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HacaoB aucepraruje: [IpedpojaBame Kitaca ekBuBaJieHInje Byiosux dyHKImja

Pezume: V¥ 0B0Oj aucepraruju pa3MaTpaH je mpodjeM u3padyHaBarma Opoja Kiaca
ekBuBaJsieHnuje bymosux dyuknuja. Texxkuna ojipehuBama Opoja KJiaca eKBUBAJICH-
I[Fje HaTJIO pacTe ca OpojeM IIpoMeHJbUBUX N. MoTuBaluja 3a n300p 0BE TEME JIeXKU
y dUEHUIN JIa Cy KOHKPETHU OPOjeBU 10 cajia O TO3HATH CAMO 38 PEJIATUBHO
MaJjie BPEeJHOCTH N, HAKO je caM IIPOOJIeM TEOPHjCKHU OJIABHO PEIIEH.

Heka je G rpyna nepmyrarnuja ckyna B, = {0,1}". Paamarpa ce nejcrBo rpyie
G nma ckajapue, B, — Bjp, omHOCHO BeKTOpCcKe mHBepTHOMIHE Byroe dyHknmje,
B, — B,. e ckanapue Bynose dbyuknuje f(x) u g(x), nedunucane uva B,,, cMa-
Tpajy ce eKBUBAJIEHTHUM y ojHOCcy Ha rpymy G, 1j. f ~ g, ako 3a HeKO 0 € G 3a
cBako T € B, Baxu f(z) = g(o(z)). IBe BekTOopcKe maBepTHOMIHE Bynose byHK-
mje f(z) u g(x), cMaTpajy ce eKBUBAJIEHTHUM y ojiHOCY Ha rpymy G, Tj. f ~ g, ako
3a Heku map (o,p) € G x G 3a cBako x € B, Baxu g(x) = p(f(o(x))). Penamuja
eKBHUBaJICHIIHje ~ pa3JjiakKe CKyIl cBUX bynoBux dyHKIMja y KJiace eKBUBAJICHITH]E.
ExBuBasiennuja BynoBux dyHKIMja nMa 3HAYAJHY MPUMEHY Y JIOTUYKO] CHHTE3U
KOMOMHATOPHUX KOJIa U Y KpHUITorpaduju, mocedHO y BE3U Ca IPOjeKTOBAHEM
tabesa S (enr. S-box).

Hexka U, (G), ogaocuo V,,(G) o3HauaBa Opoj Kiiaca eKBUBAJIEHIINje CKAJapPHUX,
OJTHOCHO BEKTOPCKUX MHBEPpTUOMIHUX BynoBux (yHKIMja OF 1 MPOMEH/BUBUX Yy
omaocy Ha rpyny G. Bpojesu U,(G) u V,(G) Mory ce pesaTuBHO jeJIHOCTABHO
M3padIyHATH aKO Ce 3HA IMUKJIYCHU UHJIeKC rpyte G. Y aucepTanuju ce pa3Marpajy

gerupu rpyne G nepmyranuja ckyna By:

e rpymna S/ MHIyKOBaHA TPYIOM S, IMEPMyTaIlja KOODANHATA eJIeMeHATa T =

(x1,22,...,2,) € By,

e rpyna (,, UHIyKOBaHA IEpMyTallljaMa U KOMILJIEMEHTUPAHUMA KOOD/IMHA~

Ta,

e rpyna GG L, JuHeapHUX WHBEPTUOWIHUX TpaHchopMaluja ejieMeHaTa BeK-

TOPCKOT' TIpocTopa B, n
e rpyna AGL, aduHux WHBEPTUOWIHUX TpaHchopMalmja ejgemeHara B,.

Ako nepmyraruja o € G uma i, UKIyca ayxKuHe k > 1, IbeHa MUKIYCHA CTPYK-



typa je i(o) = (i1,142,...). Hukiaycun unmekc rpyne G je rereparpuca

ZG(fl,fQ,...) = éznf;k

ceG k=1

IUKJIyCHUX CTPYKTypa CBHUX IepMmyrtanuja ¢ € G. Oumru m3pasu 3a IUKIYCHE
MHJIEKCe YEeTUPHU pa3dMaTpaHe I'PyIe Cy MO3HATH, aji Cy CAMU ITUKJIYCHU UHJIEKCH,
oxuoCcHO opojesu U, (G) u V,(G), IpakKTUIHO N3PAIYHATH CAMO 38 PEJIATUBHO MaJIe
BpeaHOCTH, 3a HIP. n < 10.

Hucepraruja npukasyje OpurnHaJjHe pesysarare u3 00JacTu npedpojaBarma Kiia-
ca eKBHUBaJieHIje BynoBux yHKIMja y OIHOCY Ha OBE YETUPH I'pylie TpaHcdop-
Marja. 3a CBe 4eTHpu I'pyme TpanchopMallija U3BEJICH je CINYaH U3pa3 3a Ih-
KJIYCHU WHJIEKC Y OOJIUKY CyMe IO mapruiimjama opoja n. Ha ocrHoBy Tor uspaza u
[IPETXO/THO M3PAYyHATUX Tadesa IUK/IYCHU MHIEKC Ce M3padyHaBa MHOIO eduKa-
cumje. Ilpersen mosuaTux pesysrara 3a PeJaTUBHO MaJie N U HOBUX Pe3yJITaTa y

Te3u 3a Behe n IpuKa3aH je y HapeJIHO] Tadesn:

Bpoj\ G s’ G GL, | AGL,
U, (G) 115331032 |8—31|10— 31
Vo (G) 630 | T—27 |6—26| 6— 26

Crenmjasno, y ciydajy rpyle mepMyTaryja S, IpHKa3aH je edHKacaH JTUPEKT-
HU TIOCTYIAK padyHamba Opoja KJjiaca eKBUBAJIEHINje KOjU He KOPUCTU IUKJIYCHU
WHJIEKC, & OIncaH je TpeheM pajly 3 yBOIHOT IOTJIABJbA.

Hpyru s1eo pucepraligje OJHOCU ce Ha MOHOHOTOHE BysoBe dyHKIMje — cka-
napHe BystoBe dyHKIMje Koje 3a10B0/baBajy yCJIOB MOHOTOHOCTH (M3 = < Y CJIejn
f(z) < f(y)). Heka r,, onrocuo d,, (n-tu lenexkunnos 6poj), o3Hadasa 6poj Kiaca
eKBHUBAJICHIINj€ MOHOTOHUX BysnoBux dyHKnuja y ofHocy Ha rpymy S, OZHOCHO
yKymna#n 0poj MonoToHux BymoBux dyukIimja o1 n npomen/buBux. Texknna n3pady-
HaBamba Opoja T, HAIJIO pacTe ca n, Tako Jia je JIOHEABHO MOC/ebU U3padyHATH
4IaH HU3a OUO 77. ¥ JIUCEPTAIju ce ONHUCYyje MOCTyINaK 3acHoBaH Ha Ppodenu)y-
cOBOj TeopeMHu, KojuM je oapehen d6poj rg. IIpu Tome ce KopucTu mo3HATA BPETHOCT
opoja ds.

Hucepraruja ce cacTOju OJI IIPBOT - YBOJHOT TIOTVIAB/ba U OJ HapeIHA TPU TI0-
rj1aBJba. ¥y JPYIOM MOTJIaBJbYy YBOJIE C€ TEOPHjCKHU MOjMOBU y BE3U Ca MaTEPHUjaJIOM
u3 TorJiaB/ba 3 U 4, a OJIHOCE ce Ha JIUCKPETHY MaTeMaTUKy, KOMOUHATOPUKY U

[UKJIyCHE UHJIEKCEe pa3MaTpaHe YeTUpH rpyie TpanchopMaliyja.



Y moryaBsby 3 OIHCyje ce MOCTyIaK U3padyHaBarmba IMUKYCHUX WHJIEKCA 3a 1e-
THPH pa3MaTpaHe rpylie mepMmyTaimja, kao u opojesa U, (G) u V,,(G) xiaca ekBu-
BasieHInja BysoBux dyHKIMja y oaHocy Ha oBe rpyie. Hajupe ce pasmarpajy
3ajeIHUYKa IT000JbINAba 338 CBE YETUPHU I'PYIe, a 3aTUM U crenududHa yop3ama
Be3aHa 3a mnojeauHadHe rpyrne. OBu pe3ysiTaru 00jaB/beHU Cy y JAPYTOM pajy ca
CIIUCKA Y YBOJIHOM TIOTJIABJBY.

VY nornasiby 4 periaBa ce poOJIeM IIPOHAIAXKemha Opoja Kjaaca eKBUBAJICHIN]e
MmoHoTtoHuX BynoBux dyukiuja. Hajupe ce maje omnmtu n3pa3 3a padyHame Opoja
r, Ha ocHOBY PpodeHnjycoBe Teopeme — y 00JIMKY cyMme (IO mapruiimjama opoja
n) 6poja dpuKCHEX Tavaka IepMyTalyje Koja ojrosapa mapruiuju. Hakon tora,
y 3aBHCHOCTH O] TpacoBa KOjU OJAroBapajy PasIuduTUM MapTUIHTjaMa, TIPUKA3Y]Y
ce pa3/IMYUTU HAUYMHU padyHarba Opoja (pukcHux Tadaka 3a n < 8. llpukazan je
IIOCTYIAaK Ha OCHOBY KOTa je M3padyHaT Opoj rg, IITO Takohe IpecTaB/ba OpPH-
TUHAJIHU JIONPUHOC OBE JIUCEPTAlldje - BUJETHU IPBU PaJ, Cca CIUCKA U3 YBOJHOT
noryasiba. [Ipumenusinn cimdan nocrynak, [lasesckn (Pawelski, [31]) je uzpawuy-

Hao 7'y MPAKTUIHO Y UCTO BpeMe KaJia je JI0OMjeH pe3y/ITaT OMUCAH Y JUCEPTAIIH)HU.
Kipyune peun: Bynose dbynkimje, monorone bynose dyHKIMje, mapTuiyje, mu-
kiycHnu uHaeke, @podennjycoBa Teopema, leneknumoBu OpojeBu
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Dissertation title: Counting equivalence classes of Boolean functions

Abstract: In this dissertation, the problem of calculating the number of equiva-
lence classes of Boolean functions is discussed. The difficulty of determining the
number of equivalence classes increases sharply with the number of variables n.
The motivation for choosing this topic lies in the fact that concrete numbers have
been known so far only for relatively small values of n, although the problem itself
was theoretically solved a long time ago.

Let G be the group of permutations of the set B, = {0,1}". The effect of
the group G on scalar, B, — By, that is, vectorial invertible Boolean functions,
B, — B,. Two scalar Boolean functions f(z) and g(z), defined on B,, are
considered equivalent with respect to the group G, i.e. f ~ g, if for some o € G
for every z € B,, f(x) = g(o(z)) holds. Two vector invertible Boolean functions
f(z) and g(z), are considered equivalent with respect to the group G, i.e. f ~ g,
if for some pair (o,p) € G x G for each x € B, holds g(x) = p(f(c(x))). The
equivalence relation ~ decomposes the set of all Boolean functions into equivalence
classes. Equivalence of Boolean functions has significant applications in the logical
synthesis of combinatorial circuits and in cryptography, especially in connection
with the design of S-boxes.

Let U, (G) and V,,(G) denote number of equivalence classes of scalar, i.e. vector
invertible Boolean functions of n variables in relation to the group GG. The numbers
U,(G) and V,,(G) can be calculated relatively simply if the cycle index of the group
G is known. The dissertation considers four groups G of permutations of the set
B,:

e group S induced by group S, permutations of coordinates elements x =

(lel,l'g, s axn> € Bna

group G,, induced by permutations and complementations of coordinates,

group of GL, linear invertible transformations elements of the vector space
B,,1i

group of AGL,, affine invertible transformations elements B,,.

If the permutation ¢ € G has 7, cycles of length £ > 1, its cycle structure is



i(o) = (i1,42,...). The cyclic index of the group G is the generatrix

ZG(fl,fQ,...) = éznf;k

ceG k=1

of cycle structures of all permutations ¢ € GG. General expressions for cycle indices
the four considered groups are known, but the cycle indices themselves, i.e. the
numbers U, (G) and V,(G), are practically calculated only for relatively small
values, for e.g. n < 10.

The dissertation presents original results in the field of enumeration of equiv-
alence classes of Boolean functions in relation to these four groups of transfor-
mations. A similar expression was derived for all four groups of transformations
for the cycle index in the form of sum over partitions of the number n. Based
on that expression and previously calculated tables, the cycle index is calculated
much more efficiently. An overview of known results for relatively small n and

new results in the thesis for larger n is shown in the following table:

Number\ G S/ G, GL, AGL,,
Un(G) 11533]10—>32|8—>31]10— 31
Vo(G) 6530 | 727 | 626 6— 26

Specially, in the case of the permutation group S),, an effective direct procedure
for calculating the number of equivalence classes that does not use a cycle index
is shown, and is described in the third paper from the introductory chapter.

