje LLITypmoBe, fate obpacuem

R— «
T

nako ce ysuha ga Tpeba ga 6yae

a

a> IMwumm M< A
R—a
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rpe Je/l=4 ~r ™ aJ >
nnK, Hajsag,
—M> —n mmm 20)

oflakne gobujamo NpaBuIO: ako Kpuea nnHuja y = w(X)
y pasmacky (a, ) HwujB cBa ucuog npase y = — A, oHfa je
rpaHuua 19) nosombHuja og LUTypmose rpaHuue. (Cn. 1)

MoTBPAMMO OBe MNoCnedre pe3ynTaTte Ha jegHoOMe

npumepy.
Heka je parta jegHaymHa

n + ur= —4x2 - - -21)

Ma ce TpaXu fAa ce oapefe AOwa M Topwa rpaHuua

6poja 6eckoHayHMUAa uHrerpana v y pasmaky (1, 4).
LLITypmoBa fowa rpaHuuya 3a 06poj 6eckoHayHuua

NUHTEerpana u jeaHaumHe 21) y pasmaky (1, 4) 6una 6w

paBHa OHOMe LUenoM 6pojy jeAMHMLA KOjU je cafpXKaH
Yy BpeaHoCTU

f—«

T

22,

MowTo BpefHOCT 22) cafpXwu CcBera jegHy ueny
jeovHuUy, 3Hauu fa je LLITypmoBa fomarpaHuiia y 0BOM
Cny4ajy paBHa jeguHUUN.
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MehyTum, ako 3a KOMnapaTuBHY jefHa4yuMHYy Y3Memo,
H.Np., jeAHauYnHy
vy 3 — 4x4
W+ w=

KOJY pobujamo u3 onuwre jegHauymHe 15) kap wsbepemo
koeduumeHte A= 3, B= 4, na gakne T —2, a= i

OHfAa, nowTo je y pasmaky (1, 4) HenpecTaHo

3 w X4

ax2 < 40

npoyyaBaHM WHTerpan u jegHaymHe 21) umahe y pas-
mMaky (1, 4) 6ap OHONMKO 6ECKOHaYyHMLA KOMKO MX MMa
y TOMe pas3MaKy WHTerpan w Komnapa,TMBHE jefHaunHe
28) wm camo jefHY Mmawe. ApyryMm peynMma: nowTo WH-
Terpan w y jegHoMm pgatom pasmaky *\a, f) mma yonuwTe
OHONMMKO OeCKOHayHMLA KOMMKO MMa Lenux jefmHuua y
BpeLHOCTH
BT - &'
T

npoyyaBaHu WHTerpan u umahe y pasmaky (1, 4) 6ap
OHO/IMKO 6ecKOHayHMLAa KOAMKO MMa Lenux jeauHuua y
BPeAHOCTY

ATUIY Y I
T m 3,1i 2~z = m24)

MowTo BpegHOCT 24) cagpXwu ABe Uuene 'jeAuHufe,
Kao [owYy rpaHuUy 3a 6poj 6eckoHayHupa uHTerpana
n 'y pasmaky (1, 4 pgobujamo 6poj 2. Osa je rpaHuua.
[lakne, noBos/bHMja of LUTypmosBe.

AKo cap koeduuymeHte'A M b, na fdakne un T ” a,

y jegHaunHu 15) u3bepeMo Tako Aa y pa3maky (a, P)
Oyfe HenpectaHO 3a/0BO/bEH YC/OB
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A—Byx?2'
w(X) O 4y

oHJa he npoyyaBaHW WHTerpan u jefHauynHe 17) nmatu
y pasMaky [a B) HajBuLle OHONMKO 6ECKOHauyHMLa Ko-
KO WX MMa Yy TOMe pa3MaKy WHTerpas w HOBe Komna-
paTUBHE jefHA4YMHE WM caMO jefHY BMLle, Na Kako
NUHTErpan w y pasmaky [a, B) nMa OHONMKO 6eCKOHayHMLa
KOMIMKO MMa Uenux jeguHuua y BpeaHoCTU

Rm—« .
- a-~7,
TO ce [fOobwja oOBa TeOpema: cBakM WHTerpan U pgaTe
jegHaunHe 17) wumahe y pasmaky (ct, 3) Hajsuwe OHO-
NMMKO 6eCKOHa4yHMLa KOAWKO MMa Lenux jeamHuua y
BpPeAHOCTU

F = a+’l 26)
[a. 61 ropwa rpaHmua 3a 6po) 6ecKOHaYyHULA HH-

Terpana u y pasmaky (a, B), gata obpacuem 26), 6una
noBo/bHUja of LLTypMoBe ropwe rpaHunge gare obpaclem

a
N!
p
Tpeoa pAa j€
/r_z__g_[?“ ‘N wm N > A
Ii;)im_am ~
roe je A = 3_a
nnu, Hajsag,

N < - )\ m 27)
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ofakne [obwjamo OBO MpPaBWU/IO : Kaarof Kpuea fuHuja
y = 6)(X) y pasamaky [a, B) Huje cea usHag upase y = —A.
rpaHuya 26) wmososbHUja je og LTypmose (Cn. 2).

lako H-.Mp., ako Yyounmo Manonpehalwwy jeaHa-
ymHy 21)

n4-un —

na noTpaXuMMo Tropkwy rpaHuLy 3a 6poj 6eckoHau-
Huuya y pasmaky (1, 4i, Hanasumo pa je LUTypmoBa
ropta rpaHuua paBHa Opojy UenuMx jeaumHuLa cagpxa-
HUX Y BPEAHOCTU

R- « \FN

- 3 14 T 639.. 2=9. 29

MowTo BpegHOCT 28) uma 9 Lenmx jeAnHULA, 3Haun
na je LUTypmoBa ropwa rpaHuua 3a 6poj 6eckoHauvyHuLa
y 0BOM cnyuyajy 6poj 9.

MehyTM, ako 3a KOMMNapaTWBHY jefiHa4YMHY Y3MeMO

25
wo—w = A N) 29)

KOjy pobujamo m3 onwTe jeagHaunHe 15) Kag mM3bepemo
Onwra Biccati-eBa jefHau. vpsora pega 3
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5
koeduumeHte A —3, B—25, na pgakne m= 2, a -
Tako fa je y Pasmaky (1, 4) HenpecTaHo

. 25.(,
ax® WY T hx2

oHfa he npoy4aBaHn MHTerpan u y pasmaky (1, 4) nmatu
HajBMLIe OHOMMKO GecKOHayHuLUa KOMMKO UX MMa 'y ToMme
pasmaky WHTerpas w KomnapaTuBHe jefHayuHC 29) um
camo jeflHy BWLUe, T.j. HajBue OHOMUKO KO/MIMKO MMa
Jennx jefHULA Yy BPeLHOCTM

BI_I m lu )
™

314 4 277 %

MowTo BpegHocT 30) MMa 7 Uenux jeguHuua, 3Haun

fla mHTerpan u uma y pasmaky (1, 4) Hajsuwe 7 6ecKo-
HayHMLa.

LLITypmoBe rpaHuge gate cy 6pojesuma 1u1 9 ; Hawwe
rpaHuue 26) n 30) 6pojeBnuma 2 un 7.

Nako ce, mMehyTum, yBepaBaMo fa npoy4aBaHa jef-
HauMHa

MMa Kao napTuKynapaH WHTerpan uspas

u= 2xcotgxl— v - - - Hll

BeckoHauyHuMLe oOBOra napTUKynapHora WHTerpana
fate cy OnwTUM YC/I0BOM
X2= tmT,

OflaKne ce Nako Hanasu fa npoyyaBaHW WHTerpan u
y pasmaky (1, 4) vma 5 6eckoHayHMua.
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Kao wrto ce Buau, Hawe rpaHuge 26) u 30) y no-
emaTpaHoM Ccnydvajy Yy»e cy W, npema TOMe, MOBO/bHU]E
og LUTypmoBux.

LLITo ce Tuye pacnopefa 6eckoHayHuMLa npoyya-
BaHora wuHTerpana u y pasmaky (a, B), 0 Hemy Hac
Beh o6aBenrraBa pacnopep 6eckoHayHMLAa KoMAapaTuB-
HMX MHTerpana w. Pacrnopepg 6eckoHayHUUA UHTerpana
w, pged®uHucaHor obpacuem 16), yupaBo je pacnopef
Hyna ®yHKuMje sinaxm a Taj je, Kao LWTO 3HaMo, 36u-
jeH Kag je m 1, a paspeheH kag je m<C 1l W3 Tora
3aKk/byyyjemo fa he w pacnopef 6eckoHayHuMUa npo-
yyaBaHOora uHrterpana' u, y rnasHom, 6utn 30ujeH Kap
je m>-1 a paspefleH Kag je m< 1 T.°. y jegHom
[OBO/bHO BE/IMKOM pa3maKky npoyyaBaHuW WHTerpaa mno-
Kasugahe Texwy fa MMma, Yy NpBOM Ciydajy, GeCcKoHau-
HuLe cBe rywhe, a y Apyrom cBe paspefeHuje.

3° Y3MHMO 3a Komnapafujy jegHaunHy o6nuka
v' -f V1= A — Be 2p .. 32)
: FZ
roe je A=1r
HeH napTUKynapHuW WHTErpan pgat je obpacuem
V= apep cotgaex— - - - 33)
roe ce a ofpehyje u3 jegHaumge
B=aV

BeckoHauHMUe AapTUKynapHora uHTerpana v, Kao
lITO ce BMAM M3 obpacua 33), AaTe Cy OMNLITUM YC/I0BOM

1
X~ p 9
3
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oflak/nie ce Nako Hanasu f[a MHTerpan v mMMay pasmaky
(@, R) OHONMKO 6GeckKoHayHMLUa KOMMKO WUMa Lenmx je—
AVNHMLA Yy BPeAHOCTU

B e
w I/nl'—pK a 41-1
Heka je

n --nl— w(x) - - 34

faTa jefHauMHa Koja Tpeba pfa ce npoyuu y pas-
maky ja, £3).

AKo un3bepemo koedWLimeHte A u B, na pgakne wu
p ii a, y jeaHaunHn 32) Tako Aa y pasmaky (a, 3 6yae
HenpecTaHo 3af0BO/bEH YC/IOB

&K A—Be'l - - - 35

OHAa he wHTerpan wn jegHaumHe 34) y pasmaky (a, RB)
nvatn 6ap OHOMMKO 6GeCKOHayHMUa KOMMKO UX MMma Yy
TOMe pa3maky WHTerpan v wusabpaHe KomnapaTuBHe
jedHayMHe WM camMo jefHyMarbe, na KakKo WHTerpasn
[AB(MHUCAH obpacuem 33j, MMa, Kao WTO cMo Beh no-
MeHynu, y pasMaky (a, B) OHONMKO 6GecKoHauyHuia Ko-
NNKO MMa Uenux jefumHuua y BpefHOCTU

—edP
EB_Q__IC a+ "3

TO ce fobuja Teopema: cBakM uHTerpan u dare jegHa-,
ynHe 34j uma y pasmaky (a, Bj Hajmawe OHOIMKO Oe-
CKOHaYyHMLa KOWKO MMa Lenux jefuHuLa y BpeaHOCTMW.

efp — eadP
a

m m 36)
L



37

Oa 6n powa rpaHuua 3a 6poj 6ecKoHayHWMLA WH-
Terpana u y pasmaky (a, R), gata obpacaem 36) 6una
nososbHMja of LLITypmoBe, pate obpacuem

Tt
Tpeba pga je
eBp — PoP
<
R —a a> YM i wm 7
B i elp — eap
rae je fi= o _ .
HAK, Haj3ag,
—M> —y m - 37

oflakne Aobujamo CAUMYHO MpaBUIO Kao MpaHuje: Kag-
rog kpusa nuHuja y = Q(x) y pasmaky (a, B) Huje csa
ncmog npase y — — [, rpanuua 36) MOBO/bHMja je 00
LLTypmosBe.