The second part of the dissertation concerns monotone Boolean functions —
scalar Boolean functions which satisfy the monotonicity condition (from =z < y
follows f(z) < f(y)). Let r,, i.e. d, (the n-th Dedekind number), denote the
number of equivalence classes of monotone Boolean functions in relation to the
group S), that is, the total number of monotone Boolean functions of n variables.
The difficulty of calculating the number r, increases rapidly with n, so that
until recently the last calculated member of the sequence was r;. The procedure
described in the dissertation is based on the Frobenius theorem, by which it was
determined number rg. In doing so, the known value of the number dg is used.

The dissertation consists of the first - introductory chapter and the following
three chapters. In the second chapter, theoretical terms related to the material
from chapters 3 and 4 are introduced, and they refer to discrete mathematics,

combinatorics and cycle indices of the considered four groups of transformations.



Chapter 3 describes the procedure for calculating the cycle indices for the
four considered groups of permutations, as well as numbers U,(G) and V,(G)
equivalence classes of Boolean functions in relation to these groups. First, common
improvements for all four groups are considered, and then specific accelerations
related to individual groups. These results are published in the second paper
listed in the introductory chapter.

In chapter 4, the problem of finding the number of equivalence classes of
monotone Boolean functions is solved. First, a general expression for calculating
the number r,, is given based on the Frobenius theorem in the form of the sum
(by partitions of the number n) of the number of fixed points of the permutation
corresponding to the partition. After that, depending on the graphs corresponding
to different partitions, different ways of calculating the number of fixed points for
n < 8 are shown. The procedure based on which the number rg was calculated,
which also represents the original contribution of this dissertation is presented -
see the first paper from the list from the introductory chapter. Applying a similar
procedure, Pawelski [31] calculated rg practically at the same time as the obtained

result described in the dissertation.

Keywords: Boolean functions, monotone Boolean functions, partitions, cyclic
index, Frobenius theorem, Dedekind numbers

Research area: Computer science

Research sub-area: Discrete mathematics

UDC number: 004.415.5(043.3)



SaxBaJIHUIIA,

2Keseo dux na ce 3axBajimm MeHTODPY Ipodecopy iap Muonapary ?KuskoBuhy na
CBEMY TIITO CaM O] Ibera Hay4Ino. 3axXBajaH caM 4JaHOBHMa KOMUCHje, Tpodecopu-
ma, ap @ununmy Mapuhy, 1p Becuu Mapunkosuh u np Panery zKusasbeBuhy na
KOPHUCHUM CyrecTHjama Koje cy Jomnpunesie yHanpehemwy oBor pykomuca. Jlyryjem
BEJINKY 3aXBaJHOCT MOjUM pojauTe/buMa 30ju u MUPKY, KOju Cy Me YBEK IO/p-
JKaBaJIl y KeJbU 3a CTUIAFeM HOBUX Ca3Hama. 3axBajno OMX ce Takohe cBUMa
KOjH Cy Me OXpaOpHBaJIU JIa 3aBPIIMM PaJ Ha OBOj JUCEPTAIUjH, a ITOCEOHO MOjoj

cyupy3u Karapunu u hepkama Mapuju u 3oju.
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I'maBa 1

YBOI

Mmuoru mpodsieMu mpedpojaBarma, a HApOIUTO OHU KO KOjux MeDhy mocmarpa-
HUM OOjeKTHMa UMa ,,CJAUIHUX , TEIIKO OU Ce MOIJIM 3aMUCTUTH Oe3 IpUMeHe Teo-
puje rpyna [10]. Heka je X npomsBospan koHauan ckyi, a G = Sy rpyna y3ajaMHO
jennosnaunux Tpancdopmarmja X — X (mepmyraruja) Koje Ha wera jenyjy. I'py-
na Sy 30Be ce cuMeTpudHa rpyna ckyna X; ako je |X| = n, onga ce ymecro Sy
KOPHUCTH O3HAKa S,, & Ipylla ce 30Be CUMETPUYHA I'pyla clietera n. KaemenTn
x,y € X cy caumuHn (€KBUBAJIEHTHH) aKO HocToju TpaHdopmanmja o € G Taksa
na je o(z) = y. lomro je camgHOoCT pesanuja eKBUBaJeHIHje, aejcTBo rpyme G
pazstazke ckyn X Ha Kjace eKBUBaJIEHIUje, opoullie.

Axko mepmytanmja o € G uma i mEKIyca ayxKuHe k > 1, meHa IUKIyCHA

crpykrypa je i(o) = (i1, 12, .. .). Huxmycuu ungekc rpyne G je reHeparpruca
1 i
ZG(flaf?)' . ) = @ankk
oeG k>1
MUKJIYCHUX CTPYKTypa CBUX nepMmyTaimja o € G.

Y oBoM pajty pazmarpajy ce derupu rpyne G nepmyTarnmja ckyna B, = {0, 1}

e rpymna S! MHIYKOBaHa TPYIOM .S, IEpMyTaluja KOODIMHATA eJIEMEHATa T =

(x1,22,...,2,) € B,

e rpymna G, WHIyKOBaHa IepPMyTallijaMa U KOMILIEMEHTHPAbIMa KOODIIMHA-

Ta,

e rpyna G L, maBepTHOMIHUX TpaHchOpMaIja ejJeMeHaTa BEKTOPCKOT IIPO-

cropa B,,, n



I'JIABA 1. YBOJI

e rpyna AG L, nHBepTHONTHUX TpaHchopMarmja ejeMeHaTa B, 1 KOMILJIeMeH-

THpama KOOPJINHATA.
Pasmatpajy ce Tpu Bpcre BynoBux dyuKIMja nedpuHNICAHTX Ha CKYIy B),:
e ckajiapue, B, — B,
® BEKTOpCKe MHBepTHOWwIHE, B, — B,, n

e MOHOHOTOHE — CKaJlapHe (DYHKIHje KOje 33/I0BOJbaBajy YCIOB MOHOTOHOCTH:
r<y = flo) < fy).
VY crnenehoj Tabesin mpukasaH je IpuMep BEKTOPCKe WHBepTuOmIHe dyHKIWmje f :
B3 +— Bs,
y=(y1,92,y3) = (@) = f(21, 22, 23)

u meHe uHBep3He dynkimje r = f1(y).

1 T2 T3 | Yt Y2 Y3 || Yr Y2 Y3 | L1 T2 I3
o o o,0 O OO0 O OO0 O O
o 0 1,0 1 1 O 0 1]{0 1 1
o 1 0,0 1 OO0 1T OO0 1 O
o 1 1,0 0 1 o 1 1]0 0 1
1 0 o1 0 O 1 0 0|1 0 O
1 0 11 1 O 1 0 11 1 1
1 1 0|1 1 1 1 1 01 0 1
1 1 1}1 0 1 1 1 11 1 O

Ckanapua dyuknuja y; = fi(z) je MOHOTOHA, a cKajapHa (DYHKIMja Yy = fox)
HUje MOHOTOHA, jep je Ha mpumep (1,1,0) < (1,1,1) u f5(1,1,0) =1 > 0 =
£2(1,1,1).

e ckanapue Bynose dbyukmuje f(z) n g(x), nedunucane va B,, cmarpa-
jy ce exkBuBajieHTHUM y ojuocy Ha rpyny G, Tj. f ~ g, ako je 3a Heko 0 € G
3a cBako x € B, Baxu f(x) = g(o(z)). Ise BekTOpcku muBepTudMIHE Bystose
dbyukumje f(x) n g(x), nedunucane va B,,, cMaTpajy ce €eKBUBAJIEHTHUM Y OJHOCY
Ha rpyny G, 1j. f ~ g, ako 3a Heku map (o,p) € G X G 3a cBako * € B, Ba-
x)u g(x) = p(f(o(x))). Penanuja ekBuBajienimje ~ pasJiazke CKyIl CBUX BysoBux
dbyukmmja (cBa Tpu Tuna) y kiaace eksuBasenimje. Heka U, (G), onnocuo V,(G)
o3HavYaBa OPOj KJjaca €KBHUBAJIEHIMje CKAJapHUX, OJHOCHO BEKTOPCKUX MHBEPTH-

Sunnux Bynmosux dyukmja on n npomensbupux. bpojesu U,(G) u V,(G) mory

2



I'JIABA 1. YBOJI

ce peJIATUBHO j€/IHOCTABHO M3PAdyHATH aKO Ce 3Ha IMUKJIYCHH WHJEKC rpyre G.
Wucnupucan nperxogauM pajgosuMa |2, 5, 32, 34, 36|, Xapucon (Harrison) je y
pajioBuma |22, 23| u3Beo omimre u3pase 3a nukiaycue uniekce 3a S, G,, GL, u
AGL,, un ekmmnnuTHO nX n3padynao 3a n < 6. Jlopenc (Lorens)|20, 21| je uzpaty-
Hao OpOj KJlaca eKBUBAJICHIIN]e NHBEPTUONIHUX By/ToBUX (PYHKIIHja 38 OBE YeTUPH
rpyne Tpancdopmannja 3a n < 5. Ilomazehn ox mzomopdusma uszmehy AGL, u
rpyne nepmyranuja, Janr (Zhang) m ocramu [41] uspauywamu cy U,(AGL,) 3a
n < 10. Behuna 1o cana uspauynarux dpojesa U, (G) u V,,(G) mory ce nponahn
y Ennukmonenuju nemodpojuux nuzosa (OEIS [30]). Topme rpamume 3a nniaekce
n3padyHaTuX OpojeBa, KoyoBu oaroBapajyhmx umsona y OEIS u pedepeniie na
€BEeHTYaJIHEe PaJOBe y OKBHUDPY KOjUX je M3padyHATO BUIINE WIAHOBA HU3A HETO Yy

OEIS npukaszane cy y tadenn 1.1.

Tabdena 1.1: Topme rpanune 3a nugerce uspadynarux opojesa U, (G) u V,(G) u
BUXO0BH KozioBu y Exnumkoneuju nenodpojuux nusosa (OEIS [30]).

G S/ G, GL, AGL,
Hus
Un(G) 11 ([19], A003180) | 10 ([19], A000616) | 8 (A000585) | 10 ([41], A000214)
Vo (G) 6 (A000653) 7 (A000654) 6 (A001038) | 6 (A001537)

Tpeda nanomenytu ja je @puneprunrep (Fripertinger) ([15]) nmmiemenTupao
padyname mukiaycHor mujaekca 3a GL, n AGL, y oKBuUpDY HPOrpaMCKOI IakeTa
SYMMETRICA, y3 npuka3 BpemeHa u3padyHaBama 3a n < 17. Harmra Bep3suja
@punepTUHrepoBOr porpaMa padyHa IUKJIycHu uaaekc 3a n < 21. Kopucrehn
oBaj pesyarar Huje Temko nspadaynaru U, (G) n V,(G) 3a GL, nu AGL,, 3a Behe n
oJ1 IpuKa3aHux y Tadenn 1.1.

Hexka r,, omuocuo d,, (n-tu denekunios d6poj), o3HadaBa Opoj Kjiaca €KBUBa-
JIeHIje MOHOTOHUX Bynosux dyHKIMja y ogHOCY Ha rpyiy S, , OJHOCHO YKYIIaH
0poj MoHOTOHUX DBynoBux dyHKIHja o1 1 IpoMeH/pUBHUX. [lenekmHioBe Opoje-
Be d; u dg uspauynaiau cy Bepman (Berman) u Kenep (Kohler) [3| u Bugeman
(Wiedemann) [40]|, kopucrehin camuan npucryn. Uyuanr (Chuchang) u IIloben
(Shoben) (28, 29| uspauynanu cy r; kopucrehun @pobernjycoBy reopemy. Crusen
(Stephen) u Jycyn (Yusun) [37] morBpawiu cy pesyarar 3a r; kopucrehn apyru
npucryn. ITosuaro je ga je Bysnosa dyuknuja f € B, MOHOTOH& aKO M CaMO aKo
ce y 3allicy IheHe JIUCjYHKTHUBHE HOpMaJtHe hopMe He 1ojaBsbyjy Heraruje. [Ipo-

dbun monorone Bynose dyukimje f € B, je Bekrop (pi,...,Dn), 1€ je py Opoj
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koHjyKmuja ox k mpomensbuBux y okBupy DNF dyukmuje f. Ctusen u Jycyn cy
n3padyHaJu 77, pasjarameM ckyna D; npema npoduanmMa MOHOTOHUX BysroBux
dbyukumja. pumenusmu PpodenujycoBy teopemy Ilasescku (Pawelski) [31] je
U3padyHAO 7'y, IPAKTUYIHO Y UCTO BpeMe KaJla je JI0OMjeH W HAlll Pe3ysITarT.

Hucepraruja je cacTaB/beHa U3 TPU Jejia. ¥ MOTJIAaB/bY 2 JIaT je IMPErJel Teopuje
IOTpedaH 3a pasyMeBarbe ujieja n3 KOjux Cy MPOUCTEKJIN HOBOJOOUjEHN PE3YITATH.
VY nornias/by 3 IpUKa3aH je HAYUH J100KMjama Opoja Kiaca ekBuBaJjeHImje bymosux
7 mHBepTHOMIHNX DynoBux dyHKInja 3a OutHO Behe BpemrocTn on mocrtojehnx.
Y morsiaB/by 4 mpuKaszaH je HOBU HAYMH padyHama Opoja KJjaca eKBUBAJICHIINje
MOHOTOHUX BysioBux dbyHKIH]a.