Ako n3bepemo, y jegHauynHu 32), koeduueHte AnB,
na fJakne v p U a Tako fda y pasmaky (a, B) 6yge He-
NnpecTaHoO 3af0BO/bEH YC/OB

0(x)~ A — Beipx

oHfa he uHTerpan n y pasmaky [a, B) Mmatu HajBuLle
OHO/IMKO 6GecKOHayHuUa KO/IMKO MX UMa Yy TOMe pas-
MaKy MHTerpan VvV HOBE KOMMNapaTuUBHe jefHauyuvHe waun
camo jefHy BMLIe, Na Kako MHTerpan v uma y pasmaky
(@, 3) OHOMMKO 6GecKOHayHWMUa KOMMKO UMa Lenmx je-
OVHHOA Yy BpeaHOCTU
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T0 ce pAobuja oBa TeOopema: cBaku WHTerpan u dare
jeaHaunHe 34 umahe y pasmaky (o, B) HajBuLIB OHO-
MKO 6eckoHaunuua KOAMKO uMa Ue.rux jeguHuua vy
BpesHOCTM

----------- ad4;: 2 . mmm3p)

[a 6u ropwa rpaHuua 3a 6poj 6ecKoHayHUUA uK-

Terpana u y pasmaky (a B), gata o6bpacuem 38), 6una
noso/bHMja of LUTypmoBe, Tpeba pga je

—eP
eﬁg_ ~a< [N vwm N> p

) elp — eP
roe je g = B—a
nnKn, Hajsag,
N<—up 30;
oflakne nobujamo nNpaBunAO: Kaarod kpuea nuHuja y = 0)(x)

y pasmaky (0. B) Huje cea wu3Hag wupase Yy = —|,
rpaHuua 38) uosos/bHMja je op LUTypmose.

MoTBpAMMO OBe pesynTaTe Ha jegHOMe Mpumepy.
Heka je parta jegHaymHa

u un'—/—4de& - - -HOf

na ce Tpaxu fJa ce ofpede [Owa W ropwa rpaHuua
6eckoHayHMpa wHTerpana u y pasmaky (0, 3).

AKO 3a KOMMapaTuBHe jefiHayuMHe Yy3MeMO OBe [Be
nav'=1—9%ex mm m4l)

w + w2= 1—eX - . .42
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unju cy NapTUKYNapHU WUHTerpany

p=2 a V = 3eXcotg ye2*—1 43;

p=2 a= w — eXcofgge2 44;

OHfAa, nowTo je Yy pasmaky (0, 3) HenpectaHo 3apo-
BO/bEH YCNOB

I —9edl< | — 4eix< 1— elx,

npoyvaBaHW WHTErpal u Mopa, npema npehawmem,
nmatn y pasmaky (0, 3) 6ap OHOAMKO 6GeckoHayHMLA
KOMIMKO WX UMa y TOMe pasmaky WHTerpan w uaM camo
jeaHy Marbe, a HajBule OHOMMKO KOAMKO HX uUMa Yy
TOMe pa3MaKy WHTerpan v Wau camo jegHy Bulle ; Apy-
MM peunma: uHTerpan u umahe y pasmaky (0, 3) 6ap
OHOMMKO 6GeCKOHaYyHULa KOAMKO MMa [enux jeauHuua
y BpefHOCTY

elp --- e e6—J 1 , 21

a HajBulLle OHOMMKO GECKOHAaYHMLA KOMMKO MMa LeNuX
jeomHMUa Yy BpeaHOCTY

eap i 3
% L ad + 2

MowTo wu3pas 45) cagpxu 64 uUene jeamHuUe, a
n3pas 46) cagpxm 190 uenmx jeAnHUUA, TO 3aK/by4y-
jemo ga npoydvaBaHM WHTerpan u y pasmaky (0,3) uma
HajMakbe 64 6eckOoHayHuUe, a Hajsuwe 190 6ecko-
HayHMLa.



40

AKo 6ucmo notpaxunu LLITypmoBe rpaHuue, 4oomnm
OMCMO 3a [OowYy rpaHuLy i, a 3a ropwy 768.

Mehytum, [ako ce yBepaBamo fAa WHTerpan npo-
yyaBaHe jefHa4ynHe 40)

u= 2e coige —i,
ymje cy cBe OeCKOHayHMUE fgate OMLTUM YCNOBOM
e2*= hr,

nva y pasmaky (0,3) ceera 120 6e6KOHaYHMLA.

Hawe rpaHuue 45) n 46) 3HaTHO Cy, fAakne, YXxe
N NoBO/bHUje of LUTYpMOBMX.

LLITo ce Tnye pac-nopega 6GeckoHayHWUa npoyya-
BaHOra WHTerpana U, O keMmMy Hac o6aBellTaBajy pa-
cnopean OeCKOHayHMLA KOMNApaTUBHWX WHrerpana w
nv. Jlako ce yBuha, HMp., Aa je Yy Hallem cfyyajy pa-
cnopes 6ecKoOHayHULA Kn3abpaHUX KOMMapaTUBHUX WH-
Terpana Bpno 36ujeH, na he 3ato u pacnopef 6ecko-
HayHMLa nNpoyyaBaHOr MWHTerpasa u y MnocMaTpaHoMm
pasmMaKy OuTW Bpno 36ujeH

4° Y3MMMO, HarocfeTKy, 3a Kommapauujy w jeg-
Haunny

V' - V2= 4"XJ m - -47)

Koja MMa, Kao LWTO Beh 3HamMo, 3a NapTUKynapaH WH-
Terpan uspas

V= E—cotg alog X

roe ce a ogpehyje m3 jegHaunHe

A=2 —1—4a'
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BeckoHauyHuLe napTUKynapHora MHTerpana v, Kao
WTO ce BMAM U3 obGpacua 48), AaTe cy ONLWTHM YC/I0BOM

KT

OflaKne ce Nako Hanasu ga uHterpan v y pasmaky (a,p)
MMa OHOJIMKO O6eCcKOHayHuLa KOMMKO uMa Uenux jeau-

HMLA Y BpPeaHOCTM «
7 3
= log =7
T a d
Heka je
W -nlomo (R 49)

faTta JeiHa4yMHa Koja Tpeba aa ce npoyuun y paama’y [a, p).

Ako un3bepemo caf KoedPuumeHaT A, na fjakne u a,
y jefHaumHu 47) Tako, fa Yy pasmaky (a,B) 6yge He-
NpecTaHo 3a40BO/bEH YC/OB

W 40 50)

oHa he wHTerpan u y pasmaky («, ) umatu 6ap OHO-
JIMKO OecKOHaurwila KOMMKO WX uma y TOMe pasMaky
WHTEerpas v Wi camo jefHy Make, Na Kako WHTerpan
v, gedPuHnucaH obpacuem 48), uma, Kao LWITO cmo Beh no-
MEHY/I1, OHOMMKO 6eCKOHayHMLa KOJIMKO MMa LEenux je-
AVHMLA Y BpefHOCTH

9Iog ?I 4- 1
s a

TO Ce [oOuja OBa Teopema:* cBaku WHTerpan U paTe
jefgHaumnHe 40. umane y pasmaky (a, f) Hajmare OHOMMKO
6eckoHauyHMUa KOAMKO MMa uennxjeaumHuua y BpeayocTy

a 3
= log T m - -5I)I
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Ja 6u pgowba rpaHuua 6poja OGeckoHayHWULA WHTe-

rpana u y pasmaky (o, f), gata ob6pacuem 51), 6una
noeos/bHMja of LUTypmoBe, Tpeba gda je

alog”
a >
f—a
nnn
M< ¢,
logP-
rge je ¢ Sg/a
B—a
nnKn, Hajsag,

ofakne onet fobwjamo CAMYHO NpPaBWUIO Kao W npe:
Kagrog kpuea nuHuja y = w [X] y pasmaky [a, B) nuje
cBa ucuop upase y = — ¢, rpanuua 51) aoBo/bHUja je of
LLITyp™moBe.

AKO un3bepemMo cag koeguumeHaT A, na gakae u a,
y jeaHaunHH 47) Tako ga y pasmaky («, B) 6yae He-
npecTaHoO 33a40BO/bEH YC/OB

® W > " 4 "' "53

oHAa he wuHTerpan a umatu y pasmaky (o, B) HajsuLle
OHOMMKO 6ecKOHayHMLa KOMMKO UX MMa y TOMe pasmMaky
WHTErpan v HOBe KOMMapaTWBHE jefHauYuMHe Wan camo
JeQHy Bulle, Ma Kako uHTerpan v y pasmaky (& B) nma
OHO/IMKO 6ecKOHayHuUa KONMKO WUMa Lenux jeanHuua
y BpefHOCTU
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16 ce [Job6uja OBa Teopema : cBakuW WHTerpan u dare jed-
HaunHe 49) nmahe y pasmaky (a, B) HajBulie OHONMUKO
OeCKOHayHuLa KONMMHO MMa Lenux jefuHuua y BpefHoCcTU

-log ~ + 2 ... 54

[a 6u ropwa rpaHHua 6poja 6ecKoHayHMLA MHTe-
rpana u vy, pa.amaky («, R), gata ob6pacuem 54), 6una
nososbHuja og LLTypmoBe, Tpeba ga je

alog B
a
~B~=/\a<
InH

- A< -s,
roeje (= a

oflaKksie [ooMjamo NPaBnsIo: Kaarod Kpuea nnHuja y = o (X)
Y po3maky [o, B) Huje cea u3Hag wupaBe y = —
rpaHnya o04) nososbHuja je og LUTypmose.

LLITo ce Thye pacrnopefa 6GeckoHauyHMua npoyya-
BaHOra MHTerpana, O Hemy Hac MOXe 06aBeCcTUTM pa-
cnopef 6eckoHayHuLa KomMapaTvBHUX MHTerpana. bec-
KOHayHuLe KOMMapaTMBHWX WHTerpana v fate cy, Kao
WTO CMO Beh paHuje BUAeNW, OMWTUM YC/I0BOM

ofakne ce BUAM fa je HLXOB pacrnopef paspefieH, na
je, npeMa TOMe, Y je4HOM [OBO/bHO BE/IMKOM pasMaky
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a pacrnopes 6eckoHa4yHMLUa Mpoy4yaBaHoOra MHTerpana u

Takohe paspeheH. )
OTBPAMMO W OBe pe3ysnTaTe HajegHOMe MPUMEpY.
Heka je pata jegHavnHa

na ce Tpaxe [Oka W ropta rpaHMua 6GecKoHauyHMLa

nHTerpana n y pasmaky (1,100).
AKO 3a KOMMapaTuBHE jefHayMHe Y3MeMO OBe [Be

41

56
Tfv — 2 N2
: 25
W2= — x5
Unju cy napTUKyNapHW WHTerpanu
9 = 1 9 [} . -
.= S Yy |ng + 2x 58)
. 1
7 7, | .o
w = T x Cotg \'y i0g-'] 2x u 59)

OHfa, nowTo je y pasmaky (1,100) HenpecTaHO 3af40BO-
/beH YCOB

4 65 25
2x2 < T 4 <

npoyyaBaHu WHTerpan um Mopa umartu y pasmaky (1,100)
6ap OHONMKO 6GeckoBayHMLA KOMKO MX MMa y TOM pas-
MaKy WHTerpan W WM camo jegHy Makbe, a HajBuLle
OHO/MMKO KOMMKO UX MMa y TOMe pa3MmaKky WHTerpan v
WM caMO jegHy BWLIE; [APYrMM peynma: u4yterpan u
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nmahe y pasmaky, (1,100) 6ap OHONMKO 6eCKOHauHMLUa
KO/IMKO UMa Uenux jeauHuua y BpPeaHOCTU

A £ 7
m a _ 2374

a HajBMLLE OHOMMKO KONMMKO WMa LEenux jeauHuua vy
BPEAHOCTK

9 a B 9 _
a—T 10937 42—2374 2=4 6l

MowTo m3pa3 60) uma Cee uene jeanHULe, a mspas
61) uBTwupK UeNe jeauHUAe, TO 3aK/byyyjeMO Aa Mpoy-
YyaBaHW WHTerpan u jegHadymHe 55) nma y pasmaky (1,100)
Hajmatbe fABe, a HajBuLle 4yeTupu BECKOHayHMLE, He pa-
yyHajyhu Ty [/BeHTyanHy 6eCKOHauyHuuy x = 7.

AKo notpaxxmmo LLITypmoBe rpaHuue, Hawnm 6ucmo
[la je [OOHa rpaHuUa paBHa Opojy Uenux jeagumHuua ca-
LPXaHUX Yy n3pasy

Bp—a 99 65 .
e M 374 'P.\Noe Tl °PoJy *

3a ropwy rpaHuuy HanasMmo 6poj uenux jeamHuaa
cagpXaHux y u3pasy

— 99 Y65
BJTayN+2 31k ™2 +2, Tj. 6poj 729.

MehyTum, nako ce yBepaBaMO fJa WHTerpas npoy-
YyaBaHe jefHaunHe 55)

J_
M= ——cota 4log X + ox 62)

uMje cy cBe 6GECKOHauyHMLE faTe OMLITUM YC/IOBOM
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nva y pasmaky (1,100) csera 3 6GeckoHayHMLUe, He pa-
yyHajyhm Ty G6GecKoHauyHuuy x = 1.