Pesynraru u3 odnactu mucepranyje 00jaB/beHU CY V PaJIOBUMA

1. M. Cari¢, M. Zivkovi¢, The number of nonequivalent monotone Boolean
functions of 8 variables, i IEEE Transactions on Information Theory, 2022,
doi: 10.1109/T1T.2022.3214973.

2. M. Zivkovié, M. Cari¢, On the Number of Equivalence Classes of Boolean and
Invertible Boolean Functions, in IEEE Transactions on Information Theory,
vol. 67, no. 1, pp. 391-407, Jan. 2021, doi: 10.1109/TTT.2020.3025767.

3. M. Cari¢, M. Zivkovié, M. On the number of equivalence classes of invertible
Boolean functions under action of permutation of variables on domain and
range, Publications de 'Institut Mathématique. 100(114) 95-99 (2016).



I'maBa 2

OcHOBHHU IIOjMOBUM U TeOpeMe

Y oBOM TIOTJIaBJ/bY YBOJIE C€ TEOPHUJCKU IIOJMOBU Yy Be3W Ca MaTepHUjaJIoM M3
noryiaBba 3 u 4, a oHOCe ce PeJIOM Ha JUCKPETHY MaTeMaTHKy, KOMOMHATOPUKY

7 MUKJIyCHE WHJIEKCEe pa3MaTpaHe YeTUPU IpyTie.

2.1 JIuckperHa MaTeMaTHKAa

Y 0BOM O7IeJbKY YBOJE Ce TEOPHJCKHU IIOJMOBHU Be3aHU 3a HapTHUIUje, TPYyIe U
Bynose dynknuje. lomarno, Kao 0CHOBa 3a MOIJIAB/bE 3, YBOJIE CE TIOjMOBHU BE3aHU
3a KOHAYHA I10Jba, IOJIMHOME, MAaTPHUIle W BEKTOpcKe mpocTope. Kao ocHoBa 3a

noryiaBjbe 4, yBoJjie ce 0jMOBU Be3aHU 3a rpadose.

2.1.1 IlaprTumnuje

Y Teopuju OpojeBa M KOMOMHATOPUIU, UapWiUYU)a TIOSUTUBHOTL TIeJIOT Opoja 1,
je HauwmH 3armca dpoja n Kao 30upa MO3UTUBHUX IeJIUX OpojeBa. /IBa 30upa koja ce
Pa3/IUKyjy caMoO II0 PEJIOCJIey CBOjUX cadUpaKa CMaTpajy ce UCTOM IapTUIIjOM;
akKo je pejocJje]i cabupaka OuTaH, 30up mocrtaje xomuoduuyuja. Ha npumep, 4 ce
MOYKe ITOJIEJIUTH Ha TeT PA3JIUIUTHX HATUHA:

4

3+1

242
24141
1+14+1+1

IIpu Tome, nBe pazauuunte komnosunuje 1 +2+ 1 u 1 + 1 4 2 npejacraBibajy ucry
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nmaptunujy 2 4+ 1 4+ 1. Heka je P, ckymn naprunuja opoja n, n = a; + as + ... + ay,
air = as = ... = a > 0.

Hexa P(n, k) u P(n, k) o3nauasajy pejoM CKyll HapTuimja 6poja n o1 HajBuie
k cabupaka u ox tauno k cabupaka: crnenujasano, P(n,n) = P,. Ilaprunuje poja
n oJ HajBuUIlle k cadupaka MOTY ce pPa3JIOKUTU Ha JIBa CKYyIa: CKYN MapTUIlAja
ol TayHo k cabupaka M CKyll IapTuija oj Hajuimie k — 1 cadupaka, 1a BazKu

ciesiehe pasJiarame y JUCjyHKTHY YHUjY
P(n,k) = P(n,k)UP(n,k—1), 1 <k <n.

Heka je p(n,k) = |P(n,k)| m p(n,k) = |P(n,k)|. OBu &pojesn 3am0Bo/manajy
PEKYyPEHTHY Deslallyjy

p(n, k) =p(n, k) +p(n, k—1), 1<k <n (2.1)

y3 moderne yciose p(n,1) = p(n,1) = 1. Y rtabesama 2.1 n 2.2 npukasame cy

n,1
Bpennoctu p(n, k) u p(n, k) 3an < 9.

Tabemna 2.1: bpoj nmapruiuja dpoja n < 9 ox TauHo k cadupaka.

n

2 112131456789
1 111111111
2 1111223344
3 11112131457
4 11112356
) 1111235
6 1711123
7 11112
8 111
9 1
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Tabena 2.2: Bpoj naprunuja dpoja n < 9 o HajBuie k cadupaka.

) “"lilel3l4|5/6 7|89
1 (111 ]1]1]1|1]1]1
2 212131314455
3 3145 7] 81012
4 5169 [11] 15|19
5 7110 13|18 | 24
6 11|14 | 20 | 27
7 15 | 21 | 28
8 22 | 29
9 30

Ha npumep, napturiuje 6poja 3 ox Hajsuiie 2 cabupka cy: 3 u 2+ 1; maprunuja
Opoja 3 ox Tadno 2 cabupka je camo 2+ 1. Oxy3umarmem Opoja 1 o1 cBakor cabupka
u3 maprunuja ckyna P(n, k) moduja ce ckyn P(n — k, k). OdpuyTo, nonaBameM
6poja 1 cBakoM cabupky us ckyna P(n—k, k) noduja ce ckyn P(n, k). Ha mpumep,
naprummje ckyna P(5,3) cy 3+ 141 u 2+ 2+ 1. Oxysumamem 5poja 1 o1 cBakor
cabupka mobujajy ce mapruimje ckyma P(2,3): 2 u 1 4+ 1. KombunoBamem ca

u3pasom (2.1) mosas3u ce 70 peKypeHTHe peJialiuje:
p(n, k) =p(n —k, k) +p(n,k—1), 1<k <n. (2.2)

Jla;bM peKyp3UBHUM pazjiaraimbeM JIPYyTror cadbupka J100mja, ce:

k
p(n, k) = Zp(n—i,i), 1<k<n.
i=1
Ckyn P(n,k) ce MoXKe MOIeNTH Ha JBa CKyIa: CKyI HapTuimja Mehy Kojuma
ce Haysa3u cadbupak 1 m ckyn naprunuja oe3 cadupka 1. Ennvmunanujom jesnor
cabupka 1 n3 mapTunuja mpsor ckymna aoduja ce ckyn P(n—1,k—1). Oxysumamem
6poja 1 o1 cBakoT cadupKa U3 MapTHIHja APYTOr cKyTa goduja ce ckyn P(n—k, k),

npu 4emy BaxKu u 0OpHYTO TBpheme. Jlakie, Baku:
p(n,k)=pn—k,k)+p(n—1,k—-1), 1 <k <n.

[IpousBosbHa maprunuja n = aj; + as + ... + ap jeJHO3HAYHO je NPEJICTAB/bEHA

BEKTOPOM p = (p1,pP2,...,Pn) € Py, t1e je p; = |{j | a; = ¢|}. Ha npumep, 3a

7
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n = 4, Bekrop (2,1,0,0) npunpyxen je naprummju 2+ 1+ 1. V namem Tekcry he

Pn:{(pl,p2,~-7pn) |lez:n} (2-3)

MCTOBPEMEHO O3HAYaBATH U CKYIl TMPUIAPYKEH MapTuimjama opoja n > 1; moroj-

HocTH paJju, Heka je Py = {(0)}.

2.1.2 TI'pymne

Aatebapera ctipykiiypa je HempasaH CKyl y KOMe cy JdeduHucane MU3BECHE
omeparyje Koje 3aJ0B0/haBajy 3a/ata cBojcTBa. Ajredapcka CTPYKTypa ca jeTHOM
OMHAPHOM OIEPAIMjOM Ha3WBa ce Pytoug. AKO cKyll o3HaunMo ca X, a OMHApPHY

omnepanmjy ca -, oJropapajyhu rpymou; o3nadasa ce Kao ypehen nap G = (X, ).

Hedbunnmmja 2.1.1. I'pyuoug G = (X,-) nasusa ce pyua axo cy UCTYHEHU

caegehu yeaosu:
e (Va,b,ce X), (a-b)-c=a-(b-c), (acoyujatusnoci)
o (Jee X)(Va€ X), e-a=a-e=a, (Gocwojarve HeYWPANHOT EAEMENTILG,)
e (Vae X)(3a™' € X), ara™ =a"'-a = e. (woctmojarve uneepsnor eaementia)

IIpumep 2.1.1. Hexa je Z,, = {0,1,...,m — 1} u nexa je ouepayuja + cadbupare
o mogyay m. Taga je (Z,+) tpyta.

Hedbununmja 2.1.2. Peg |G| pyue G je bpoj wenux eaemenatua.

IIpumep 2.1.2. Heka cy wemena xsagpatia us ckyua {1,2,3,4}. Powayuje u
pedaercuje Keagpatiia, 3ajegro ca OUEPAUUJOM KOMTUOSUYUTE YUHE qUEJaPCKYy TPYTY
Dy, |Dy| = 8.

Tabena 2.3: Enementn nuenapcke rpyie Dy.

ujenTuydka rpancgopmanuja (poramuja 3a 0°) | Rg

poranuja 3a 90° Ry
poramuja 3a 180° Ris0
poramuja 3a 270° Ro7o

pediiekcnja oko gujaronasie 13

pediekcuja oko cpeaunHa crpanuna 12 u 34

D
pedekcrja oko aujaronase 24 D
H
Vv

pediiekcrja oko cpeauHa crpanuia 14 u 23
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Hedbunnunmja 2.1.3. Axo 3a pyue (G,-) u (H,-) eaorcu H C G, onga je H
aogipyua pyue G.

Hedbuunumja 2.1.4. 3a togipyuay H ipyue G u dusro koje a € G, ao H = {z|x =
aoh 3a nexko h us H} je nesu paspeg (xocew) uogipyue H y G. Anansotno ce

gepunuwe gechu paspeq.

IIpumep 2.1.3. Hexa je G ipyta ca otGepayujom cadbuparsq Hag CKYULOM UCAUL

opojesa, Z = ({...,—2,—1,0,1,2,...},4+) u nexa je H wena togipyua (3Z,+) =
(...,—6,-3,0,3,6,...,+). Taga cy paspegu wogipyue H pyue G cxyuosu 37,37+
1u3dZ+2,gejedZ+a=...,—6+a,—-3+a,a,3+a,6+a,.... Osa wpu ckyua

pazaadicy ckyt Z, Ga Gokpusajy cee geche paspege togipyte H. 3607 xomytatiue-
noctiu caduparoa sadtcu H+1=1+H uw H+2 =2+ H. /laxae, y osom cayuajy,

CBAKU gecHU Pa3peg UCOSPeMEHO Je U Aesu paspeg Togipyue H .
Ckym cBux paspena noarpyne H rpymne G aunn xoauunuwky pyuy G : H.

Hedunurmja 2.1.5. Bpoj aesux (gechux) paspega togipytue H tpytue G nasusa
ce ungexc aogipyue H ipytue G, y osnayu |G : HJ.

Teopema 2.1.1. (Jlaipanorc, Lagrange) Axo je G xonauna ipyta u axo je H

uogipyua pyue G, waga |H]HG\ u saorcu |G : H| = |G|/|H]|.

Hedbunaunmja 2.1.6. IIpecauxasarve f : G — H nasusa ce xomomoppudam ipyte

(G,-) na pyay (H, X) axo sastcu

(Vo,y € G) f(z-y) = f(x) x f(y).

Monomoppuszam, etumoppuzam 1 uzomopphudam, TPeJICTABIHA]Y PEIOM UHjEK-
TUBHU, CYPjeKTUBHU U OMjeKTUBHU XoMoMopdu3am. Mzomopduszam rpyme Ha camy
cede Ha3MWBa ce ayomoppusam. XomoMopdusaM rpyre Ha HEKU HEH J1e0 HA3UBA

ce engomopPu3a.

Hedbununuja 2.1.7. [[entwiparusatwiop esemeniua x pyue G gepunuwe ce udpa-

30M

Co(z)={9€G|gr=29}={9€G|gzg' =x}.

Henrpanuzarop C¢ je moarpyna rpyie G.
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IIpumep 2.1.4. Iloctioje weWupu YUeHlpasudatiopa - Gogipyue pyte Dy:

C(Ry) = Dy = C(Ris0)
C(Rgo) = {Ro, Roo, Rigo, Raro} = C(Rar0)
C(H) ={Ro, H, Rig0,V} = C(V)
C(D) ={Ry, D, Riso, D'} = C(D")

BujekTuBHO mpecinKaBame cKymna X Ha cede, HA3UBa Ce UEPMYWAUUIG CKYTIA
X. Komtozuyuja nBe mepMyTallfje o © p je IepMyTaluja Koja ejaeMenTe r € X
npeciankasa y ejemente o(p(z)). Kommosumuja je aconujaruBaa oneparmja, ma ce y
3ammucy KOMIIO3UIIje TIepMyTaliija MOTy U30CTaBUTHU 3arpaje. Y ONIITeM CIIydajy,
KOMTIO3UIIAja JIBe TIepMyTalldje Hije KOMYTaTUBHA Oleparinja.

Ckyn cBUX IepMyTalyja KOHAYHOT cKymna X ca orepariijoM KOMIIO3UIIHje TIpe-
cluKaBama je rpymna Sy, cumelipuuna Ipytae ckyma X. Ykomuko je |X| = n,
yMecTo Sy KOPHUCTH Ce W O3HaKa S, 3a CHUMETPUUHY Tpyimy cietena n. CBaka
MOArpyIia rpyie Sy Has3uBa ce Pyua UepMymayuja.

[lepmyTamnmja ckyna BeJIMYUHE 1 MOXKE Ce IIPEJICTABUTUA MATPUIIOM 2 X N, Yuja

ce TIpBa BPCTa CaCTOjU OJI OPUTHUHAJIA, a JPyTra OJ ojroBapajyhux cimka. Tako Ha

a b c d e
(2.4)
b ¢ d e a

oxrosapa oujeknmju ckyna X = {a, b, c,d, e} Ha cebe caMor U MpecaInKaBa eJIeMeH-

IIpUMep, IEPMyTaIlja

Tea—>b, b—c, ¢c—d, d— e, e— a. llepmyranuja odauka

ay az -+ Qg-1 Qg
, (2.5)
as as --- Qe ay

YUHU YUKAYC yKuHe k W 1peJjcTaBiba ce m3pasoMm (aj; as -+ agp_1 ag). llepmy-
TaIyja U3 MPETXOJHOr MIPUMEpa YIPABO je OBOI 00/nKa; YuHd IUKIyc (a b ¢ d e)
JLy>KHHE 5, OJHOCHO IIPEJICTaB/ba yukiuwhy nepmyTanujy. Lukiyc py>xune k nma
k exksuanenTHux 3amnuca. Ha npumep, mukiayc (a b ¢ d e) MoxKe ce HanmucaTu u
y obmuky (b ¢ d e a). IIpomsBosbha mepmyTanumja ckyna X pasjaxe ce y HpOH-
3B0J| (KOMITO3UIN]Y) JUCjYHKTHUX IUKJIyca. FJIeMeHTH CKyla Koje MepMyTalluja
[pecanuKaBa y cede came Ccy ukcHe Wawke IEpMyTaIje U MPUMAIA]y IIUKJIYyCAMa,

JyKUHE jesaH.

IIpumep 2.1.5. Ilepmyttiauuja

(123456

21356 4)2(12)<3)(456)

10
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je upoussog wpu YUKAYCA: JegHOT JYHCUHE 6a, JegHOT YHCUHE TUPU U jeghe PuKrcHe
wavre. EaemMentiu Y 06UM YUKAYCUMA CY JUCTYRKITHY TOGCKYTOBY, cKyua X U “u-
He jegro pasdaaiarbe ckyta X . Yobuuajeno je ga ce Gpuasukom 3aTuca Gepmytianuje
uuraycy gyscure 1 usoctias.najy.

Jlse komuosuyuje tepmymayuje a = (135 2) ub= (16 3 4) cy pasauvutue
aob=(1652)(34),
boa=(14)(26305).

Hedbununmja 2.1.8. Heka je G pyua depmyayuje ckyta X . 3a ceaku eneme-

naw 1 € X, cwabususatmop esemeniua i pyue G je
stabg (i) = {g € G | g(i) = i}

Cradumsarop stabg je moarpyna rpytme G.
Axko ce o € S, cacroju ox p; muKJIyca mayxKuHe i, 1 < i < n, KaxKeMo 1a je
TUI IepMyTalmje o jennak p = type(o) = (p1,pa, ..., Pn) € P,. [laprunmja p € P,
M Pi
Mozke ce npezcrasutu nonmaomoM fP = [[., f7, tme cy fi, fo, ... fu He3aBucue
npoMenJbuBe, a M Topma T'paHulla JAyKUHA IUKIyca HepMyTaruje o. ¥ CKJa-

ny ca (2.3), y HACTABKy Ce KOPHCTe OBa TPU €KBUBAJEHTHA (hopMaTa IMapTHUIlja

(mepacryhin Hu3 cadupaka (aj,as,...,ax), p u fP).
Heka je B, = {0,1}" u N = 2" 3a n > 1. Heka [a..b] o3navgaBa cKym
{a,a+1,...,b}. [lepmyranuja o € S,, Koja mepMyTyje 1 CUMOOJIA X1, T, ..., Ty, JE]I-

HOo3HAYHO onpelyje (nHayKyje) nepmyTanujy o’ Koja n-Topry = (21, ...,x,) € B,
npeciukaBa y N-Topky o' (z) = (To(1),..sTom)) € Bn. Ako ce n-topke = =
(z1,%9,...,2,) € B, xomupajy opojesuma X = > " 2,2""", onna Baxu o' (X) =
Y =30 v:2"", rae je y = o(x). Heka je S), rpyna kojy 4mHe cBe mepmyTanuje
o' koje oxrosapajy mepmytanujama o € S,. Heka w(x) = > " | x; osnadaBa Xe-
munzosy (Hamming) weorcuny uusa x € B,. Ilomro nepmyranuja o’ € S/, camo

epMyTyje KOMIIOHEHTEe Nn-TOPKe X Ha KOjy Jeiyje, yBek Baxu w(o’'(x)) = w(x).
IIpumep 2.1.6. 3a n = 3 u o = (1 2), wepmywayuja o' 3ameryje upse gse

KOMUOHENTTE dunapHe Wpojke, Ua je

,(()1234567

o ST 7)=<o><1><2 4)(3 5)(6)(7)

IHepmymayuja o' upecaurasa 5 = (1,0,1) y 3 =(0,1,1), aa je w(5) = w(3).

11
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IIpumep 2.1.7. Hacwaswajyhu tpetizoghu apumep, 3a n = 3 u o = (1 2), je
type(o) = (1,1,0) (Gepmy@ayuja o cactwoju ce og jegrnot yurayca (3) gyotcune
1, jegrnot yurayca (1 2) gyorcune 2 u bez yurayca gyorcune 3). lepmymayuja
o' uma uwewupu yuxayca gyocune 1 u gea yukayca gysicune 2, w0 0gLO6APa
pasaatary 3 = 2 + 1. 3601 woia je type(o’) = (4,2,0,0,0,0,0,0), wimo ce moorce

Upegeiiasuiiu UKAYcHom cTapyKiypom fPe) = flf2,

Hedbununmja 2.1.9. Hexa je G pyua tepmyliayuje nag ckyiaom X. 3a cearu
enement © € X, nexa je orbg(x) = {o(x)|c € G}. Cryu orbg(z) C X nasusa ce

opbduttia eaementtia x y ogHocy Ha pyuy G.

VY uperxoanoj neduHunnju, nHaekc (G MOXKe ce M30CTABUTHU KaJla je jacHO O
KOjO] TPYIIH CE€ PaJIu.

I'pyna G nenyje Ha cede koHjyiauujom axo ce cBakoM g € G IpUIPYXKU IIpe-
crmkaBambe o, : G — G, ay(z) = grg™. Ba z € G konjylayuona ¥aaca eseMeHTa

x nedunuile ce n3pa3omM

¢ ={yecG|y=grg ' 3amneko g € G}.

¢ = orb(z) u stabg(z) = Cg(z). Cee nepmyranu-

[IpuMeTHMO J1a OBIIe BaxKH T
je (mejcrBa) Koje mpuIaajy MCTOj KOHjYTallMOHOj KJIACH MMajy UCTY IMKJIIYCHY

CTPYKTYDY.

Teopema 2.1.2. Hexa je G pyta tdepmy@ayuje ckyta X . Taga, 3a ceaxo i € X
8GHCU

|G| = | orbg(7)]| stabg(7)|.

Jloxas. Ha ocuoy Jlarpamxkose teopeme, |G|/|stabg ()| je dpoj pasmuaurux Je-
BUX pa3peja moarpyte stabg(i) rpyne G. 3aTo je 10BO/BHO YCIIOCTABUTH OUjEKITH]Y
u3mel)y sieBux paspesia noarpyne stabg(i) u esemenara opoure orbg(i). Heka je
T npeciukaBame Koje 3a HPOU3BOBHO ¢ € G paspeiy ¢stabg(i) mpuapyxy-
je ememenar opdbure ¢(i). [IpeciukaBamwe T je modpo geduHMCAHO, TOMITO U3
astabg(i) = Bstabg(i) cienn o' € stabg(i), («™'B)(i) = i u npema ToMme
a(i) = B(i). Ilperxoman HU3 KOpaka y OOPHYTOM pemociery mokadyje ma je T' 1-1
npeciukaBame. Heka je j € orbg(i). Taga je a(i) = j 3a meko a € G u Baxku

T(astabg(i)) = a(i) = j na je T takohe u ,Ha” npecrKaBabe. O

IMocneauua 2.1.1. 3a ceaxo x € G sastcu jegraxoci
|G|

“ =[G : 7)) = ———.

12
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Jloxas. Jlokasz cnequ u3 Jlarpamzkose Teopeme (Teopema 2.1.1) u u3 jegHakocTu
2% = orb(z) u stabg(x) = Cg(x). O

JIema 2.1.1. Axo je (seximiopcka unsep@udbusna Gynkyuja 0g n UpoMeHSUSUL)
F $urcna wavwka wpancgopmayuje ogpehene tapom aepmytiayuja (o, p), u axo je
(X1 -+ Xy) yukayce gepmytayuge o (wj. o(X;) = Xip1,0=1,2, ..., k—1,0(Xy) =

X1), onga ceu esementiu F(X;) y dbunaprom 3atucy umajy uctiu 6poj jegurua.

Jokas. F(X;) = p(F(o(X;)) = p(F(Xit1), ma F(X;) u F(X,41) nmajy nctu 5poj
jeMHATIA. L]

2.1.3 lekapToB Ipou3BOJ MEpMYyTaIuja

VY oBoj Tauku gedunuie ce lekapToB Ipou3BO JIBE WK BUIIE IepMyTaIluja,
U OIepaTop X KOjU IUKJIYCHY CTPYKTYDPY /JlekapToBor mpomsBojia IlepMmyTaliyja

n3parkaBa NPEKO MUKJIIYCHUX CTPYKTYPa apryMeHaTa.

Hedbununuja 2.1.10. Hexa je o; uepmytmiayuja cxyta Z;, 1 <1 < n. /Jexaptios
upouseog (. .., 0p) GEPMYWAUUIA O, . . ., Oy J€ TUEPMYTLAUUQ CKYTQ Z1 X Zg X

<o X Ly gepurucana jegrarouwshy:

(a1, an) (21, oy 2n) = (a1(21)y - - s an(2n))

Heka (p,q) u (p,q) pesom o3HaYaBaA]y HAJMAHU 3ajeIHUUKA CaJPIKAJIAIl U HAj-

Behn 3ajelHUYIKY Jlesinial] OpojeBa p 1 ¢.

Teopema 2.1.3. Hexa cy uepmytayuje o = (aq, ..., a,) u 8= (by,...,b;) pegom
yuxaycu gyotcune p u q. Taga je yuxaycra clipykimypa tepmymavuje (o, 8) gaitia

U3PA3OM
f(p,q)

(p,q)

/oxas. 3a p = q TBpheme ciequ qupekTHO u3 jgedunuimje. [lukiycna crpykTypa
nepmyTanuje (a, 3) je fI = fg,’]f;, IIOIITO eJleMeHT x n3 X MOXKe OUTH y mapy ca
OMJIO KOJUM eJIEeMEHTOM ¥ U3 Y, CJIeIOEHUK X Y Iapy ca CJIeJIOEHUKOM ¥, ... Pe3yii-
TAT je MUKJIYC JIy?KUHEe P U TO BaxKu 3a cBe Moryhie napose (z,y) 3a (GDUKCUPAHO T.
Bes cMmamerma OmmTocTi MpeTinocTaBuMo Jia je p < q. AKO Tpou3BO/bHO N3a0epeMO

esieMeHT (aq, by), pe3yJrar je IMUKIyC

(a1,b1) = (ag,bg) — "'(ambp) — (alabp+l) — (apqu)

13
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nyxure (p,q)(p,q). Homro ce nepmyryje pg ejilemMeHaTa U MOIITO BaXKU

pq = (P, q)(p,q)

U3 YUIbEHUIE JIa Y jeJIHOM IUKJIYCy TocToju (p,q) eseMeHaTa CIeIu Ja MOCTOjU

(p, q) TaKBUX THMKJIyCA. [

IIpumep 2.1.8. Jlexapmos upoussog gea yuxayca (a b) x (c d €) je uepmytmayuja

- yurayc gyocure 6:

(a b) x (c de)={{a,c},{b,d},{a,e},{bc} {a,d},{be}}.
Huxaycna cupyktaypa dexapmwosor upoussoga (a b) X (¢ d e) je gaxae fe.