Kao wrto ce Buan, n y OBOM C/lyyajy Halle rpa-
Huue 60) n 6f) 3HATHO cy YyXXe M nNoBo/bHUje of LUTyp-
MOBMUX.

TITmM ce Tuye pacnopega 6eckoHavyHuUia MHTerpana
N jefHaynMHe 55), 0 wemy Hac o6aBellTaBajy pacnopean
6ecKoOHayHMLa KOMNapaTMBHUX WHTerpana v U w. Tu
Cy pacrnopeau, kao WTO0 cmo Beh Buaenu, paspeheHu,
na he 3aro y je4HOM [J0OBO/bLHO Be/IMKOM pasmaky W
pacnopes 6eckoHayHMLa Mpoy4vyaBaHOra WHTerpana u
ouTKM Takohe paspeheH.

§ 5

Moxemo ce caj 3anuTatv Kako CToje Mo Lenu-
CXOHOCTM Mefy cob60M pasHe rpaHuuUe Koje CMO Ha-
Benu y npownom 8 Moxemo ce, HNp. nutatM Kag he
[lokba rpaHunga obnmka

et

"

6UTW MOBO/bHMja Of AOHe rpaHule 06/MKa

/\T[ Iog Ja , .64,
OueBngHo je ga he to 6UTM cnyyaj oHAa Kag je
ajm—aY”> a2logR —a2loga - - m6b)

ofakne fgobujamo npaBwsIO : Kaarog je mpupawTaj PyHK-
umje y — atxm y pasmaky io, ) Behu og wvpupawTaja
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(yHKumje y — a2log x y uctom pasmaky, rpaHuuya 63)
MOBO/bHUM]A je oA rpaHuue 6i). Vnu gpyrum peymma: kapg
Kpuea nunHuja y — atxmy pasmaky (0, ) 6p>ke pacTe
o4 Kpuee nuHuje y — a2log x, rpaHuua 63) KOBOMBHUjA
je op rpaHuue 6i).

Tako, HNp. Heka je para jegHavyHHa

n 4-u' = —ix2 m - ‘66)

NMa ce TpaXu [OOka rpaHuula 6poju 6GecKoHayHWaa WH-
Terpana u y pasmaky (3, 5).
Komnapaunjom ca jeAHa4nMHOM

% i \% ﬁX £ X
ynju je MapTUKyNapHW WHTerpasn

m
X cotg —
,¢ g X

M KOja 3afloBO/baBa Yy pasmaky (3,5 ycnos

3
Ax2 4x2< X

HanasumMo Kao [OwYy rpaHuuy 6poja 6eCKOHauyHUUA WH-
Terpana u y pasmaky (3,5) 6poj uenux jeauHuua ca-
ApPXXaHNX Yy BPEAHOCTM

a 1 . .
- a, = Y , Tj. 6poj dea. 671

Komnapauujom, nak, ca jegHauynmHoOMm
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1151

W' W= 40

je mapTukKynapHu uWHTerpan

n r 1 .
=< w= —cotqg 11 log X +a

N Koja Takofe, y pasmaky£|B, 5), 3afoBo/baBa YyCcnoB

3 ixp< 157
4x2 Yy~

HanasuMo Kao Oy rpaHuuy 6poja 6eckdHayHMLa WH-
Terpana n y pasmaky (3,5), 6poj uenux jegumHuua ca-
ApXaHuX y unspasy

11

T log a s, 1k - log J T.j. 6poj jepaH 68)

MehyTumMm, nako ce yBepaBamMoO fa WHTerpan u je-
[Ha4YnHe 66)

n = 2Xcotg X*—

nva y pasmaky (3,5 wecT 6e.CKOHa4yHMUA.
MpaHuua 67) 6o/ba je of rpaHuue 68), jep je 3a-
[I0OBO/bEH YyCNOB 65), MOLWTO je y 0OBOM Cny4ajy 04Y4eBUAHO

51m 32> I log 5— 11 log 3

Ha cnumyaH HauuH mornm 6ucMo nopeautn mehy
cobom u ocTane rpaHuue.

s 6.

Mu cmo go cag, y 83, 84 n 85, npoy4yaBanu camo
6eckoHayHuUe uHTerpana u. AnnM ce cBe TO focajalltbe
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UcNUTMBakbe MOXe NPUMEHUTU M HA UpOyyasake Hyna
NHTEerpana jep ce jegHauynHa

u' -(-n2= 1Ix) m69)

MO>Xe CMEHOM

v 0w =10)
w(X) ' 2w2fx)

TpaHcPopmucatn y jefHauynHy
wW-fv-= G( m- .71
roe je

Tako pfa, Kaarog je ®PyHkumja <y(x) xonomop®Ha y mno-
cmMaTtpaHoM pa3maky, LWTO yocTasoM YBEK MNpeTnocTa.-
/bamo, 6GeckoHauyHuLe WHTerpana v Mnoknanajy ce ca
Hynama WHTerpana' u. Ha Taj HauduH, nocmaTpajyhu
jedHaynHy 71), MM cMO Yy CcTaky fJa Hafemo [0y U
ropwy rpaHuyy 6poja Hyna uMHTerpana u jegHaudunHe 69)
WTO nexe YyjegHom patom pasmaky (a, /3); mohu hemo,
3aTuM, o06enexuTn pasmMake Yy KojumMa YyonuwTe Hema
Hyfna ; MOXeMO NpoyyYuTu pacnopepn Hyna y fgaTtom pas-
MakKy u T. [O.

8§ 7.
Younumo jefHauynHy

n j n~— O EEE ]

Nako ce ysuha fa ABOCTPYKe Hyne WHTerpana u
Mory o6utu camo Hyne ®yHKumje w (X), MNOWTO Yy TOM
cNny4yajy mMopa y WUCTO Bpeme 6UTK

Orwra Riccati-eBa jegHay. mpsora pefa 4
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=20 u —=~0

Mpema TOMe, [ABOCTPYKE HyNe WHTerpana u CTalHB Cy.
OndepeHympajyhmn jegHaumHy 1) gobujamo

n" fjx2mn' = 0 (X)

ojakne BUWAMMO fa TPOCTPYKe Hy/ne MHTerpana u Mory
OnTN camo Hyne PyHKUMje w’ (X), jep 3a TpoCTpyKe Hyse
WHTerpana M mopa O6UTU Yy ucTo Bpeme

n==~0 u —0 u" =0

W rpocTpyke Hyne cy, fakne, CTaHe.

Ha cnuyaH HauyMH Hanasumo fa 4YeTBOPOCTpYyKe
Hyne MHTerpana u mory 6mtm camo Hyne ®PyHkuunje w" (X)
M yonuwrTe : fa N— CTPYKEe HyNle MHTerpana u mMory 6utu
CaM0 HyJie «KYHKLUMje

(>
*(x)
roe (n—2) os3HayaBa pefj u3Boja.

Mpema TOMe, CBe BULIECTPYKB Hyne uHTErpana Ric-
cati-ese jegHaumHe 1) cTanHe cy.

Y3MUMO, Kao npumMep, jeAHaunHy
n mpnl—\2—1 )|

WMHTerpan u jegHaunHe 2) mMoxXe, npema manorpe-
hawweMm, nmatn Kao [LBOCTPYKe HyJie caMO BPefHOCTM
X= i m X= — 1. Jlako ce, mehyTum, yBepaBaMo fa
jefjHaunHa 2) MMma Kao jefaH WHTerpan m3pas

u = X1—- 2X 1

M OH 04MCTa MMa Kao ABOCTPYKY HYNy BPeAHOCT X = + .
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8.
Xopu3oHTaNHe I'IpeBOjHe Tauke. To cy, H. np.,
Tauke Mj 1 M2y cnukama 3 u 4

Vcnutajmo cag, mo- fy
e nn ce Ha pgatoj Ric-

cati-eB0j jegHayYnHuU Vi
n 4-u-= @©lIxt . .1i)
e} =X
pacno3HaTy fa /i keHW
a3

WHTErpann umajy Tux
XOPU30HTaIHUX MPEBOjHUX Tayaka.
fa 6u, yonwrTe, jefHa ®yHKUM}A y umana Kojy npe-
B°JHY Tauky kao y cn. 1, Tpeba, kao wro je nako
Y yBUAETH, fa 3a us-
Mx BECHY BPeAHOCT He-
3aBWCHO  MPOMEH-
/buBe byge y WUCTO

Bpeme

a fa 6u nMana Kojy npeBOjHY TauyKy Kao Yy cn. 2, Tpeba
Ja 3a M3BECHY BPeAHOCT He3aBWCHO NpPOMeH/bMBe Oyae
Yy WUCTO Bpeme

AKO OBO pe30HOBak€ MPUMEHUMO Ha jeflaH MHTe-
rpan u Riccati-eBe jegHaunHe 1), gobuhemo oBe pe-
3ynTare.

Kpusa nuHnja

yr= (X

npegeTaBbahe Ham reoMEeTPUjCKO MECTO eBeHTyasHUX
XOPU3OHTaA/THUX I'IpeBOjHI/IX Ta4yaKa.
4*
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NHTerpan u nmahe XOPWU3OHTA/IHUX MPEBOjHUX Ta-

yaka,. Kao y Ci. 1, 3a OHe BpedHOCTU X 3a Koje je y
NCTO Bpeme

w X)=o0
0" (¥ > 0,
a MPEeBOJHUX Tayaka Kao Yy Cn. 2. 3a OHe BpPefHOCTM X
3a KOoje je y UCTO Bpeme
W (X)) —o
0" (X< o
Tako, H. up., 3a jefHaYNHY
n 4-n2= x6-f 2,13+ ix2-r | mm -2
nmamo ja je
X = X6- ~"3“H3x~ i
w (X)) = 6xs-f6x1--6X
0"ix)=30x* 12x 6
M3 nocnegrwa fABa m3pasa BMAMMO f[a je 3a Bpefd-
HOCT X = O
w ©0=o0
w'© > o
Mpema TOMe, Tayka u4mja je ancumca X = 0 6uhe
3a VHTerpaiHy KpuBY W jefHa XOPWU3OHTa/HA MpeBOjHa
Tayka Kao y cn. i.

Ha cnvyaH HauMH HanasMMo fa MHTerpan u je-
AHaunHe

n+ nl=®—2x3—3x2-4-1 m. -3)

Ma 3a XOPWU3OHTA/HY MpPEBOjHY TauykKy Kao Y C/1.2 OHy
Tauky Koja OAroBapa OMeT BPEAHOCTU X = O.
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OBe pe3ynTate MOXeMO BP0 N1ako BepudurkoBaty,
jep jegHauyMHa 2) vma Kao jefaH WMHTerpan uspas

n= [ F V. |
a jegHadynHa 3) m3pas
m—1—X3 .. - 5)
KpuBa nuHuja, mMehytum, uuja je jegHaymHa 4), nma
OAucTa jeAHY MNpPeBOjHY TayKy Kao y CA. i. M OHa of-

ropapa 6aw ancuucu X = 0. McTto Tako, nako ce ysuha
fla KpuBa fMHMWja, 4uja je jefHauyunHa d), MMa jefHy npe-
BOjHY TauykKy Kao Yy CN. 2 H OHa Takohe oprosapa
amcumcnm X= o.

BepTukanHe npeeoj-
He Tayke.—To cy, H.Mfp.,
Tauke Nj u N2y cnm-
Kama 5 un 6.

OueBugHoO je pfaje
Y BEPTUKANIHUM MpPeBoj-
HAM Taykama
n = ec Cn. 5.

lMpema TOMe, UHTErpas 1 MOXXe MMaTU BepTUKANHUX
MPeBOjHNX Tayaka Ha KOHa4yHO] pasfa/bMHWM Camo 3a OHe

\Y KOHayHe BPEAHOCTM X
3a Koje je
1, ® (x)'— o

AKo je, H. mp., w (X

Ma Kakas MoJIMHOM MO X,

“* HujemaH WHTErpan of-

rosapajyhe Eiccati-ese

cn. & JegHaunHe Hehe nmatm

Ha KOHayHOj pa3fa/bMHU BEPTUKA/IHUX NPEeBOjHUX Ta-
Yyaka ; a ako je Ha nmp.
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P (x)
~ Q4”7
roe cy P 1 Q nosvHOMM NO X, KOjU Hemajy 3ajefHUYKUX
Hyna, OHAa uHTerpan u oarosapajyhe Riccati-eBe jeaHa-
YMHE MOXe UMaTu BepTUKaSHUX NPeBOjHUX Ta.yaka camMo
3a Hyne nosmHoma Q.

w [¥)

§ 0.
lMocmartpajMo jefHaunHy
n - u*— w () om0 ]

N MNOKywajMo fa HahemMo W pas3gBojuMo 06/11acTM y KO-
jAMa uHTerpanu u Mory MMaTv Makcumyme M MUHUMYME.