Heka (21, 29,...,2,) 1 (21,22, ..., 2,) PEJIOM O3HAYABA]Y HAJMAU 3ajeHUYKH

caJiprkaJiall 1 HajBehu 3ajeHuIKy JlesTual OpojeBa 21, 29, . . ., Zp-

Teopema 2.1.4. Hexa je o; tepmytiauuja ckyaa Z;, Ca UUKAYCHOM CUPYKTLYPOM

fli,i=1,...,n. Jexaptios upouseog (ou, ..., 0n,) UM YUKAYCHY CTPYKTLYPY

fH?=1 (Tiys) /(€1,@2,...,n)

<x17$27~'~7mn>

Jloxas. dokas ce n3Bomau nHIAYKIHjoM 10 1. 3a n = 2 /lekapToB nmponsBos (v, )

Ha OCHOBY TeopeMe 2.1.3 UMa IUKJIyCHY CTPYKTYPY f(y;f"i;gl’m [TpernocraBuMo 112
je TBpheme TauHO 3a HEKO N = k > 1 Tj. mepmyTarmja (o, . .., ;) IMa IUKIYCHY
CTPYKTYDPY

fo;l(miyi)/<117127~~urk>

(z1,22,...,Tk) .

Tana je nukiycHa crpykrypa JlekaproBor nmpomsBoga (qu, ..., 0n, Qpy1) jeIHAKA
[UKJIYCHO)] CprKTypI/I JlekapTOBOr NPOM3BOJA JBE HEpMyTaldje ca IUKJIyCHIM
CTPYKTypaMa, f@“w2 zy;%(m,m ””” ) 2o, ma je jeaHaka

(21,22, ) Tt )Yt 1 T (2393) / (21, 22,00,21)
(T1,%2,0. Tk ) Thop 1)
(1,22, ) Tht1 /(21,22 e k) Thog 1))y [10 (ivi) /(21,222,028

(
(
[
- f(xl 2, Tht1) -
[

f

i f(11,x27~--,zk>/<11,12,~~-,wk+1>]wk+1yk+1Hle(wiyi)/(:r1,x27~--,zk)
o (3617127 k1)

f xzyz /(731 X24.eny $k+1>
o (11@27 Tht1)

14
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Teopema 2.1.5. Hexa je a uaepmymayuja ckyua X, |X| = a, ca yukaycrom
CTPYKULYPOM ffl < fle y nexa je B tepmytayuja ckyaa Y, |Y| = b, ca yuraycrom

CWPYKTLYPOM ffl e If b, Hepmytmayuja (o, B) uma yuksycny cupykiaypy

H H f]pkq P.q) (26)

p=1¢=1

Aoxas. Ilokaz cienu u3 ocodune JlekaproBor mnpoussoja u teopeme 2.1.3. O]

Teopema 2.1.5 MOxKe ce yOUIITUTH:

Teopema 2.1.6. Heka je «; uepmymayuja ckyua Z;, |Z;| = ki = 1,...,n ca
YUKAYCHOM CTLPYKTLYPoM fi - - - f,?:ki. Hepmywayuja (o, . .., Q) UMG YUKAYCHY
CUWPYKUWYpy

1 2
f i= 1 Lyzzl /<217227 2>
<Z1,22;--,2n>

z1=1 z0=1 Zn=1

/loxas. [loka3 ce m3BOJM MHIYKIIMjOM Ha OCHOBY TeopeMa 2.1.4 m 2.1.5. ]

Hedbununuja 2.1.11. Heka je o tepmytanuja ckyua Z; ca UUKAYCHOM CTPYK-
wypom F;, i = 1,...,n. Ouepayuja X (kpci) wag yukAycHum CUPYKLYPAMA
gePurucana je ycaosom ga je yukaycha cpykmypa tepmytaayuje (o, .. ., op)

jegnara X F;.

[MukycHa cTpykrypa nepmyTaryje (o, ..., q,) jeJHO3HAIHO je oapehena mu-
KJIYCHHM CTPYKTypama IepMyTaiuja v, . . . , Q,, 11a je oBa JedUHAIN]ja UCIIPABHA.
Cneneha mocieaumia Teopeme 2.1.6 mpenmsupa HAYWH padyHamba Ca OIMEPATOPOM

X.
Ilocaenumna 2.1.2.

l 2 1 2
>< fyz Zi f i=1 Zzyz zi /<Zl7z27 n>
<Z1,225.-y2n>

z1=1 z9=1 zn=1 1=1 z1=125=1 Zn=1

CrernujaaHo BaxKu:

f] % fk: fjk(p ) (2.7)
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2.1.4 KoHauyHa 110/ba U IMOJUHOMMU

Hedbunnnmja 2.1.12. Aaebapcera cmpyrwmypa (S,+,+), ige cy + u - dunapre

otepayuje ckyta S, na3usa ce Tove, AKO CY UCTUYreHU caegehu ycaosu:
e (S,+) je pyua,
o dunapHe otiepayuje + U - Y KOMYWATUUSHE,
e olepayuja - je qguctlupudbyueha upema oUepayuju +,

o cupyrwypa (S\{0},-), 2ge je 0 neywparnu eaementa pyue (S,+), je Komy-

WATLUSHE TPYTG.

[To/be ca KOHAYHUM OpOjeM ejleMeHaTa Ha3UuBa C€ KOHAUHO UoMme. YKOJIUKO Y
nperxoaauM yeaosuma (S\{0}, -) Huje rpyna (U3 ycsioBa Koju YuHE TPYILy U3y3€TO
je mocrojare MHBEP3HOI eJIEMEHTA), ajiredapcka CTPYKTYpa IMoCTaje KoMYyWaliue-
HU UPCWEH (I/LHI/I caMo Upcilier YKOJMKO yCJIOB KOMYTATUBHOCTHU HUj€ 3a,ZLOBOJ'beH).

Heyrpasnun enement 3a (S\{0},-) osnagasahemo ca 1.

IIpumep 2.1.9. Hexa je gatu ckyt Z,, = {0,1,....,m — 1} u nexa cy otepayuje +
u - pegom caduparbe u MmHodHcerwe Uo mogyay m. Aarebapexa cupyrwypa (Z,+,-)

je Wome arxo u camo axo je m upoctl opoj.

Hedunnnyja 2.1.13. Hexa je x aucwipartiny cumbdor. Cryd c6ux GosunoMa
p(x) =cy+ c1x + csz 4+ Cnflilﬁnfl + Cnilﬁn

ca Koepuyujeniiuma ¢; € F osnauasa ce ca Flx]. Vroauxo je ¢, = 1, toaunom je

MOHUNAH.
Y nosy Fylz] = Zs[x], cBU HeHyIa TOTMHOMHI CYy MOHUYIHH.

Hedunnnuja 2.1.14. Hexa je p apocwi dpoj. Hexa je Zy|x] ckyt Gorurnoma ca
Koeuyujenmuma u3 Z, u neka cy ouepayuje + u - cadupare u MHONHCEIE TO
mogyay p. Ba f,g € Zylx], kaoce ce ga f geau g, ognocno flg, axo Toctmoju
q € Zylx| wako ga savcu g = qf. Cweunen uworurnoma f(x), y osnayu deg(f), je
najeehu cieten upomennuse x. Axo f,g,h € Z,[x] u deg(f) =n > 1, waga cy
aoauromy g u h kKonwipyenwiny o mogyay f, y osnauu g(x) = h(x) (mod f(x)),

aro f(x)|(g(x) — h(z)).
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Y HacTaBKy Cce pa3Marpajy HOJMHOMHI HAJ| IOJbeM Z,|x|, Ipu deMy je p IpOoCT

0poj, n mocedHo ciydaj p = 2.

Teopema 2.1.7 (dememe mosmHoMma ca octaTkoM.). Hexa je deg(f) = n. 3a
UPOU3BONHHYU TOAUHOM § TOCTOJe JeqUHCTUEEHYU TOAUHOMU ¢ U T, WAKEU (a je
g=qf +1r udeg(r) <n.

Jloxas. Tlocroju dap jeman mosmuoM ¢ TakaB ja je g = qf +r u deg(r) < n.

Bancra,
e Axo je deg(g) < n, tana je ¢ = 0 Baxku r = g u deg(r) < n.

e VY nporuBHOM, ako je deg(g) = n, IPETHOCTABUMO JIa HE MOCTOje TIOJIMHOMHU ¢
u r, TakBu ga je g = qf +r u deg(r) < n. Heka cy ¢ u r TakBa 1Ba mosmHOMa,
naje g = qf+rudeg(r) > n, npu uemy cremnen ocrarka deg(r) uMma HajMay
moryhy BpeaHocT. AKo cy a u b HajcTapuju KoedUIUjeHTH TTOJTUHOMa g U f,
oHzia aBa nosmHoMa ¢ = q — ag/(bf) u ' = g — ¢’ f Takohe 3amoBOBABA]Y

ycnoB g = ¢ f + ', upu gemy je, cynporuo npernocrasiu, deg(r’) < deg(r).

[Tonuromu ¢, r uuje je mocrojarme MOKa3aHO, Cy jeJIMHCTBEHU KOjU 3aJI0BOJHABA]y
ycnose g = qf + 1 u deg(r) < n. 3aucra, U3 MPeTIOCTABKE JIa TOCTOjE JIPYTa JIBA
nosmHOMa ¢, 1’ KOju 3a/10BOJbaBajy ucte ycyose cienu ' —r = f(q — ¢'); ako je

q# ¢, ouna je deg(f(q—q')) = n deg(r —r') < n, cynporHo npermocrasiy. [

AHaJIOPHO KOHCTPYKIMjU Z,, y OKBUDY Z (eJeMeHTH Cy OCTallu, a olepaluje
caduparbe U MHOXKeme 110 Mogyiy f), u3 Zy[z| ce nu3asajajy ocramnu mo mozayiy f,

y osuaru Zy|z|/(f), koju mory duru cremena majsurie n — 1.

Hedbununuja 2.1.15. Hoaurnom f € Zy[z] je necsogmus axo ne wocimoje Uoau-
nomu fi, f2 € Z,[x], Wwareu ga easicu f = fifa, ys deg(fi1) > 0 u deg(fa) > 0.

Teopema 2.1.8. Z,[x|/(f) je wowe axo u camo axo je Gosurnom f Hec60g.vus.

Enemente nospa Zy[z|/(f) wunu p™ nomunoma u3 Z,[x| crenena najsure n — 1.

Ha npumep, 3a p = 2 u n = 3 nocroju § mnmojimHOMA CTElleHa HajBuUIle 2.

IIpumep 2.1.10. 3a xoncilipyxuyujy wona og 2° = 8 esemenatia, UOWpPeOHHO je
y upctueny Zs|x| aponahu necsogmue toaurom cietena 3. Ipu wome je gosos-
HO TOCMATUPATIU TOAUHOME KOJU UMAJY CA000gar “aarn 1, jep cy TUOAUHOMU Ca

cnodogrum aarom 0 gewpusu gosuromom x. To cy wosuromu:
filz) =2’ +1, filz) =2+ +1, filz)=2"+2"+1, fulz)=2"+2"+ 2+ 1
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Hoaurnomu fi u fi nucy neceogmusy jep je
filz)=(x+ D (2> +2+1), fulz) = (z+1)(x*+1).

IIpeoctiana gea TGoauroma fo u f3 Cy Hec60gpUEY, TOWTLO HUCY JESUSU HU CO T
wu ca x+1. Iowe Zs[x] /(23 +2+1) uma 8 eaemenawma: 0,1, z,x+1, 2% x> +1, 2%+
x, 2% + x + 1. Cabuparve u mnodicerve Goaunoma 0dbasma ce 4o mogyay >+ x + 1.

Ha apumep,
(24+ D)@ +r+ D) =2+ +to+l=(+ )@ +o+1)+2° +2 =2+

Heka je p upocr 6poj u n > 1. ¥V ckyny Z,[zr| mocroju dapem jenaH HecBo-
JUBMB TIOJTMHOM crerieHa n [16], ma mocroju KoHauHO moJke of] p" enemenara. Heka
je ¢(n) Ojaeposa (Euler) dynknuja nedunmncana kao O6poj MOBUTHBHUX IEIUX
OpojeBa MamUX WM jeJIHAKUX OJ[ 1, KOjU Cy y3ajaMHO IIPOCTH ca M. ¥ CKYILy
Z,|x] mocroju ¢(p™ —1)/n necBoypbuBHX moHHOMA cTeneHa n. Mehyrmm, konadna
I10J/ba. KOHCTPYHUCAHA OJ OMJIO KOja JIBa HECBO//bUBA MOJIMHOMAa MehycobHo cy uzo-
mopdua [16]. dakite, TOCTOjU jeIMHCTBEHO KOHAYHO TOJbe OJ p" eJeMeHaTa Koje
osnadasamo ca GF(p"). Crennjamnmo 3a n =1, GF(p) je ucro mro u Z,.

Cneneha srema HaBoau ce 0e3 JoKas3a.

JIema 2.1.2. 3a ceaku worunom f(x) € Flz|, f(0) # 0 Gocwoju e > 0 waro ga

saotcu f(x)|z® — 1.