WHTerpan n MoXe MMaT MakCUMyme U MUHUMYMe
camo 3a OHe BpefHOCTN X 3a Koje je

n=o

AKO Yy jefHaunmHu 1) ctaBMmo U' = 0, Aobujamo
jegHaunHy

nl— w ) B 2

KOja HaM MpeacTaB/ba reOMETPUJCKO MECTO eBEHTYa/IHHX
MakcumMyMa 1 MUHUMYMa.

OndepeHunpajyhn jegHaunHy 1), gobujamo

n" --2ummn' = ' (x),

na Kako je, 3a CBe BpPeAHOCTM X 3a KOje n MOXe [o-
CTMhM KOjU MakCUMyM WAU MUTLIMYyM, U' = 0O, Mmahemo

v' = w' (x) - 3

ofaKkne 3aK/bydylemo: JefaH MHrerpan v MoOXe MWMaTH
MakCMMyMe caMO 3a OHe BPeAHOCTM X KOje 3a40BOJba-
Bajy HejefHauymHy

&4 (X)< o
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a MOXe MMaTM MUWHMMYMe CaMO 3a OHe BpPeAHOCTU X
KOje 3a[0BO/baBajy HejegHauYnHy

@ (X) > 0

C 063Mpom Ha jegHaumHe 2) u 3), nocnefwe pe-
3yfiTate MOXeMO WCKasaTh Uy OBOM O06/MKY :
jefaH uHTerpan u Riccati-ese jegHaumHe 1) mMod>Ke MMaTK
MaHCUMyMe camMO 3a OHB BPefHOCTM X LUTO Ce Hanase y
pasMauuma y Kojuma KpuBa nuMHuja 2) ouada, a moxke
MMaTW MUHMUMYMe CaMO 3a OHe BPEAHOCTMU X LUTO Ce Ha-
nase y pasmauuma y Kojuma Kpuea NuMHMja 2) pacTe.

% 10
Mpegmer oBora §6uhe MCNUTUBAHE aCMMTOTHUX
BpegHOCTM MHTerpana Riccati-eBe jegHaynHe

Xl o« XI (0 (xj

3aflanak je, fjakne: fa Ce uclIrca Kako ce MoHa-
inajy uHTerpann u Kafg x 6eckpajHO pacTe.
Hanuwwumo Riccati-eBy jefHaunHy y 061Ky

xil= 0) (X)— i .o )

Myctnmo caf fga x 6GeckpajHO pacTe, U Heka dyH-
Kumja w(x), Kag X 6eckpajHO pacTe, TeXW jefHO] KO-
HayHo] ¥ ofpeheHoj rpaHuun w0, T.J. Heka bygae

lim w IX) — w0
3a X= oc

Mpema TOoMe : ga M je Ta rpaHuua oj0 No3nUTUBHA,
paBHa Hy/M WM HeraTuMBHa, pas3nuMkoaheMo oBa Tpwu
cnydaja.

1°. Heka 6ypge, Hajnpe,

« 0
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OHpa he jefHayMHa
GO—n‘=o

OYEeBMAHO MMaTU peasHe KOpPeHe, W HeKa T KOpeHwu
oygy l-a n ~~a.
KopeHn jegHaunHe

W —n~—(

. -V SOV v ..?24d
Heka bygy -f~a H —a.

OueBngHo je pge he kopeHu -(-a H —a BUTU uU3-
BeeHe DYHKUMje 0f X, KOje he TeXXuTu rpaHU4yHUM Bpeg-
HOCTMMa -j-a U—a, Kafg x 6yae 6eckpajHO pacno.

Mpema TOMe : Aa /M KOPeHW a .TeXe CBOjUM rpa-
Huuama a onagajyhn Hau pactyhu, pa.3nukosahemo oBa
[iBa cnyuaja.

A). Heka KOpeHNn « TeXe eBOjuUM rpaHuuaMa a ona-
fajyhm, T.J. Heka je

a>a

MocmaTtpajMo cafd jefaH WHTerpan jefHaunHe 1),
Koju je, 3a uHuumjanHy BpegHocT' x0, Behu of a. Heka
TO Oyae, HMp., uHTerpan u. ycTMMo oag fa x pacTe
of x0 g0 ~Hoe u mcnutajmo wTa he 3a TO Bpeme 6UTK
ca uHterpanom u. OuyeBMAHO je, MOWTO je u'< 0, Aa
he OH ogmax noyeTn pfa onaga n onallahe cBe potne
[OK byge Behu of a. MehyTum, ofi He MOXe HUuKafg
6UTM MakK 0f a, jep uim 61 nNocTta0 MarwH Of a MOpao
6n noyeTn fa pacrte, NOWTO 6U Tafa, Kao LUTO ce BMUAN
n3 jefHaymHe i), 6uno un">o.

OTypa 3ak/byyyjeMo : fga he uHTerpan u CTajHO
onagatn, anm he npu TOomM octatu yBek Behu og a- lo-
cTtojahe, pakne, jefHa rpaHuua, Kojoj he wuHTerpan u
TEXUTH Kaf x Oyfge 6eckpajHo pacno. W Ta rpaHuua
mMopa 6uTK 6Gaw BPeAHOCT a, jep ako 6u uHTerpan u



57

TEXNO HEKOj [Apyroj rpaHuuM an Koja 6m 6una Beha
o4 a, jegHaynHa

KOJY nako v3BOAMMO W3 jefHayuHe i), fosena 6u fo
jeflHe KOHTpaAuKumje, nowro 6w fecHa cTpaHa oeTana
KOHayHa Kafj 6uM u TeXuno BpPeaHOCTU a,.
MocmarpaHn wuHTerpan U uma, Aakne, 3a rpaHuyy
BpPeAHOCT a.
B). Heka KopeHW a Texe CBOjUM rpaHuuama a pa-
cTyhu, T.J. Heka je

a<ya

lMocmaTpajMoO OMeT jedaH WHTerpan jefAHayuHe ij,
Koju he, 3a WHMUMjanHy BpegHoCcT x —H0, 6utn Behu
o4 a. Heka Taj uHTerpan byge un. OueBugHo je, aa he
WHTErpan u ogmax no4yetv pfa onaga v onagahe cse
[0TNie 0K He rnocTaHe paBaH a. Kapg moctaHe paBaH a,
oHfa he noyeTm pa pacte, anvm Hehe MOhM caf HMKaKO
fla LOCTUrHE C jep ako™ 6u mMHTerpan u npesasuLlao
BPeAHOCT a, Mopao 6M y WUCTO BpemMe M pacTu U oOna-
[JaTu. Y CBakoM cCnyuyajy, WHTerpan ,u Texuhe jeaHoj
rpaHuUM 1, kao !i Mano npe, HanasMMo pfa je Ta rpa-
HMua 6aw BpeAHOCT a.

Younmo, H.np., jefHavyunHy

u .3}

N MOTPAXMMO acMMTOTHY BPeLHOCT jefHOra keHora WH-
Terpan w.
Y 0BOM cfyvajy je



lim w[) = w0= 1,
3a x — B
na he, gakne, 6uTM u

a—i

OTyga 3ak/byuyyjeMo : ga he ce uHTerpan u jefHa-
ynHe 3), Kag X 6eckpajHo pacTe, 6eckpajHO npubnn-
»KaBatn BpeaHocTn 1.

4a 6UCMO Ce yBEPUIM O TAYHOCTM OBOra 33K/byuka,
[IOBO/bHO je CamO [a, HaroOMeHeMO fa je jeflaH uHTerpan
nocMmarpaHe jegHauduHe 3)

H3 gocagawrera JABoherwa BMAN ce fJa CBU WHTe-
rpann, Koju y jedHOM MOMEHTY nocTajy Behu of a,
nvajy 3a rpaHuugy a. WcTn 3ak/byyak BaXwu U 3a WH-
Terpase Koju y jefHOM MOMEHTY MOCTajy jeAnakun KakBoj
BpeaHoOCTM WTOo ce Hanasu usmehy -fa n— fit, jep oHK
Taga pacty u 6eckpajHO ce npubanXKYyjy KpaHuum a.

OcTaje jow camo fa ce ucnuTa Cnyyaj Kaj je He-
NPeKnAHo.

n< —a

Kan je — <« Behe og —a, MOXe ce [ecuTu, ako
Ce WHMUMjasHa BPeAHOCT Of U Hanasu u3mehy a i
—a, [a uHTerpasl u Mma 3a rpaHuly BpefHOCT a.
AKO rpaHuyBa BpPeAHOCT WHTerpana v Huje -a, Kao
WwTo TO npaBuny Hehe HA 6WUTK, NHTerpan u nNpoay-
Xuhe pga 6eekpajHO onaga cBe A0 — (B; jefiHauYMHa 2)
nokasyje pga he wHTerpan u AocTatu e 3a jean)
KOHayHy BpeAHOCT X. 3aTuUM he HacTynuTu 3a WHTe-
.Tpan M CKOK 0f — & Ha -- n taga Bel) umamo
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nocna ca Masio npe WMCUUTAHUM CayyajeM, T.j. Aa WH-
rerpas n TeXW OMEeT rpaHUYHO] BPELHOCTU a.
Tako, H.Mp, WHTerpan n jefHaynHe

X2— i
@4 x)2

MMa 3a acUMTOTHY BpefHOCT — 4, Kao LTO Ce Jlako
yBuha u3 obpacua, Kojum je npeacTaB/beH WHTerpan u,

MHTerpan u mmahe: fakne, Kao acMTOTHY BpPeanoCT,
no unpasunny, -f-a. a camo ao N3y3eTKYy —a.

Cse focajallte 13BONeHe NPeTnocTas/ba, Kao LTo
cmo Beh paHuje nomeHynn, pga ®PyHkumja w (x), Kag .r
6eckpajHO pacTe, TeXW jefHO] KOHa4HOj, oppeheHoj u
NO3UTMBHOj rpaHMun w0; ApYrMM peumma: [a KOPEeHW
jeaHa4vmHe

s0—unl—o
oyny peanHu.
2°. Heka 6ype cag
«0 =

T.j. Heka ®DyHKUMja W (X), Kag X 6ecKpajHO pacTe, TeXu
Hynn. OHga he, 04eBMAHO, GUTW W

a==o0

WHTerpan u umahe, y 0BOM cnydvajy, Kao rpaHuyHy

BPEAHOCT HyANy ; APYrMM peynmMa: WHTerpanHa Kpuea
npmbnm>kasahe ce acMMTOTHO auCLWUCHOj OCOBUKMU
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Younmo, H tip., jeaHaunHy”

1—Sx
W+ u2= —qgf— mmmm 3y

N NOTPaXXMMO acMMTOTHY BPEAHOCT jedHOra HeHora
NUHTErpana wu.
Y 0BOM cny4ajy je

I — Sx
0ox= —
limwX —o0)0= o,
saa; — 00
na he, gakne, 6uTn u

a—=o0

MHTerpanHa KpuBa, Yy OBOM C/lyyajy, acUMTOTHO
he ce npubnmxaeaTu ancuMcHOj OCOBU-HW. [a 6ucmo ce
YBEPUAM O Ta4HOCTU OBOra 3aK/by4Ka, [0BO/bHO je caMo
[la HarnoMeHemoO [a je jeaaH WHTerpan mnocMaTtpaHe je-
[Ha4ynHe 4)

1
U—x2

3° Heka 6ype, Haj3ag,
w0< o,

T. j. HeKa PyHKUMja w[X), Kag X 6eckpajHO pacTe, TeXMU
jeaHoj KoHa4yHoj, oapeheHOj W HeratMBHOj rpaHMUn wo,
APYTKM peymMa: Heka KOPEHWU jefHauyuHe

Oyny VMaruHapHu.
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3ak/byyumn, cy, Taga, CacBuUM ApyK4umju.

Y 0BOM nocnefwemMm cnyyajy 6uhe, o4eBugHo, U’
yBeK HeraTtMBHO, Ma he 3aTo WHTerpan u CTaJHO Ona-
faTh NoYeBWN Of jefHe JOBO/bHO BenKe BPeAHOCTU X.

MehyTnum, 3ajefHY KOHAuyHY BPeAHOCT X MHTerpan u
mopahe nmoc/ratm — oo . Jep, npe csera, Huje moryhe,
npema npehawrweMm, fga 3a X= + 00 MHTerpal u mma
KakBy KOHayHy 1 ofpeheHy rpaHuuy. Ocum TOra, WUCTO
Tako Huje moryhe fa vHTerpan u [OCTUIHE camo Bpep-
HOCT — 0oc 3a X= -)- 00, Ka0 WTO TO Mokasyje jefHa-
YMHa 2), uuja Ou neea cTpaHa 6GeckpajHO pacna, AoK
On pecHa cTpaHa ocTasia KOHayHa.

CBakum uHTerpan U, y OBOM Ciyyajy, ocuunosane
6eckpajHO MHOro uyTausmehly + 00 MU — <X, ca Harnum
npenasom og — OC Ha -j- 00.

TakaB je cnyyaj, H. np., ca UHTerpannuma jefHaunHe

n-)run-= —1,

KOju Ccy, Kao LUTO je fnako YyBepuTu ce, CBM AaTu on-
LWTUM obpacuem

n = tang (c—x)

rae je ¢ uHTerpayMoHa KOHCTaHTa.

HaHomeHa. Poincaré, Picard n M TeTposuh ncnu-
Tan Cy acMMTOTHe BpefHoOCTM wuHTerpana Riccati-ese
jegHaunMHe 'y npowupeHoMm o06nuKy. PesynTtatu, Koje
cMo Mu, no Picard-y, uW3Benu HemnocpegHWM MocmaTpa-
em Riccati-eBe jefgHauymHe y onwTem 06/MKy, Yy MOT-
MyHOj Cy XapMOHWjX ca TUM pesynTaTuMa LTO Ce Of-
Hoce Ha WHTerpane Riccati-eBe jegHauyMHe Yy MpoLUK-
PEHOM 006Ky .



i nMPNBENVXHA UHTEIMPALNIA

Mo3HaTo je pa ce npobseM MpuGAMXKHe WHTerpa-
unje Kakse avdepeHUMjanHe jefHAYNHeE

f(x,m,n ....) =0 mmnml

MOXEe CXBaTUTW Ha ABa pasHa HayuHa:

1° MOXe ce TPaXKUTW MeCTO TayHOr MHTerpasa u TakBsa
jeaHa BpedHOCT V fJa pe3ynTaTt, Koju ce ‘mobuja Kafg
Cce Vv CMEeHV Ha NeBoj CTpaHu jegHauuHe 1), 6yae y Aa-
TOM pa3maky (a, B) jegaH Bpno mann 6poj. Tapa ce
Taj BpNo ManuM 6poj MOXe, Yy NPBOj anpokcumaluiju,
3aHemMapuTu, T. j. npaBa BPeAHOCT WHTerpana u WaeH-
TUPUKyje CE Ca OpUGNIUXHOM BpPEJHOCTW V.

Tako, H. Mp., ako je fpata jegHa4vmHa
n+ n2= wK mEm )

KOja Ce He MOXe WHTEerpaiuTu Wam ce YOMwTe TewKo
NWHTerpanu, na ce Hahe pgpyra jegHaynHa

vV -)-vli— O() ) |

Koja ce MOoXe MHTerpanntu un umnja ce ®yHkynja O(X) pas-
NHKyje of ®yHKUMje  (X) 3a PYyHKUWMjy T;Xj, Tako pa je

wXl= 0K f-£(x), mmm/{
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OHfa, aKo Yy jeHauYMHWN 2), CBefEHO] Ha Hyny, CMEHMMO
u ca », Boaehu pauyyHa o penaumju 4), nobuja ce Kao
pe3ynTat Ha /IeBOj CTpaHu

v =9l Oxj. — fx)
MehyTM, NOLWTO je WAEHTUYKU
vi - v1— Ox) = o,

TO Ce ropwW pesyntat csoau Ha PyHkunjy — f(x).

AKo cag PyHkumja r(x), y nocmartparsMm pasmaky
(«, B), ocTaje, No anconyTHOj BPEAHOCTU, Mawa O0f W3-
BeCHOr 6poja KOjum ce MOXeMO 33[0BO/bUTW, OHAa ce
y NPUGAMXHOCTM cMmaTpa Kao fda je é(X) = o. CwmaTtpa
ce, fakne, Kao fa WHTerpan v 3a40BO/baBa jefHayYuHy
2), Na Ham 3aTto v MpeAcTaB/ba NPUOMKHY BpPeLHOCT
HenosHaTora WHTerpana w.

OBaj HaunMH nNPUONMXKHE WHTerpauyunje wuma Ty He-
3rofHy CTpaHy LUTO Ce He 3Ha Y KOjoj ce Mepu npu-
OnMXKHa BPeLHOCT Vv pas3/iMKyje oA npase BPeLHOCTU W ;
2° MOry ce TpaXuTW TakBe [Be MO3HaTe WU opapeheHe
(byHKUMje N U w, 3a KOje CMO Yy CTaky TBPAUTU fAa ce
y nocmMatpaHoM pasmaky (a, ) npasa BpefHOCT WHTe-
rpana v HenpectaHo Hafasn u3mehy HuX.

AKo je, H. mp.,

v Now
©ueBngHO je fda he 6uTKH

V+ w

roe je e, No ancoslyTHOj BPeAHOCTW, YBeK

W—V

[ <
! 2
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Ha Taj HauuH, 3Hajyhu ®yHkumje v 1 v>, 3Hahemo
ofMax u jeHY NpubAMKHY BPeAHOCT UHTerpana u, Koja
ie gaTa ob6pacuem

Li-)- w

a, OcMMm Tora, nosHaBahemo ¥ rpaHugy 3a Hajsehy mo-
ryhHy rpewky Kojy 4MHMMO 3amekyjyhu, y nocmartpa-
HOM pa3maky, npaBy BpPeAHOCT WHTerpana npubamKHOM.
Ta je rpaHuua, o4yeBMAHO, AaTa obpacuem

w — V

2~
OBaj ApyrM HaunMH MpUGIMXKHE WHTerpauunje umMa,
Kao WTO ce Buan, Ty A06py CTpaHy LITO YBEK 3Hamo

N cTeneH NpPuUBAMXKXHOCTM [0 KOje CMO Yy AaTtoM Ciy4ajy
[OLLNN.

M3pa3 3a Hajsehy MoOryhHy rpeLuky
wo o=V
2 1

nokasyje pa he rpewka y Tonuko OUTM Mawa, Y KO-
NIMKO CYy ®PyHKUMje V U w , Y mnocmarpaHom pasmaky,
ONnXe jegHa Apyroj.

MpnbnmxHa WHTerpaunja, Ha O0Baj APYrY HaunH
cxBaheHa, wMa, Aakne, 3a UWb fa oOApeau [OwYy U
ropwy rpaHuly npoy4vyaBaHOora WMHTerpana y nocmarpa-
HOM pasmaky.

§ 3
Harwwwnmo paty Riccati-eBy jefHauYnHy

u' —- ul— w(x)
y 061Ky

Uu— ([o-(-uj (yw— u) - mmi

N
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MpetnocTtaBumo fa je dyHkuynja 0 (X) Yy pasmaky
(o, a) no3uTMBHa M Aa He onaga W MocMartpajMo UHTe-
rpan u jegHadymHe 1) KOju MoOCTaje paBaH HyM 3a X = O.

3a tera MOXeMO [0oKas3aTu O0Be pesysnraTe.

3a cBe BpegHoCcTV X Yy pasmauyy (o, a) uHTerpan u
je no3nTMBaH W HeMpecTaHO pacTe, anu He [AOCTUdKe
HUKaf BpefHocT ][w.

MMpe cBera, MHTerpaa M He MOXe HW MoyeTn fJa
onafda, jep 6w Taga 6M0 HeraTMBaH, a HeroB MpBu U3-
BOA U', npemMa jeAHaynHu 1), NO3UTUBAH.

AKO dPyHKUMja W He MOCTaje paBHA HYyIM 3a X = 0,
3a Ty BpeAHOCT X, MOWTO je u = 0, 6uhe, ako ca u'0
03HauYMMO BPeAHOCT MpBOra M3BoJ4a MHTErpana u Yy Tayku
4ymja je ancumca x = 0,

n'o= (0(0),
na Kako je, npema npeTtnocTasyy,
w () > o,

WHTerpan 1, NOWTO NoCcTaje paBaH HynM 3a X = 0O, pacTb
nouesn::! oq x = 0 U OCTaje, HpemMa TOMe, MO3UTUBAH.
N poknerog je

u<cY w

UHTerpan m cranHo lie pactu, jep je u3Bo4 u', npemMa
jegHaunHn 1), 3a cBe TO BpemMe no3uTuBaH. A, pa-
cTyhu, MHTerpas u He MOXe HMKaKo npesasnhn na Hu
poctuhu ogrosapajyhy BpefHOCT ®dyHKumje |/ «,jep, uum
6n je npewao, mopao 6u No4YeTn Aa onaga, NOWTO 6m
M3BO4 ¥ MOCTa0 HeratuBaH, jep 6u Taga 6uno

Yw+ u>o0

Yw—u< 0
Onwra Riccati-eBa jefHay. npsora pepa 5



G6

C pgpyre cTpaHe, MehyTuUMm, .4aMm OW WHTerpan w
noyeo Aa onaga, Troctao 6m Mawu of J w, un3B0o4 K
oMo 6u Mo3nTMBaH, Te OM TakKo WHTErpan um Mopao Yy
MUCTO BpemMe M onajat¥ W pacTu, LITO je OYEeBUAHO He-
moryhHo. Tume je [oKasaH ropxwu pesynrar.

Ako ®yHKUMja @ MoOCTaje paBHa HyIM 3a X = O.
a KpuBa NUHMja

y =10 (LU

He TaHrmpa y KOOpAMHATHOM MOYeTKy Ocy X, MHTerpaaHa
KpuBa mmahe y KOOPAMHATHOM TMOYETKY, MNpema OHOMe
LUTO CMO paHuje PeKin 0 MakKCMMymMnUma U MUHUMYMUMA,
jeflaH MuHumym, jep. andepeHumpajyhn jegHaumHy 11
fobunjamo ga je Taga 3a X = O

m=o n=o n' — o @© > o
A ako Kpvsa nunuja
y=fw®

TaHrMpa ocCy X Yy KOOPAMHATHOM MOYETKY W aKko je Joavp
NpoCT, KOOPAUHATHM no4yetak 6uhe, npemMa OHOMe LUTO
CMO paHuje peknnM O MpPeBOjHMM Taykama, jefHa Xopu-
30HTa/Ha npeBojHa Tayka MHTerpasHe Kpvee, jep 6Mcmo
Taja Umaan da je 3a X — 0

m=0 nM=0 unW—0 UuU"—cw'@O>0

AKo 3a pasmak (o, @) y3memo pasMak (0, BB) 1 aKko
PyHKUMja YW Yy TOM pa3Maky acvMTOTHO TeXW jefHoj
KOHa4yHOj W ofpeheHOj rpaHnuuM a, UHTerpan u Takohe
he acMMTOTHO TEeXWTN TOj WCTOj rpPaHULN.

Jep, Kako u HenpecraHo pacTe, a He MOXe, npema
npehalwemM, HUKaKO fa npesa3uhie BpeaHOCT a, W3BOA



67

n' Texuhe Hynnm kKag x 6GeCKpajHO pacTe, LUTO 3Hauw,
npema jefHauvHu 1), ga WHTerpan M aCUMTOTHO TeXW
rpaHuLUM a; pesynTart Koju, YoCcTaloMm, W3/1asu U Heno-
CpefHO W3 OHOra, LWTO CMO pPEeKNW y OAe/bKy O acum-
TOTHUM BpeAHOCTMMA YOormuTe.

§ 2.
Heka cy pgate fase Riccati-eBe jefHauunHe

n --ur— (X S )
V Vi= «2(X) )

roe cy (O ii w, KOHa4yHe W HenpekngHe dyHKuUMje Of
X y nocMarpaHoOM pasmaky.

MpeTnocTtaBMMO fAa je y gatom pasmaky (0, a) He-
npectaHo

«, > WX

T HeKa MHTerpan n nocrtaje 6eckpajaH 3a x — 0, a fa
TO HWje Cc/yyaj ca WHTerpaiom v

OHpa he, nof upeTnocTaBkama Koje Cy cafp)xaHe
jow ii y Aokasy, y nocMaTpaHoOM pasmaky, OouTu y WUCTO
Bpeme U

u >v

[Oa 6ucmo ropwe TBphHEewe AoKazanlp TpaHcdop-
MULIMMO Hajnpe pAate Riccati-eBe jegHaunHe 1) u 2)
NMPOCTUM CcMeHama

y oprosapajyhe nunHeapHe jefHauuHe papyrora pefga
5*
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y' = Wiy e -5
" — w2 (x) ¢ . .6

M NOCMaTpajMo OHe WHTerpane y u z Koju y npoyda-
BaHOM pa3Maky 3afpxaBajy WCTW 3HaK; Heka, nopej
TOra, MHTEerpan.y noctaje paBaH Hy/iM 3a X = 0, a 1O
H.eka He Oyae cny4yaj ca WHTerpaioMm z.