Hedbunnumja 2.1.16. Peg ord(p) @oaurnoma p(x) je najmarou opoj e waxas ga

6aMHCU

p(x)|x® — 1.

2.1.5 Marpuiie

Y HacTaBKY, aKO ce He HaIJIaCHu JIpyTradunje, pa3MaTpajy ce MaTpHIle HaJl T0JbeM

F.

Hedbununuja 2.1.17. Keagpatwirna matwipuua A je unsepiuduina, axo Uoctio-
ju matmpuya B waxo ga eascu AB = BA = I, 1ge je I jequnuuna matupuya
ucttie gumenduje kao A. Uneepudusny mMatlpuyy 4ecto Ha3usaMo PETYAaPHOM

MAWPUYOM.

Hedbuaunuja 2.1.18. /lee matwipuue A u B cy exsusaseniune axo eadxcu B =

PAQ e cy P u QQ unseptiudusre matipuye.
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Hedbununuuja 2.1.19. Jujaionaana matipuya diag(dy, . .., d,) je xeagpatuna ma-
WPUUG €0 eAeMERTTUME di, ..., d, HA TAGBHO] GUIATOHAAU, §OK CY CB8U OCTLANU

eNeMENHTUY HYAe.
Jenunnana MaTpuia je cenujaian ciaydaj aujaronasinae marpure diag(1, 1, ..., 1).
Hedbununuja 2.1.20. Jupexiuru upouseog upouseonsre gee maupuue A u B

AlO
0B

79e cy 0 0-matwpuye ogiosapajyhe gumernsuge.

gepunuwe ce u3Pa3om:

A® B =

Y

JIuneapra rpyna crenena n GL(n,F) vag nomem F je ckyn cBux n X n mHBEp-
THOMJIHUX MaTpuIla HaJ mojbeM F ca omepanujoM MHOXKeHa Marpuia. Marpuna
A w3 rpyne npeciimkaBa ejieMeHT T € B, y exement Ax. Aduna rpyma cremena
n wa nobeM F je ckyn maposa (A,b), A € GL(n,F), b € M,,;(F) ca onepanujom
muOKema (A, b)) o (A", b") = (A'A" VA" +1"). Ilap (A,b) u3 rpyue npeciankasa

eneMeHT x € B, y enement Ax + b.

Hedbunnnmja 2.1.21. Jlse wmawupuye A, B € M,(F) cy cauune axo je B =
P7YAP 3a nexy uneepmubuany mampuyy P € M, (F). Tpanchopmayuja P~LAP

je Wparchopmayuja CAuTHOCTIU MATUPUYE A.

Ksanparuoj naseprudminoj marpuru A € M, (F) oarosapa jsimneapno mpeciiu-
KaBaibe BeKTopckor npocropa F" +— ", koje mpousBosban BekTop = € " mpecim-
kaBa y BekTop Ax. Komone marpune A cy cimke DasHHUX BEKTOPaA €1,€a, ..., Ey,
KOJIOHA, jeJJMHUYHE MATPHUIlEe Pela M. ¥ OIIITeM CIydajy ce KOJOHe MaTPHIE JIM-
HeapHor npeciankaBamwa L : F" +— F" y 6a3u by, ..., b, cactoje ce o7 KoopmHATA
cauka da3HUX BekKTOpa. Marpuiie juHeapHe TpanchoOpMalldje y pas3jinauTuM Oa-
zama cy mehycodno ciamune. I'pyna GL(n,q) moxke ce mocmarparn u Kao rpymna
N X N HECUHTYJIADHUX MaTpUIla uuju cy ejaemertr u3 noba GF(q). Y rpynu marpu-
na GL(n,q) cim9HOCT je MCTO IMITO W KOHjyrOBAHOCT y CMUCIY TPyTa, [a CJINTHE
MaTpPUIE TaKohe 30BEMO KOHJYTATUMA.

3a marpuny A € M, (F,) nexa je
[A]GL(n,q) = {PilAP P e GL(TL, q)}

CKYII MaTpHUIla KOHjyroBaHUX MaTpuiin A u Heka cy
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Crrne(A) = {X € M,(F,) : AX = XA}
CGL(n,q)(A) = {P c GL(n, q) 1 AP = PA} = C(Mn(IFq))(A) N GL(n, q)

penom renrpammsaropu marpune A y M,(F,) u GL(n,q). 3a A € GL(n,q),

[A]GL(n,g) je KIaca xonjyrosanoctu Marpuie A y GL(n,q) u Baxn

erguol = e DL
7 |CeLmg (A

Heka je x cumbosmuka npomensbusa. Marpuma xl — A je kapaxiepucusna
MaTpuiia KBajparHe Mmarpuiie A. Kapakxtepuctuyhu TOTUHOM KBapaTHE MATPH-
ne A nedunnme ce uzpaszoM x4(z) = det(x] — A) u Baxku xa(A) = 0. Kapakre-
PUCTHYHU [TOJIHOM je WHBAPHUjAHTAH Y OJIHOCY HA CJAUIHOCT MATPHUIIA.

Ako 3a f € F[z] Baxu f(A) = 0.1, xaxke ce na [ wonvwmasa A. Meby
CBUM MOHHWYHHUM I[OJUHOMHUMA KOjU MOHUINTaBajy A, MOHUYIHU TOJIMHOM M4 ()
HAjMamer CTeleHa HA3UBA Ce MUHUMAAHU TIOJTMHOM KBaJjparne marpure A. U3
JedbuHAII]e MUHUMAJIHOT ToJImHOMa e ma ()| xa(x).

Heka je marpura xl — A (Ha OCHOBY MO3HATOI MOCTYIIKA JMjarOHAJIN3AIIL]eE)
camanra aujaronansoj marpuny diag(fi, ..., f,) #Ham nperenom Flz|, mpu wemy cy
fi, .oy fn jenuHCTBEHM MOHUYHU OJUHOMHU TakBU 1a fi|fa]...|f,. Enementn cky-
na {f1,..., fn} HasUBajy ce unsapujantunu Ppaxwopu marpune A. Hexkoncranruu

WHBapUjaHTHU (paKTOpU Takohe ce 30By HEWPUBUJa/HY NHBAPUJAHTHU (PAKTOPMU.

Hedbununuja 2.1.22. Heka cy fi, ..., fn unsapujaniiru Gaximiopu Matlpuue A u
HEeKa je

fi(@) =pi(x) - p()9™, G =1,...,n,
e cy c;i = 0 yeau opojesu u pi(T), ..., pm(T) PABAUNUTIY MOHUNHY HECE0GNHUBY

UONUHOMU. 066 uspase Yy C’Eyﬂy
{dl = pi(l')cji, Cjz' 2 ]_, j = ]_, ,n}
pa%yuajyhu (7 gyaﬂu%ame, HA3UBAMO ENEMEHUAPHUM ge/LuzTLe/bu./vza mMmaupuue A.

NuBapujantau pakTopu u ejeMeHTapHU JEJIUTe/bU MOTY Ce JIOOUTH jeTHU U3

JIPYTUX ¥ BaXKU:
fi(x) - fu(x) = det(al — A) = dy(x) - - - dpn ().

IIpumep 2.1.11. Hexa matwpuya A pega 12 nag apctienom QQ uma caegehe um-

sapujanane gaxmope: fi(z) = - = fo(x) = 1, fole) = 2>+ 1, fu(z) =
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(22 + 1)(2® — 2), fio(x) = (22 + 1)(2? — 2)2. Taga cy eaemeniiaphu geautievu:
2+ 1, 22+ 1, 22+ 1, 22 -2, (22— 2)%

Teopema 2.1.9. Axo cy fi,..., fn unsapujartinu paximwopu maupuye A Hag ap-

cwenom Flz] wareu ga fi|f|...|fn, Waga je f, munumarnu Gosurom matipuye

A e M,(F).
Jloka3s. Jloka3 mupekTHO caeaun u3 u3pasa xa(zr) = fi(x) - fu(z). O

IIpumep 2.1.12. Hexa je y aony GF(2) gepunucana mattpuya

o O = =
e
_ O = =
oS = O =

Kapax@epucluany, U MUHUMAARY Toaunomu madpuue A cy pegom z* 4+ 1 w
(x+1)? = 23+ 22 +2+1. Hetipusujarnu uneapujantiny Gaxtiopu u esemenmiapHy

geauiienu cy (x + 1) u (x + 1)3.
Hednaumnmja 2.1.23. 3a n > 1 neka je gatli MOHUMHU TOAUHOM 00NUKA:
Q(-T) =cCy+x+ 02112 4+t Cn_lxn—l ey

3a n > 2, apugpyorcena (companion) malpuya 080T TUOAUHOMA JEPUHUCAHA je

u3pa3om: ~ _
00 0 —co
10 0 —C1
Clq)= |0 1 0 —c

00 --- 1 —Cp—1

3an=1jeq(x)=x+co uC(q) =[—col.
Teopeme 2.1.10 u 2.1.11 HaBojie ce Oe3 jj0Ka3a.

Teopema 2.1.10. Csaxa matipuna je cAUNHA MATUPUUY TPUGDYHCEHO] CEBOM Ka-

paxmuepucUuuvHom UOAUHOMY.

Teopema 2.1.11. KapaxiiepucuywHy U MUHUMAAHY TOAUHOM TPUGPYAHCEHE M-

WPUUE CY JeGHAKU.
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Hedbununuja 2.1.24. Peg e matwipuue A je najmaru upupogar 6poj waxas ga

saorcu A® = 1.
Ersucrenmuja pejia maTpuiie e ciaean Ha OCHOBY Jieme 2.1.2 u Teopeme 2.1.12.
Teopema 2.1.12. Hexa je
f(x) =co+crx+ cox® + -+ 1™t + cpa” € Fla]

wge jen =1 ucy # 0. Peg torunoma [ jegnax je pegy tretose upugpyircere

mawpuye A us GL(n,F).

Jloxas. Tlomro je A npuipykena marpunia nojmaoma f (), nomunom f(x) je ucro-
BPEMEHO ¥ KapaKTePUCTUIHHN U MUHUMATHA nounHoM Martpuie A. Ako f(xz)|z¢—1
3a Heko e, caean f(A)|A° — 1 1j. A°— 1 =0. Axo f(x) t 2° — 1 3a HEKO e, caenn
f(A) t A¢ — T 1j. A° — T # 0. Jdakne, A° = I ako u camo ako f(z)|z® — 1. Cue-
I1jaJIHO, TIPETXO/IHO pa3MaTparbe BayKu U 3a HajMarmbe Moryhe e Koje 3a/10BoJbaBa

HaBeJIeHe yCJIO0Be. ]

IIpumep 2.1.13. Hexa je

A=

o = O
—_ o o
o = =

upugpyoicena mampuya goaunoma 2 + x + 1 nag gowvem GF(2). Hetocpegno ce
aposepasa ga je A0 0 0] = [0 0 0|7 u A™v = v, o # 0. Kapaxtepuctiuunu u
MUHUMaAHY Toaunom matipuue A je f(z) = 23+ x+1 u netiocpegno ce iposepasa
ga je peg uoauroma f(x) jegnax 7 wy. x* + x + 1|z7 — 1.

[Ipuapyrkena MaTpuIia je Cuernujajgan ciaydaj rudep-upugpyicere MaTpuIie:
Hedbunnnmja 2.1.25. 3an > 1 nexa je q(x) MOHUNHU TOAUHOM 0OAUKA:

Q(IE) =cCy+cx+ CQZQ 4+ .4 Cn_lxn—l + "

3a n > 2, zuuep-uapugpyosicena (hyper-companion) matipuya Goruroma g~ gedu-

HucaHa j@ u3pasom:

Clgg 0 -~ 0 0

N Clg - 0 0

H(gx)")=Ci(q)=| 0 N 0 0
I 0 0 o N C’(q)_ () <)
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79e je N n X n-matpuya cactliG8.benHa 0§ C8UT HYAL OCUM EAEMEHTA Y TOPHEM

gecnom yiny ca epegnowhy 1. 3a k=1, H(q) = C1(q) = C(q).

IIpumep 2.1.14.

[0 -1]/0 o]0 0 ]
1 0|0 1|0 0
C(z? +1) 0 0 110 1o o
H((z*+1)*) = N C(z*+1) 0 =
0 0|1 010 O
0 N C(ax*+1)
0 00 1[0 —1
0 00 0|1 0 |
00 6
H(z* +52° —6) = C(2* +52° - 6) = [1 0 0
01 —5
3000
1 300
H((z —3)%) =
(( )%) 013 0
0013

JIema 2.1.3. Hexa je q € F[x] monuunu gosunom cuetena n > 1. Taga je:

o KAPAKWEPUCTUUYHY U MUHUMAAHY TOAUHOM Tpugpyscerne matmpuye C(q)

jegnax q(x).

o KAPAKWEPUCTAUYHY, U MUHUMAARYU TOAUHOM TUTEP-TUPUGDYHCEHE MATLPUUE

Ci(q) jegnar q*(x).