MOMHOXMMO jefHauMHy 5) ca z, jegHayMHy 6) ca
y ¥ 0fy3MMMO APYry Tako Ao6ujeHy jeAHaunHy of npB.e,
na hemo go6utn

zy" - yz" = J0\wA— w2 mEnR)

MOMHOXMBLUW, 3aTUM, jefHa4yuMHYy 7) ca dx W WUH-
Terpanehun je y rpaHuuama of /i fo x, rge je h jegad
Ma KakaB 0poj, fobuja ce

zy' —yz’ — C4- {l;yz (@ — 92 dx oo g

rae je

BpesHocT KoHcTaHTe C 3aBUCU Of MNOCMATPaHUX
NHTEerpanay un z jegHaumHa 5) n 6J. Kag je jegaH ytepheH.
BPeAHOCT KOHcTaHTe C 3aBucuhe jeAMHO 0 OHOr Apyror
nocmaTtpaHor WHTerpana.

Mogennumo jeaHauymHy 8) KOIMYMHOM Y z, KOja je, no
MPeTnocTaBun, MO3UTMBHA, Na hemo [O6UTK

AKo y3memo h= + f, rae je e BpIO Mana Konu-
ymHa, 6uhe
Yy

C=yz y 7z sax——f£ - 10
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BP0 BeNVKY MNO3UTUBHY BPELHOCT, a MPOW3BOf yz Nno
npeTnocTaBuUM je CTa/HO NO3UTUBAH, TO he M KOHCTaHTa C
6UTM 0YEBMAHO MO3UTUBHA.
C popyre cTtpaHe, nmowTo je Yy pasmaky (0, a) He-
npectaHo, Mo MpPeTnocTaBLM,
Yz> o0
_0)’ > 0

To he n wnHTerpan

O6VUTK NO3MTMBaH Yy MocmaTpaHOM pasMmaky.
JegHaunHa 9) Taga nokasyje ga he y pasmaky (o, a)
HenpecTaHo 6UTK

nnn, npema jeaHaumHama 3) u 4),
Uu > v,

WTO je U TpeGano [oKasaTu.

§ 3
MocmartpajMo aBe Riccati-eB6 jegHauyumHe

Vi V2= wi (X) mEml
w' -f w2= 0r (x) EEE 2
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3a O®yHKUMje «, U ar npernocrtaB/bamo jga cy Yy no-
cMaTpaHoOM pasmaky (o, a) rw3uMTuBHe W fa He onapjajy.
AKO je, ocum Tora, y pasmaky (0, @) HeTTpecTaHO

(0, > 0)2 ... 0
6uhe Takofe y TOMe pasmaky U

V > w

rge cy 0 M w mHTerpanum jegHadumHa |) u 2) kKoju no-
CTajy paBHM Hyuu 3a X — O.

Mpe cBera, 13 jegHaudnHa 1) n 2), npema ycnosy 3i,
pobnjamo HejefHaunHy

vV + V'> w' -[-wl .om - 4)
HejegHaunHy 4) moXemo Hanumcatu H \ 00/uKy
Vi—w > w— SR |

AKO OWM cag 3a jegHy BpedHOCT ., ONUCKY Bpej-
HocTn X = 0, 6uno
W > V,

Mopaso 6u y UcTo BpeMe 6MTU, NpemMa HejefHAYUHU 5), H

v > W
nnn

d
ix ¥—wW >0

TO 3HAYM [ suoepenunja V—W PACTE MOYEBLIH
o Te BpegHocTM X. [la Kako je OHa 3a X = 0 paBHa
HYNn, mopano 6w, NoYeBUW Of X = 0, OUTK
P> w

G apyre cTpaHe, mefjytum, ga 6u gudepeHunjav — w
MOr/sa nocTtaTu HeraTMBHa MOYEBLUIN Of jefHe BPegHOCTU
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r = 5 itiio ce Hanasn y pasmaky {o, a), Tpeba pga ce
CBefle Ha Hyny 3a x = b, na nowrto 6w, npema Maso-
npehawtem, MOYEBWM 0Of X — b agndepeHuymja v — w
mMopasia pacTu, Haunasnmo oneT Ha KOHTpaauKLuumjy, ymime
je ropwn pesynrar [oKasaH.

§ 4.
Heka cy pate Tpu Riccati-eBe jegHauunHe
V' 4- u* = i () A
n o ul= w( )
wow= () mm ml)
roe 3a PyHkumje W N w, OMEeT NpPeTnocTas/ba.Mo Aa

Cy y nocmarpaHom pasmaky (0, @) MO3UTUBHE W [a. He
ounagajy.
AKO je, nopef Tora, y TOMe pa3MaKy HemnpectaHo

W, > (0> «T
buhe y HCTO Bpeme Yy TOMe pasmaky W
V>»un > w

roe cy v, 1 MU w uHTerpanu jegHauuHa 1), 2) n 3) koju
nocTajy paBHW HYIM 3a X = O

OBaj pesynTtaT je, 04YeBMAHO, HemnocpefHa nocne-
Anaa pesynTtata foKasaHor y § 3.

Mocnefdrwy pesyntaT MOXKe WMaTh BP0 KOPUCHY
NPUMMEHY Yy MPUOAMKHO] MHTerpaumju Riccati-eBe jea-
HauunHe,

AKO, HMp., Tpeba fda nNpoyyMMo jegHauymHy 2) Koja
Ce He MOXe MHTerpansTW, oHAa hemo 3a KomnapaTuBHE
jeqHaumHe 1) n 3) n3abpaTu TakBe jeAHa4YMHEe Koje Mo-
XKEMO WHTerpamtn wunm 6ap TakBe O 4ujNM MHTerpa-
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NMmMa MOXXEMO MMaTW [OBO/bHO NOTPeOHWX MojaTtaka.
Ha Taj HauMH ao6buheMo M nogatke O rpaHnuaMa u3s-
Mefly KOjux ce HenpsBCTaHO, Y MnocmaTpaHOM pa3mak)\
(0. a), Hanasu npoydyaBaHM WHTerpan u. Tako 6GMCMO
ca M3BECHOM NPUOAMKHOWhY MOrIU CTBOPUTU N ONUKY
0 TOKy Mpoy4yaBaHe WHTerpasHe KpuBe JUHUjE.

OueBMaHO je fga heMo uWHTerpas u y TOMUKO 60/be
no3HaBaTW y KOMMKO KOMMapaTuBHe PyHKuMje M, U oor
oygy Tewtre obyxsatase DPYHKUM)Y o.

§ 5.
HaBegnmo y 0BOM 8§ jefHY MO3HATy MeToAy Koja
Ce MOXe KOPWUCHO YNoTpebuTn 3a NpUBAMKHY MHTerpa-
umjy AndepeHumnjanHUX jefHadynMHa npeora pega yonuwre..
Ta MeToga. 3acHMBa Ce Ha reHepanmcaHoj Mo3HaToj Te-
Opemun cpeasbux BPeAHOCTU™).
Heka je paTa jefHayunHa

.1y

roe je F ma KakBa, anrebapcka wiM TpaHCLUeHAEeHTHa,
dyHKUHja of X M M U HeKa je fJarta TroyeTHa Tauka
(x0, n0) TpaxxeHor peanHor MHTepana u. Taga hemo 6UTK
YBEK Yy CTawy fa M30epemo, M TO Ha O0ecKpajHO MHOro
HauMHa, Apyre [ABe jefHayuHe

-2)

. 3)

N jeflaH pa3mak, C jefiHe W [pyre cTpaHe BpeAHOCTU
X= X0 Tako fa ce 3a CBaKy BpefHOCT X, 00yxBaheHy

*) M. Petroviteh, Sur une maniére d’étendre le théoreme de la moyenne
aux équations differentielles du premier ordre. Math. Annalen LTV Bd. 3. Hft.
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Tum pa3makoMm, BpefHOET WMHTerpana u Hanasu uamehy
oarosapajyhux BpegHOCTU MHTerpana v uw jegHavymHa 2i
n 3) ko 3a = M mMajy BpegHocTM vO= wO— un
N oBa opgpefba [owe M ropwe rpaHHUe MWHTerpana u
6uhe moryhHa na ma Kkakea 6una noyetHa Tavka (XQ nO0),
caM0 ako Ce He Hanasu Ha M3BECHWM YTBpPHeHUM KpuBUM
NNHMjaMa Yy paBHU (X, 1) KOje ce, yocTasioM, MOry YyHa-
npef 3HaTnN 3a faty jegHayunHy i).

[aTy..jefHaunHy 1) MOXeMO Ha 6ecKpajHO MHOrp
HayMHa Hanucatu y 061uKy

W E 1)

roe je f jepaH koe®uuMeHT KOJU 3aBUCU 0f X, KoOju
durypuule 'y ®yHkamju F 1 Ha koju ob6bpahamo Hapo-
unTy nNaXhYy-

MpeTnoctaBUMO fJa Cy 3a WHUUMjaIHY BpeaHoCT
(X0, n0) ii dPyHKUMja F © weH napumjasHu U3BOA

(:If: —Hx u, fi
OfpeheHn, KOHauYHW W HenpekugHW, Ja OCUM Tora He
Mehajy geTepMuHaumnjy v ga napuujasiHi uU3BoL 3a Ty
Tauyky He MnocTaje paBaH Hynn- Tauke Koje He wucny-
HaBajy OBe YC/I0BE Mpunagajy W3BecHUM YTBpheHUMm
KPMBUM fIMHMjaMa Y paBHWU (X, M) KOje MOXXEMO yHarpej
3HaTW 3a JaTy jefHadyuMHy 1) wam cy, nak, M30/10BaHe
i CTanue:

CraBuBwm f (x0)= (j MOXeMO YyBeK OfpeauTV [Be
KOHCTAHTHE BpPefHOCTM A U Y Tako fa byne

A< o<



h pa ®yHkuymja H (X, u, t), cmatpaHa kao ®Pyakumja of
t, OCTaje KOHayHa, ofpeheHa, HeumpekupHa v pasnmuuta
o4 Hyne, Aok t Bapupa oa A go M. Moxemo 3arumm
yBEK, H TO Ha 6ecKpajHO MHOro HauyumHa, OLpPefuTW [Be
pyHkumje @ (X) n Y (X) koje he 3agoBo/baBaTM OBe
ycnose:

v ga 6yge Y (a-3= A P{x0)= p-

20 fla 6ysy KOHauHe, ojpefjeHe N HenpekugHe y
jegHom pasmaky [x0— al5 'x0-f ad);

3° [a WHTerpann v » w jeflHaunHa

SA =7, 0,9) A |

dw .
— = F(X, . M- a

Koju 3a X — x0 nmajy 3ajegHunuky spegHocTt vu= w0= u(
O6yLy KOHauyHu, ofpefieHN W HenpekupHu Yy jefHOM pas-

maky (x0—¢6,, x0
N3abpaBwmn Ha'Taj HauMH PyHKuMje @ U Y, craBumo

Rv(x}0J = ¢ + [f— ¢) OY

H, {x.62) = ¢ -f [w— ©ar

roe cy 0j n Oa gBa 6poja wTOo ce Hanase usmehy o
i, n younmo ®PyHKUMje

G, ix, 6N — Hix, v, RJ

Gt [x, 82) — H [X, w, Rt)

cmaTtpaHe Kao ®yHkuumje of v, 0, H 0,, wuowTo ce
n,w,R1nR 2 CMEHE HUWUXOBUM BpefHOCTMMA N3PaKEHUM
nomohy x, 0, n 02

Nako ce pokasyje pa PyHkumje G, ii c2 He no-
CTajy paBHe HyIM 3a V= VvV W Aa 3a Ty BpPefHOCT X
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Uvajy 3ajefHHYKM 3HaK, Na Ma Kakee Owune BpeAHOCTU
Bxv Ory pasmaky of O go |. Apyrum peumma: yBek he
nocrojatu jegaH TakaB pasmak (x0— cB x0-- ¢,) ga 3a
CBaKy BpefHOCT X 06yxBaheHy TWM pa3MakoM U 3a

o< 0, < 1 o< 02< 1,

®dyHkunje Gj ii G, bygy oppeheHe, KOHauyHe, Hernpe-
KMoHe, fJa He Mekbajy [AeTepMUHauujy W He WNOCTajy
paBHe Hynu. [owy rpaHuuy oBora pasmaka umahemo
H.Np. ako NoTpaXumo TakaB pasmak (x0— gv x0-jgra)
fa, o3Haunswu ca (M, M2 n IV, iV2) ogrosapajyhe rpa-
Huae wn3mely Kojux Bapupajy DyHkumje \@, ) 1 (v, w),
3a BpegHocTn VY TOMe pasmaky, ®PyHKumja H (x, U, t)
ocTajc oppefeHa, KOHayHa" HenpekujHa W pasinyuTta
04 Hyne, fOK X Bapupa of x0— 9, ANOA\~y.u °O N, g0
iV, nt og M, no M2

Haj3ag, kako je dyHkumnja F (x, u, fj, roe je n f ®yH-
Kuunja of X, ogpeheHa, KoHayHa 1 HenpekngHa 3a x = X0,
n — 10, nocTojahe yBek jegaH pasmak, H.np. og x0—d, pao
x° [ d,, TakaB fa, o3HaumBLM ca (Nt', N,") AOwYy U ropky
rpaHuuy B3amely Kojux sapupajy v u w, ca (M/, M2) gowy
h ropwy rpaHuyy nsmehy kojux sapupajy ¢ n @, ®yHK-
umja F (x, n, f) ocrtaje HenpectaHo oppefeHa, KoHayHa
h HenpekugHa, AOK x Bapupa Yy pasmaky (xX0—di;
x0-f-d2, n wnsmehy Nx u N,', a f namehy M/ n 31,.

Youumo cag jegaH pasmak (X0—n1, x0-j- hj koju
Ce cagpXu y CBa YeTupu paHuje MOMeHyTa pasmaka
(x0—aw x0-j-af, (M0—6,, (x0+ 62, (x0O—c,, X0+ c 2,
X —d, Vv -J-d2. Taga ce nako gokasyje oBa Teopema
KOja ynpaBo MpefcTaB/ba reHepanmcaHy Teopemy cpef-
WX BPEAHOCTU @ 3a CBaKy BpefHOCT X, 06yxBamneHy pas-
¥anom (X0— !'go+ M) wHTerpan U jegHaunHe 1), Koju
3a X = X uMa yHaupes pfaTy BpeaHocT w — 10 ogpeheH
je, KpHayaH W HeuWpekufaH UM HeumpecTaHO Ce Hanasu
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n3mehy oproeapajynux BpegHOCTWU WMHTerpana v u W jeg-
naumHa 4) u 5) koju 3a x = x0 umajy WCTy BpefHOCT
v0 = = u0.

OueBMAHO je, uMpema Hanpen W3N0XeHOM, paa hé
cBakoj gndepeHaujanHoj jegHauymMHuU 1) Y CBAKOM CKyny
nHnunjanuux spegHoctn (X0, Q) — ocmm ako ce Tauka
(x0, m0) He Hana3nM Ha paHWje NOMEHYTUM YTBpPheHUM
KpUBMM NUHMjama — oparosapatu jegaH pasmak (i0— hv
X 0"f: ynja he BennymHa 6UTKU pasnuynTa, Npema cny-
4yajy € KOjuUM ce uma nocna, anuM Koju HUKaf Huje pasaH
HY .

Ynotpeba 0Be Teopeme cacBUM je C/AMYHA ynoTpebu
TeopeMme cpejmwux BpegHocTn. 3a fgaTy j.efHayumHy, Ha-
nucaHy y o6nuky 1%, Tpeba oppeautn pnBe QYyHKUMje
® n Y Koje y 6nm3nHn BpegHocTn .r = VO obyxBaTajy
WwTo je moryhHo Tewmwe @dyHKunjy f n koje 6u 6une
TakeBe pajefHauvumBe 4) u 5), Koje wuMa ofarosapajy, um
MOXeMO MOTNYHO WHTerpaautu uam wux 6ap MOoXemo
nakuwe nNpoyymTn Hero faty jefHauymHy. Paamak (X0— /rl;
x0-f\) mopa, ga yKpaTKo MNOHOBMMO, 3a[0BO/baBaTH
0Be yCNnoBe:

1° vy wemy cy PyHKumje ¢ n Y xonomop®dPHe u tie-
NMPeKnAHO 3a40BO-/baBajy YC/I0B

g < f< rp;
2° WHTerpaqm v U W jefHayuHa

dv
Tn = F ,0)

w
= FXw, g

K.0ju 3a X = X0 UMajy 3ajeaunyky BpefHOCT M(, Xono-
MOP®PHM Cy ;
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3 dyHkumje Q1(x, 0,) nu G2 ., 82 xonomopdue cy
ii He wnocTajy paBHe nynu na Xia KakBe BpPeAHOCTH,
nsmehy 0 u i, umane npomeHmbuee 8{ n O ;

4° dyHkunja F (X, m, t,) xonomop®Haje LOK U Bapnpa
namefly JV/ n NJ, t namehy M/ n M2 rge (M/, M'2) o3Ha-
yaBajy Aowy W ropwy rpaHuuy msmely Kojux sapupajy
Yuny, a (VI iV2) powy v ropwy rpaHuuy wusmehy
KOjux Bapupajy v u LOK X Bapupa u3melly x — h
N x0+ h2

MpumeHMMo nocnefke pesyntate Ha Riccati-eBy
jefiHauYnHy

du
~ +ul=6W"

HanucaHy y 06MMKYy

_d!:a(x,_ e

Heka uHuumjanHa BpegHocT X = X0 He 6yge Hu-
KakaB cuHrynaputetr ®yHKUMje «(x), Koja he Taga 6utu
HenpekngHa y W3BeCHOM pasmaky (a2, a2) Koju oby-
XxBaTa BPeAHOCT X = XO.

®dyHKumja H(x, u, t) oBge ce ceBogum Ha i, na je

Gr(x,8y — 1 G2(x,02 = 1

OcTaje Ham jow camo jJa ogpegmmo pasmak (bj, b2
Tako fa 6ype

a,< K< xo0< b2< a2

Y Kome he KOMMWapaTUBHW WHTErpanuM. v .um w 6utu Xo-
NOMOpdHA.

Ja 6vcmo umanu WTO NPOCTUje MHTerpane v um w,
npeTnoctaBumo fa y pasmaky (a2, a2) ®dyHkumja o (X)



78

3a/ip>xaBa CTa.lWlo jefaH MUCTWU 3HaK. Pasnukyjmo, npema
TOMe, OBa fBa C/yvaja:

1° Heka 6yge w[x) > o.

AKO 03HauMmo ca M, n M2 (rge je M, <CM32 pga
no3nTuBHa 6poja n3Mehy Kojux ce Hanasn PyHKuMja w
oK X Bapupa y pasmaky (a,, a,), CTaBnBLUM

PN =M g = M2
nmahemo

CJ[m™ e2\Mx -
6

Ce2Mx
2P,

C\.m,e2XW -j- ¢
W 1 4
Cex o —
2][wm 2

oflakne Cce /flako Hanase TrpaHULEe TpaxeHora pas-
mMaka (b, , ba)

N y Tako opapeheHOM pa3maky, uHTerpan u 6uhe
xonomopaH u cTtanHo 0.6yxBaheH oprosapajyhum Bpea-
HOCTMMa WHTerpana v M w geduHucaHuMX obpacumma
6 n7);
2° Heka 6yge w(X)<Co

Ako Taga — M, n — M2 umajy manonpehallre
3HayeHwe, CTaBMBLLN

o =—M b= —M,
nvahemo
v= [ cotg M, {y —e) - - - 8
w = jIM, cotg JM, (X —©C .ecverune 9)
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N y cBakom pasmMaKky, Koju obyxBaTa WHULMjasTHY
BpefHOCT X= X0, Yy KOMe CY uHTerpaim v W \v, pedU-
HMcaHM o6pacumma 8) n 9), xonomopgHu, 6uhe M npo-
yyaBaHU WHTerpan u xonomop®aH u obyxsaheH OAro-
BapajyhuMm BpeAgHOCTMMA. uHTerpana v m W.

HanomeHa. [locToju jow jeaHa MeToda Koja ce
fofylle He 3aCHMBa Ha [0CajalltbeM HalBM CXBarawy
npubNMmxXHe MHTerpauunje, aim Koja ce WNaK KOPUCHO
MOXKe YnoTpebuTn 3a NpuUBAMKHY HYMEpPUYKY UHTerpa-
AMjY CBMX 06MYHMX andepeHUMjanHUX jedHaAYNHa, na,
pakne, 1 3a [liccati-eBy jegHaumHy. MeToga ce 3acHWBa
Ha reHepanusaumju Mo3HaTor Simpson-OBOr Mpasua,
a passuo jy je npodecop Runge, 1894 roguHe.*

Runge-0B0Oj MeTOAW MOrM GUCMO YUYMHWUTK OBE [Be
3amMepKe : NpBO, payyHawe Koje je CKOMYaHO Ca HEeHOM
NPUMEHOM 3aMeTHO je, 4YecTO Bp/0 3aMeTHO; U [pyro,
OHa HMWje Yy CTawy [a HaM fJa HMKakBa ObaBellTewa O
" TeneHy MPUOSIMXHOCTM Ca KOjoM pagumo. Ho v nopep
TNX [Bejy cfaoux CcTpaHa, Runge-oBa, MeTOAa YUWHU
4yecro BefIMKe YyCnyre, jep je 04 CBMX MeTofa 3a Mnpmn-
ONKHa HyMepnyKa uspaydyHaBakwa MHTerpasa muak osa
noHaj6orba.

Buan Mathematische Annalen, Band 46, S. 167—178.



IV MEXAHWYKA MWHTEIrPAUWIA

Anapat¥ KOju cnyXe 3a MexXaHWJKy WHTerpauujy
N3BECHUX Tunosa AudPepeHuMjasHUX jefHaAuYMHa 30BYy ce
OMWTUM MMEHOM WHTErpaTopu. Hbux uma of fBe BpCTe :
jefiHW anapatu fgajy Ham MOryhHOCTM fAa 3a NpPou3BO/bHY
fJaTy BpefHOCT He3aBUCHO MNpOMeH/bNBe ofMax Hahemo
oarosapajyhy Hymepuuky BpefHOCT TpaxeHe ®PyHKunje
— TO Cy WHTErpoMeTpW ; Apyru anapatu, mehytum, Au-
PEKTHO [ApTajy MHTerpasHe Kpuee KoOje npeAcTaB/bajy
TpaxeHe OYHKUMje — TO Ccy WHTerpadw.

®paHUYCKN MHXUHbep JacoB KoHcTpyucao je 1907.
roj. jefan MHTerpomeTtap Koju ce MOXE KOPUCHO ymo-
TpebnTn 3a mMexaHWYKy mHTerpaumjy Riccati-eBe jefHa-
YnHe. JacoB Taj CBOj amapaTt 30Be WMHTErpaTop ca owrpu-
uom (intégrateur a lame coupante). MpnHUMN My je 0Baj :

JeaHy owTpuuy Yy o06nuky koTypa (1) Hocu pgeo
i2), Kojn ce Hanasn Ha wwunuu (3), N0 KOjoj MOXe Ku-
3UTKU, a MOXe OuTM n yTBpHeH 3a hYy Yy jeHOj Tauyku
nomohy 3aBpTha (4).

Ha kpajy (3) Hana3u ce jegHa nucabka (5) Kojy
MOH-:eM0 nomohy pyrmeta (6) Byhu no KakBoj ofpeheHoj
KNUBOj y paBHu upTexa. Kap 6yae can nucamka (5)
HW/a no jefHOj KPUBOj KOjy CMO MNPeTXO0LHO HaupTanu
T Kojy hemo 3Batu AUpPeKTpucoM, npecek AB paBHu
KoTypa ca paBHU LpTexa obaBujahe jeAHY KpUBY KOjy
he pogvpueatn TayHo y Tauku B.



8i

Heka je AupekTpuca HaupTaHa Y KOOPAWUHATHOM
CMUCTEMY 4Mje Cy OCOBMHe ox M oy. Heka je A Tauka
OVIPEKTPUCUHA KOja Ce MOoKnana ca BPXOM MUCasbKe,
X n 'y Heka 6yay HeHe KoopamHaTe ; X U Y Heka byay

KoopauHaTe Tauyke B; (j Heka je AyXuHa 6a3e AB Koja

He Mopa 6MTVM KOHCTaHTHa, a w Yyrao oBe 6a3e ca 0Co-
BMHOM OX.