Haxie, 3a k > 1, masapujantau dbakropu marpune Ci(q) cy {1,...,1,¢"(z)} u
Ci(q) nma jeman emementapuu gemuress ¢~ (x).

Ckym xaHoHckur MaTpuIa Tpeda J1a CaJpKu CBe ,IIPeJICTABHUKE KJlaca eKBH-
BasieHnuje. /Ipyrum peunma, cBaka MaTpuiia Tpeda Jia Oy/ie eKBUBAJECHTHA TATHO
je/IHoj m3 cKyna KaHOHCKMX Marpuiia. Kanoncke dbopme mMarpuiia aedUHUILY ce

TaKoO Ja ,,IITO je moryhe Buire” uMajy aujaronasnu odyimk. Heka je:
B = diag(By, ..., B.), C = diag(C,...,C,), P = diag(P,..., P.)

rae cy 3a cBako ¢ = 1,..,r, B;, C;, P, KkBajparHe MaTpuile UCTUX JIUMEH3Hja,
a Marpune P; cy muBepruousiane. Marpuna B je JUpeKTHU TPOU3BOJ, MATPUIIA

By, ..., B,. Marpuna P je uHBepTUOU/IHA U BasKH:
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BC = diag(B,C}, ..., B,C,)
P! =diag(P[!,...,PY)

T

P'BP = diag(P;'B, P, ..., P"'B,P,)
Jlema 2.1.4. [25, 26] 3a mampuye nag upctienom Fx] saorce caegeha wspherva:

e CauvHocii gupekiwHUL UPOU3BOGaQ;:
Axo je mawpuya B; cauuna ca C; 3a i = 1,...,r, waga je diag(By, ..., B;)

caunna ca diag(Cy, ..., C,).

e ExsusaseHWHOCTU gqUPEKTUHUT UPOU3BOGAQ:
Axo je mampuya B; exeusanenna ca C; 3ai = 1,...,r, waga je diag(B, ..., B;)

exsusasenimna ca diag(Cy, ..., C,.).

o Ilepmyiuauuja gupekiitHuxr UPoOU380ga:
Hexa cy 3a i =1, ...,r B; xeagpatine matpuue. Taga je 3a ceary wepmyiia-

yugy p ungerca (1,...,r), diag(By, ..., B,) exsusarentuna ca diag(Bpy, .., Bp@))-

e Pasaailare gupekiuHuT Upou3eoga.:
Hexa cy aoaunomu f(z) u g(x) ysajammno tpoctuu. Taga je diag(l, fg) nag
aomem x| exeusanentuna ca diag(f, g). Onwmuge, ako cy qu, ..., @ Yy3ajam-
HO Tpoctuu uorunomu, waga je mawmpunua diag(qy, ..., qr) eK6UBAAEHTHA Ca

matapuyom diag(ly_1, Hle qi)-
Teopema 2.1.13. Csaka xsagpaiting mattpuya nag tovem F cauuna je:

o JUDEKTUHOM TUPOU3BOJY UPUGPYHCEHUT MATPUUG HETUPUSUJAAHUT UHBGDU-

JaHTHUT Parimopa,

® JUPEKTUHOM UPOU3BOGY UPUGPYHCEHUL MATUPUUA EAEMEHUUAGPHUL JEAUUWEHA

nag aomem F u

® qUPEKTHOM TUPOU3BOGY TUTUEP-TUPUGPYHCEHUT MATUPUUA CAEMEHTLAPHUL (e-

Authena wag tomem IF.

pyrum pevuma, nexa cy 3a A € M,(F), fi,..., fn uneapujenunu daxmopu u
neka cy mag upcmienom Flz], di = ¢¥, ... dn = ¢ esemenitapru gesuenu,
19€ CY q1, ..., @m HECBOGAHUBY ToAUHOMU. Taga je matipuya A cauvna ca cregehum

MATUPUYAMA:
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diag(C(f1), ..., C(fn))
diag(C(dy), ...,C(d))

diag(Ch, (1), - Chyp (Gm))

[TommTo je cimanocT petanmja exsubasennuje, marputne Cy(q) u C(¢*) cy cima-

HeEe.

Hedunnnmja 2.1.26. Mawpuua A je y Jaxobconosoj karnonckoj dopmu (y gamem
WekCcwy - Y KAHOHCKO] Popmu), aKo je qupektlinu Upou3soq TUTeP-UpugpyrHcenus

MATLPUYA eAEMEHTLAPHUT JeuTiena Hag Upctienom Fx]

(H, 0 0 0 0
0 H, 0 0 0

0 0 0 H,, 0
0 0 0 0 H,

19e je H; matpuua Gpugpyostcena i-mwom eseMeHTLaAPHOM GEAUTHEDY.

IIpumep 2.1.15. Hexka je xao y tpumepy 2.1.12, y tony GF(2)

o O =
e
_ O =
S = O =

Kapax@epucluany U MUHUMAANY Toauromy matipuye A pegom cy x4 + 1 u
(x+1)2 = 23+ 22+ 2 + 1. [pugpyorcena Matlpuya esementiapiol gesutiena T + 1
Je [1] . ITpugpyorcena matpuya eaemeHtiapHot geauttiena (x+ 1)3 =34+’ +a+1

(0gHOCHO MUHUMANAHOM TOAUHOMY) je

0 01
1 01
011
Ua je KaHoOHCKa popma matupuye A
110 0 0
o]0 01 0ot
— diag([1], [1 0 1
01 0 1 8 )
0 11
00 1 1
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IIpumep 2.1.16. Hexa cy gawu unsapujentiny Gakiiopu wag tovem Q: fi(x) =
(xg +4) (9 — 3) u foz) = (22 + 4)*(x9 — 3)?. Enementmiapru geautiesu cy (Ts +

4), (z2 —3), (xa+4)? u (z2 — 3)? Ga xanoncka Popma matpuye uma oOAUK:

0 -4 0 O 0 3 00

. 0 —4 0 3 1 0 0 O 1 000
diag( , , , ).

1 0 10 0O 1 0 —4 01 0 3

0O 0 1 0 0O 01 0

IIpumep 2.1.17. Hexka je y tony GF(2) gepunucana matupuya

A=

o O =
S =
_ o O

Mawmpuya A geayje na eeximiope us F3 na caegehu navum:

v | 000 | 001 | 010 | O11 | 100 | 101 | 110 | 111
Av | 000 | 001 | 110 | 111 | 100 | 101 | 010 | 011

Iepmywayuja ungyrkosana mapuyom A (gejctisom A matipuue na cee 6exope
us F) uma yuxaycny ctupyktaypy xojoj ogiosapa monom fif2. Hcitiy ctupyxiaypy
UMG U UEPMYTWAUUJA UHJYKOBAHA KAHOHCKOM dopmom maptiuue A. Kapaxite-
PUCTIUNHY U MUHUMAARY, Toaunomu matipuye A cy pegom x° + 22 +x + 1 u

2>+ 1= (x+1)% Kanoncka gopma matipuye A je

O O =
= OO
o = | O

Ipsu baox matpuue geayje wa upsu Outli, gox gpyiu OA0K geayje Ha TOCAE]-
100 g6a dullia eexmopa. 3607 Wota ce POPMUPAIHE UUKAYCHUT CTPYKTYPA MOHCE
TOCMATTPATIY, HEZABUCHO TO OAOKOBUMA, TPU YeMY CE Y KOHAUHOM UCTOGY C6a gej-
ctmsa uUpsor baoka ,yuapyjy’ ca céum gejctisuma gpyiot onaoxa. Baokosu yctisapu
UPegeinas.najy Tulep-upugpyarcere matipuye Koje 0giosapajy gaximopuma r + 1 u
(x + 1) MunuMaanor Gosurnoma (eaemenTaphum JeAuTuesuUMa Kapaxlepuciu-
HoT Goaunoma) matpuue A. Jlejcttico Upsot baoka je UEPMYTLAULIA €O YUKAYCHOM

ctupykypom f2:
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Jlejctico gpyior b.aoka je TepMytmauuja ca UUKAYCHOM CTUPYKTAYPoMm [ fo:

bl 2B B ) b B L)

Huxaycra ctipyxtypa gepmytiayuje xKoja ogiosapa matipuyu A je /lexapttios Gpo-

U360g ONOKOBUMA UHJYKOBAHUX UUKAYCHUX CTUPYKTLYPA:
fix fife=ffs.

IIpumep 2.1.18. [Hocmatupajmo peryaapre matlipuye gumensuge 2 y aonry GF(2).

10
o KapaKkWepucWuurt U MUHUMAGAHY TOAUHOM MATLPULE [0 ] pegom cy

(x —1)% u (x — 1). Peg munumarnor goaunoma je 1 u esementmiapnu ge-
avmensu matpuye cy (x — 1) u (z — 1). Kanoncka dopma, cacmasmena og

10
g6a 0A0KG TUTEP-TPUGPYHCEHUT MATUPUUG jJe 0 1l Csaxom Onroxy ogio-

6apa UepMyWAUUIQ Ca YUKAYCHOM CUPYKTYPom [7, a TGepMylhayuje Koja

0giosapa Kamonckoj dopmu uma yukaycny capykaypy fix f2 = fL.

1
o KapakWepucuurt U MUHUMAAHY TOAUHOM MATAPUUE [O 1] je (x —1)%

Peg murumanrotr tdoruroma je 2 u eseMeRTAPHU geaullies MATLPUYE je

(x —1)%. Kanoncka opma, cactiaswena og jegrot 6A0%a Tudep-upugpysrtcene

01
(uctmospemeno u Tpugpystcene) matmupuye je 10 U UEPMYWAUUIQ KOJa

0gT06apa KAHONCKO] POPMU UM YUKAYCHY CTAPYKTYDPY fLfa.

01
o KapakWepucthuuru U MUHUMAAHY TOAUHOM MATLPULE [1 O] je x? +x+1.

Peg munumanrotr tdosuroma je 3 u eseMeRAPHU geaulies MATPUYE je

2’ +x+1. Kanoncka gopma, cactliasmena og jegrot bAoka Tutiep-upugpyircene
01
(uctwospemeno u Upugpyosicene) matipuue je - u UepmMymauuja Koja

0gT068aPA KAHOHCKO] POPMU UM UYUKAYCHY cUupyxtypy fifs.

Ose Wpu MATPUUE MOAHCEMO Y3ETWU KGO TPEGCWABHUKE KOHJYIOBAHUT KAACA (CAUY-
HUT MATTPUYQ). Yaumajyhu y 063up c6ux wectl petysapHur MaTpuLe, HetocpegHo
ce aposepasa ga je Zar2z)(f) = §(fi +3fifa+2f1fs).
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Hamomena 2.1.1. H3octasumo GOAUHOM T U TOCMATPAIMO HECBOGHUBE TOAU-
nome p(x) ciietena marver uau jeguaxot og 2. Ckyl eaementlapHur Geautliend
aoaunoma obauxa p(x)* ciietena 2, xoje ungykyjy UpegeliasHuYU KOHJYIO6AHUT
xaaca je eyt {{x — 1,2 — 1}, {(z — 1)%}, {2® +  + 1}}. Howwmo woctioju o jegan
HECB0GHUBY TUONUHOM clhelena 1 u 2, 06aj cKyl ce mootce goouty U3 cKyua ceux

HEC60gAUBUT ToauroMa P(X) cletena < 2, padaaiarem Ha Gapwuyuje opoja k.

2.1.6 BeKTOpCcKu ImpocTopu

Heka je S mome u mHeka je V ckym umje ejleMeHTe Ha3WBAMO BEKTOPHMA. 3a
BEKTOpE Z1, ..., T, U3 BEKTOPCKOI Ipocropa V HaJ HojbeM S KaxKe ce Ja Cy AU-
HEAPHO 3ABUCHU AKO TIOCTOje €JIEMEHTH (i, ..., O, TI0Jba S, KOJU HUCY CBU jeTHAKH

HYJIW, TAKBU JIa BaXKN JeJTHAKOCT
a1z + -+ apz, =0 (2.8)

rie je 0 Heytpasnu ejement y rpymu (V,+). I3pa3 Ha jieBOj cTpaHu jeHAKO-
cru (2.8) HA3UBA Ce AUHEAPHA KOMOUHAUL]A BEKTOPA X1, ..., Tp. AKO BEKTOPU HUCY
JIMHEAPHO 3aBUCHM, KaXKeMO Jia Cy JIMHeApHO He3aBuCHU. [Ipyrum pednma, 3a Hesa-
BUCHE BEKTODE X1, ..., T, U3 jeqHakoctu (2.8) caenn oy = 0, ..., o, = 0. 3a KoHAYAH
CKYII BEKTOpPa KaxKe Ce JIa j& AUHEAPHO 3A6UCAH WU AUHEAPHO He3a6UCAH TIPEMA,
TOME JIa JIU Cy BEKTOPH KOju 00pa3yjy CKyIl JUHEAPHO 3aBUCHU UJIM HE3aBHCHU.
Heka je T = {x1,...,2;} C V. Ckyn cBux JuHEpHHX KOMOMHAaIUja BeKTOopa u3 T,
Tj. CKyII
U={az+ - +oz | oqy.yop € S}

nasusa ce aunean (L(T)) ckyna T'. Kaxe ce na je U renepucan ckynom 1. Jlume-

apHO HE3aBHCAH CKYIl BeKTopa B Ha3mBa ce 0a3a BEKTOpPCKOr mpoctopa V' ako B

reueputiie V. Bpoj eiemenara y mpou3BosbHOj 0a3u Ha3UBa CE gUMEH3UJQ TTPOCTOPA

V.