MowTo npaBa AB TaHrupa CBOjy aHBencwy y B,
nvahemo

mdX dy
CosSw Sinw )

nim, ako X 1 Y mspasmmo nomohy x, y}o un o,
pdw--coswdy —sinwdx=0 ... 2

AbQ je jegHauMHa AMpekTpuce AaTa y mapamerap-
CKOM 06/11MKY, HMp.
*= MY y=

jefiHauMHa 2) nocTtaje

do
7~dt © a2cos W rl SIﬂO) -~ 0 »! .3)

onwTx Riccati-eBa JEfgHAa4Y. npeora pepa 6
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M Ta jegHaumMHa ynpaBo fe®PuHuLIe YrNOBHO KpeTake
6ase AB.
AKO CcTaBMMO caj

W
fang — = u

jefiHaunHa 3) nocTaje

29 + (i—U)f, —2uf\ =0 - - -4

AKO je (), AyXMHa 6a3e, KOHCTAHTHA KO/MYMHA U
JBAHaKa, peuumo, i, jegHauynHa'd) 6uhe ynpaBo jedHa
Riccati-eBa jegHaumHa. W ako cag npu nomepawy 6a3e
OyfeMo yBeK Mepuau yrao w Koju OHa cknana ca jefiBUmM
yTBpheHnM npasLuemM ox, ogMax hemo 3HaTM U HYMepPU4Ky
BPeAHOCT WHTerpana

n= tang

jegHaumHe 4), koja he Ha Taj HayHH OUTM MeXaHUYKU
NHTEerpabeHa.*)

[da 6y ce JacoB-OB WHTErpatop Morao MpPUMEHUTU
Ha Riccati-eBy jefgHauMHy, OBa Ce Mopa Hajnpe WAeH-
TMPUKOBATN Ca jefHAYMHOM KOja perynuiie KpeTawe
6ase anaparta

du_, f\ -
dt U 21 21 !

rge je | KOHCTaHTHa AyH“vHa 6ase.
Oda 6u ce Ha Riccati-eBy jegHaunMHy o061uKa
du ,
qt = Au2-1'Bu -fC

*) [JeTa/bHuje 0 camom anapaTy Y HeroBoj yuoTpebu BugH y Le caleul
mécanique par L. Jacob ; cip. 363—370. (Encyclopédie scientifique, Paris, 1911).



83

roe cy A, B n C ®dyHKumje of t, Morao IpuMeHuUTH Ja-
cob-OB wuHTerpatop, nNOTPebHO je W AOBO/BHO fAa Oypfe

A-fC=o mE R

LUTO Ce Hanasu NpocTUM MAEeHTUDUKOBaHEM jefHaUYUHe
6) ca J)

Mehytum, Kaf je fata jegHaynMHa 6), OHa yonuiTte
Hehe a priori 3agoBosbaBatv ycnos 7). Anv je Jacos
nokahao fga je nako TpaHcdopmucath CBaky jefHauuHYy
06nMka 6) Tako fJa Ce MWHTerpatop YyBeK MOXe npu-
MEHUTW.

AKo cy ®yHkumje A n C y uHTepBany WHTerpa-
UMje cynpoTHOra 3Haka, OHAa jefHaynmHa 6) NPOCTOM
CMEHOM

AN taejel= —j——

fo6unja 06NMK Ha KOjU Ce MHTEerpaTtop HernocpegHo MoXKe
ynotpedbuTtn. Jlako ce Hanasnm fga he y oBOoMm chyuajy
AMpeKTpuca 6uTtM aata jeAHauynmHama

X = c.l-l\-2|[jAdt m-9
Y=oc¢c + | |Bdt

roe ce KoHcTaHTe c(u c2 ogpehyjy npema WHULUja/THUM
ycrnosuma 3afartka.

3Hajyhu, H. Np., MHUUWjaSIHe BPEAHOCTN He3aBMCHO
npomeH/buBe t0 n ogrosapajyhe ®dyHkymje uO, 3Hahemo
M Tayky XO, YO Of KOje nonasuv nuca/bka Koja wuge mno
avpekTtpucn. W3 penaunje, 3atum,

no0 = tang 3(,0'1

oapehyje ce ¥ MHUUMjanHM nNpaBal, o0 6a3c anapara.
6



84

AKO ce cafl TpaXu BpefHOCT MHTerpana 3at =t,,
nuca/bka ce MoBNayM NO AMPEKTPUCM AOK ce He fohe
[0 Tayke X,, Yy, Koja oprosapa BpefHoCTM t,; Taga
ce u3Mepu yrao w, . na he BpeaHOCT TpaXKeHOr WHTe-
rpana 6mtu

ul = tang

AKO cy ®PyHkumje An Gy unHTepBany WHTerpauuje
ncTora 3Haka, ropka CMeHa 13faje uoHfa ce 0BaKo pajaw.

Heka je wyrao 6ase ca OCOBUHOM O X, [} yrao TaH-
reHTe AWPEKTPUCUHEe ca UCTOM OCOBMHOM, a 8= [ —0
yrao uamehly 6ase ¥ TaHreHTte. TTOWTO 3HaMO aHalu-
TUYHY BpPeAHOCT 3.2 yrao [, 3Hahemo y CBakoj Tayku U
HYMepuyKy BpeLHOCT HEroBy; O Apyre crpaHe, amapar
HaMm faje yrao o, Tako fga heMOo Yy CBakOM MOMEHTY
oUTK y cTawy Aa oApeaMMmMo M yrao @

Mohumo of nosHate jegHayvnHe 2)

| deo -f- dy cos w — dxsino>= o
AKO Y woj M3BPWIMMO Hajrpe CMeHy
w=p—806

BoZehn payyHa O Tome pfa je

dy
tan3li==dx’
na 3aTUM OMNET eMeHy
C)
tang u

fobuhemo jegHaunHy

(I8 :



4 1o je Riccati-eBa jegHaunHa Yy Kojoj je
A=2C

Nako ce yBepaBamo fa cBaKy Riccati-eBy jegHa-
4ynHy o0bnuka 6), y Kojoj cy ®PyHkumje A n C y UHTep-
BaJly MHTerpauuje mMcrTora 3Haka, MpoCcTOM CMEHOM

y = AWu, rasje A =

[OBOAMMO Ha 06nuK 9), rge je, fakne, 3af0BO/beH
yenos A= C,

Kag cmo jegHa,uvHy 6) gosenn Ha 06MK KOju 3a-
foBo/baBa ycnos A = C, oHAa NpoCTUM WAeHTUDUKO-
BateM Te jefHayMHe ca jeAHa4YnMHOM 9) Hanasumo jegHa-
YHHE [OUPEKTPUCUHE

X = ¢ - 1) B cos Bt dt
y = ¢c2-- 1 $BsinRtdt
roe je R m 'J\ Adl -f~ const

n rhe ce MHTerpaumoBe KOHCTaHTe ofpehyjy npema vHu-
AVjanHUM  yCoBUMA.

3Hajyhu, H.Np., uHuymjanHy spegHoct fOum uQ, 3Ha-
hemo ogmax n M), yO n RO.

Penaunja

00
«0 = tang-r,

pahe Ham 00, ua he, npema TOMe, upaBaj 6a3e aHa-
paxa y no4veTky OHTU ofpeheH yrnom

«o:BO"'eo

Ako Ce Tpaxu wuHTerpan 3a «==1,, luca/bkKa,ce
nosnayyv no AUPEKTpUCKM [OK Ce He fAohe [0 Tauke /g,
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Vi Koja oaroBapa BpefHOCTM tx; Taja Cce W3MeEpWU yrao
WY, Na NOWwTO y TOj TaykM 3HaMO W BpegHoCT Rt, Tpa-
XXEeHN uHTerpan 3a t = tt ouhe

1
m = tg~2 &> ~

Cag hemo nokasatM Kako ce onwTta Riccau-eBa
jeaHaunHa o6n1mKa

V+ Y —w(KX)

MOXe [0BecTu ma 06/IMK Ha KOju Ce HernocpefHo npu-
MeTBYje MexaHuuyka uHTerpaumja. lpeTnocTaBMMO Haj-
npe ga je PyHkumja w (X) y WMHTepBany WHTerpauunje
NMo3nTUBHA.

AKO M3BPLUMMO CMEHY

Y= nvYoWX

jeAHaynHa 11) nocrtaje

Non2 *]/Tw

a oBa nocnefwa jegHauyMHa 3a40B0o/baBa MnoTpebaH U
[0BO/bAH YCNOB [a Ce Ha by MOXe MpumeHuTn Jacob-oB
NHTerparop.

AKO je nak ®PyHKumja w(X) Y UHTepBany WHTerpa-
[Anje HeraTuBHa, jeAHaunHa 11), nomohy cmeHe

y —ul/—w(X
[0BOAM ce Ha 06nuK 9), Ha KOju ce, Kao LITO CMO Bri-

fenn, Takohe HernocpefHo nNpuUMeryje MeXaHW4yka WH-
Terpaumja.
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Jacob-oB wuHTerpatop je focta npocT anapaTt wu
3rofaH je 3a HpakTU4Hy ynotpeby. OH ce MOXe yno-
TpebuTn 3a MHTerpaunjy ceake Riccati-eBe jegHaumHe
3a KOjJy CMO Yy CTawy Aa Hauptamo ogrosapajyhy am-
pekTpucy. Kako ce aupektpuca oapefyje nomohy ksa-
apatypa 8) u 10), TO MOXeMO KasaTu: pfa, uomony
Jacob-oeoz avapaTa MO>XEMO WHTerpanMTy cBaky Ricca-
ti-eBy jefjHauYMHy 3a KOjy CMO Yy CTawy W3BeCTW OArosa-
pajyne keagpaType 8) u 10).

Oppepba AMpeKTpUce UCTUYE HA BUAWMK U CUHTY-
naputete wuHTerpana Riccati-eBe jegHauyMHe Koju cy
CTa/lHN. OBuM BpeAHOCTMMA He3aBUCHO MPOMEH/bUBE
ofrosapajy Ha AWPEKTpUCKM uUnuM 6GeckpajHe WM umaru-
HapHe rpaHe.

Jacob-OB wHTerpatop wuma y Tr/laBHOM MCTY KOH-
CTPYKUMjy Kao TpakTopuorpad, Koju je Knspuh* KOH-
cTtpyucao 1897 rog., pakne uyutaeux 10 roguHa npe
Jacob-a. Knepuhes anapart, nopej Tora LwTO MOXe
KOPUCHO fa ce ynoTpebu 3a TauyHy KOHCTPYKUWjy TpaH-
CLUEeHAEeHTHUX O6pojeBa e n TG 3a nofeny Kpy>xHe nepude-
puje Ha N jefHaKuUx f[enosa WT.4., MUMao je rnaBHU CBOj
3afjlatak fJa Ha jefjaH BpNO JlaK HAYMH KOHCTpyulle
TpakTpuce 3a jegHy paty PyHkumjy f (x), na my je u
MMe [OWNO Of Te terose nornasuTe HameHe.

. MeTpoBuhje nokaszao** kako ce Knepuhes Tpak-
Topuorpa® moxe ynoTpebuTn M Kao wuHTerpad 3a um3-
BeCcHe Tunose AudepeHumjaHUX jefHauyMHa npsora
pefa. Jlako je, mefyTum, nokasatm Kako ce Knepuhes
amapat MOXe ynoTpebutm © Kao MWHTerpomertap 3a
Riccati-eBy jegHaumHy. Jep ako nwucambky (stylet) Ha
Knepnhesom anapaty O6yaemMo BYKAM He WO Aatoj nu-

* Dingler’s polytech. Journal, 1897; Bd. 305.
_ Petrovits, Integration ra?hique de certains types d'équations
aiilerentielles du premier ordre (un letin de la Société ‘mathématique de
France: 1899, ctp. 200).
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HUjU unje ce TpakTpuce TpaxKe, HEro Mo AMpeKTpucu
KakBe Riccati-eBe jegHauuMHe, oHga Knepuhes anapart
ynpaeo rocTaje Jacob-0B uMHrerpatop m Moxe ce yno-
TpebuT, Ha WCTU HaYMH Kao W OBaj, 3a MeXaHWUKYy
NHTerpaunjy Riccati-eBe jefHayunHe.

HanomeHa. — W Jacob-oB nHTerpatop v Knepuhes
TpakTopuorpa® no CBOjOj CYLWITUHW HUCY HULITA APYro
Hero no3HaTv anaHumeTap KoOju je Prytz, KanetaH y
[lAHCKO] BoOjcuUM, KOHCTpymcao jow 1887 roguHe. Ana-
patn, Jacob-OB n Knepuhes, pasnukyjy ce og Prytz-
OBOr yrnpaBo caMO MO CBOjUM crefujaHUM HameHama.

*m
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