Hedbuunumja 2.1.27. Ceakxu netpazan togexya W apoctopa V (F) je wotwupo-
CTOP KO 3aJegHO €A CEAKUM TAPOM GEKTLOPG KOJe CAgPHCU, CAGPAHCU U CEE HUTOBE
aureapre Komoéunayuje. Apyrum pevuma, GOWIAPOCTLOP MOpa OuhY 3atWB0peH 3a

otepayuje gepurucare y apoctiopy V .
Cywma normpocropa Wi u Wy je sinHeas mwuxoBe yHUje:
Wi+ Wy = L(W; UW,).
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YKOJIIKO je MpeceK JBa MOTIPOCTOPa HyJIa BEKTOD, HBUXOBa CyMa HA3WBa Ce JH-
peKTHOM (yHyTparmoM) cymMoM 1 o3HadaBa ca Wi @ Wy, Iornpocropu Wy u Wo

YUHE pa3Jiararmbe (,ZLeKOMHOSI/ILLI/ij) IIpocTOpa |4 YKOJINKO BazKH
V - Wl @ WQ.

IIpumep 2.1.19. Ckya Zyx] Goaurnoma ca xoeduyujentuma us Z,, ge je p

apocti 6poj, Upegctias.oa 6eKWOPCKY UPOCTLOP HAY TONHEM L.

Hedbununuja 2.1.28. Mogyas je terneparudayuja Gojma SEKTOPCKOT TGPOCTOPa Y

Kome je uome cKanapa 3aMerbeHo UpCcuUeHoM.

Teopema 2.1.14. Mawpuya A je petysapra (HECUHTYAGPHG) GKO U CAMO GKO CY

epctie (Koaone) MATLPUUE AUHEAPHO HE3ABUCHE.

Hedbuaunmuja 2.1.29. Hexa cy V u W esexwopcku Gpoctopu Hag Gomem F.

Jluneapro apecaurasarwe uz V-y W je dynxyuja T us 'V y W waxo ga je
T(ca+p)=c(Ta)+Tp
3a cee sextiope o, B € V u 3a ceaxu cxanap ¢ € F.

Marpury A,,, MOXKeMo IocMarpaTH Kao QyHKIWM]y (auHeapHy TpanchopMa-
mjy) T : F — F nedbunucany uspasom T'(x) = Az 3a cako x € F. GL(n,q) je
rpylia CBUX WHBEPTUOWIHUX JITHEAPHUX TPpaHchOpMaIldja n-IMMEH3MOHOT BEKTOP-
ckor npocropa Haj nosbeM GF(q). Cimane Marpuie npeicTaBibajy UCTO JIMHEAPHO
[PEC/IMKABAIbE HAJT IBeMa Da3aMa BEKTOPCKOT IIPOCTOPA.

n—1
Teopema 2.1.15. Peg ipyue GL(n,q) je H(q” —q").

i=0
/loxas. IloTrpedno je m3dpojaTu cBe n X n MaTpPHUIle Yhje Cy BPCTe JIMHEAPHO He-
zaBucHe. [Ipu dpopmupamy TakBe MaTpuIle, eHa IIpBa BPCTa MOXKe J1a OyJe OUJI0
KOjU BEKTOD JIy2KWHE N KOjU 3a ejieMeHTe Hema cBe Hyse. TakBUX BEKTOpa mMa
q" — 1. Ipyra BpcTa MOpa OWTH JIMHEAPHO HE3aBUCHA OJI IIPBe, IITO 3HAYU Jla He
MOKe OMTH jeJ[HaKa IPBOj BPCTU MOMHOXKEHO] CKajiapoM u3 ckyma {0,1,...,¢—1}.
Haxme, 3a apyry BpCTy moctoju " — ¢ MOryhHOCTHU. YOIIITe, (-Ta BPCTa HE CMe
OuTH JTMHEeapHAa KOMOMHAIIN]ja IPETXOAHUX ¢ — 1 BPCTa, OJTHOCHO HE CMe IPUIIaIaTh
nmuHeasry IpBux i — 1 Bpcta. IomTo mocToju ¢'~! nuHeapHNX KOMOUHAIIMja TPBUX

=1 moryhnoctu. lakie, n X n MaTpUILy

n—1
moryhe je dpopmuparu Ha (¢" —1)(¢"—q) -+ (¢" —¢" 1) = H(q” —¢') maumma. [
i=0

it — 1 BpcTa, 3a 1-Ty BPCTY MocToju q" — q
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ITpumep 2.1.20. Pasmowmpumo tpyay GL(n,2) céur unsepluuduUNHUT AUHEAPHUT
WPAHCHOPMAUUTA N-GUMEHBUOHOT BeKTOPCKOT Tpoctuopa nag towem GF(2). I'pyta
GL(n,2) moorce ce GOCMATIPATUL U KGO TPYTUAQ T X N HECUHTYAAPHUL MATLPUUD YU
cy esementmu us uona GF(2). Hexa je A = (a;;) jegna Waxea mMaWpuya U HEKG
cYy gatliu CKYG YAG3HUT TPOMEHAUBUT T = {T1,Z9,...,ZTn} u Bysosa Pynryuja
f:A{0,1}" — {0,1}", waxo ga je f(x1,z2,...,2,) = {f1, fo,-.., fn}. Hejcuso
matmpuye A Ha yaazHe U U3AA3HE TUPOMEHDUBE O03HAMUMO PECUEKTUBHO ca TA
u fA (@j. x u f cy epcie). Mnootcerwe matipuye u 6eKmopa geuruuwe ce Ha

yoounajenu navur (B 068ge 03HAUABA KOMUOHEHTHO caduparee Uo MOgyry 2):

n n
A = (@ Ap1 Ly« oy @ aknxk>
k=1 k=1
OgHOCHO

fA= (éaklfk,...,éaknfk).
k=1 k=1

Peg mpyue GL(n,2) je

ﬁ(z” —20) = (2" —1)2(2" P —1)22(2" 2 —1)---2" (2t — 1)

1=0

n

_ 21+2+~~~+n—1 H(2z . 1) _ 2% H(Qz _ 1) (29)

i=1 =1
Tpancpopmayuje agune pyae AGL(n,2) godbujajy ce xomuosuyujom wparchop-
mayuja auHeapre pyae u 2" WPAHCHOPMAUUIA KOMUNEMEHTUUPAHSA U3NA3G, U
je
[AGL(n,2)| = 2°|GL(n,2)| = 2% [](2' — 1).
i=1
Hedbunnunuja 2.1.30. Hexa je V sextopcku tpoctop. Unsapujanttian Gowapo-
cwop Aureaprot upecaurasarsa T :V — V' je wowtpoctiop W C V' 3attieoper 3a

T, wj. uowupocwop 3a koju eaorcu T(W) C W.

Hammomena 2.1.2. ba3y jeghogumeH3uonor 6exmopckotl upoctiopa V. wunu ouno
KOJU HEHYAQ 8eXKTOP V € V. Bu.ao Koju gpyiu eextiop u3 V mootce ce Upegctiasuiiu
Kao \v, ige je X cxaaap. Ceaxo aureapro tpecaukasare T mootce ce Upegctiasuitiv

matpuyom A, apu wemy je Av = v, ta je V unsapujanitian Gowapociiop.
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Hedbununmja 2.1.31. Hexa je V eextiopcku upoctiop u wexa je T : V. —
V' auneapro upecaukasarve. T-yuriuunu GOWTPOCTLOP SeKWOPCKOT Upoctiopa V.
Tenepucar eektmopom v je uwowupociop W C 'V ienepucan ckylom 6eKWOpPa
{v,T(v), T*(v), T3(v), ...}. YKoauxo je gumensuja T-yurruunor Gowupoctiopa W
JegraKa gumensuju 8eKtopckot Upociopa V, v je YukAuYHY 6eKTOP UPECAUKAEA-

wa T wa upocttiopy V.

Heka je

p(-T) =Cy+ cx + 02.132 4+t Cnflxnfl + CnZCn

KapaKTepUCTUIHH IOJIMHOM IIpec/juKaBama T 1 HeKa je v MUKJINIHE BEKTOpP IIpe-
cimkasamwa 1. Heka je T'(vy) = vg, T(ve) = vs, T(v3) = vy, ..., T(Vp—1) = v,,. U3
p(T) = co+ T+ T+ -+ e T+ ¢, T" = 0, 1j. cov + c1Tv + cT?v +
oot e T o+ e, T = 0, cnequ T'(vy,) = —Covy — €1V — +++ — Cp_1Vy. aKie,

npecankaBame 1y 0a3u B MoxKe ce TIpeJICTABUTH MaTPUIIOM:

(0 0 0 —co |
10 0 —C1
Clp) = |0 1 0 —c
00 ---1 —Cp—1

[TpumeTnmo J1a je oBa MaTpuia TpUAPYyKEHa MATPHUIA KAPAKTEPUCTUYIHOT U WC-

TOBPEMEHO MUHUMAJIHOT HOTHHOMA P(I).

IIpumep 2.1.21. Hekxa je V gsogumenzuonu Gexopcku TPOCTOP U HEKa je
0 0

upecaukrasarve T tUpegctiasmero MapuL,oMm ) 0] Yy claHgapgroj oasu {61 =

[10]%,ex = [0 1]}, Howtmo je T(e1) = e, caegu ga yuKAUWHUY 6EKTIOP €1 PA3a-

aure V. C gpyte ctipane, T(es) =0 =0 eq, Ga e He pasature V.
Cneneha teopema je HemocpegHa mocseuia Teopeme 2.1.12.

Teopema 2.1.16. Hexa je V sextiopcku Upocwop y kome 0UEPATHOP (MaATPU-
ua) A uma munumanru gosunom obauka p(x) = (q(x))* ige je q(x) neceogrueu

toaurom. Taga 3a ceaxu eextiop v € V uz A*v = v caegu s|ord(p(z)).

Teopema 2.1.16 mirycTpyje BaxKHy YUILEHUILY Jla UUuKAYCU KOje TeHEepHUIle Ma-

tpuria A Mopajy duTh JayKuHe Koja e peJl MUHUMAJHOL TOJUHOMA MATPHUILE

A.
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IIpumep 2.1.22. Hexa je gatlia matlpuua

i

I
=
— = O
— o o

Kapaxtepuc@uury v MUHUMAARY TOAUHOM Mmalpuye A wag agomem GF(2) je
fx) =2+ 2>+ 2+ 1= (x+1)>% Peg o6or torunoma je 4. Howmo je xapaxilie-
PUCTUUNHU TOAUHOM JEGHAK MUHUMAAHOM, 0gT08apajyha TpUugpyHcerna Mapuya
UMa UCTU peg Kao U MUNHUMaAHY Goaunom. Iloctuoju eextwop v # 0, peyumo
v =10 0] @maxas ga easrcu A*v = v u Goctoju yurayc v, = Av, v3 = Avy, vy =
Avs, v = Avy. Ha o8aj navun Hucy ,ucuptoery”’ céu 8exopu Upoctiopa, Ua §a-
M€ UOCMATLPaMo ¢yl ,upeoctiarux” eextiopa. Ha osom Hnosom Tothupoctiopy pe-
CTPUKYUJA NMUHEAPHOT TUPECAUKABAMLA UM MUHUMAAHY Toaunom (x—1)% = x2+1.
Peg osot toaunoma je 2, ua sa peuumo eeximiop v = [0 1 0|7 sascu A%v = v.
Howtto jow yseex Hucy UCUPUDEHU CBYU SEKTLOPYU TUPOCTLOPA, UOCMATLPA Ce HOBU
TWOWAPOCTLOP KOJU UM MUHUMAAHY TosuHom T—]1 = x+1 u cact@oju ce 0g jequror
apeoctia.nol nenyaa eextopa v = [0 0 1] sa xoju sasicu Av = v. Umajyhu y sugy
ga ce HYaa 8eKTOP YseK UPecAurasa y cede, u3 UpetllLogrux 3aKHpYUAKa cregu ga
gejctieo matipuye A Ha 6extope UPOCTLOPa Pa3sadice UPOCWOp HA §6a UUKAYCA
gyotcune 1, jegan yurayc gystcure 2 u jegan yuKaAyc gyastcume 4 0gHOCHO YUKAYCHY
ctupyktaypy f2fofs. daxae, unsapujantinu Gpoctiop cactiasmer 0 CUT GEKLO-
pa pasaodicen je ma (qupektuny cymy) Helupu YukAuNHG TGOTTAPOCTLOPa U 30Up

JUMENRBUJQ TOWUPOCTROPA JEGHAK J€ GUMERH3UJU TPOCTLOPA.

YoumrruMo cajia MpeTxoaHa pa3Marpama. Heka je A jimHeapHH OIepaTop 1-

JIIMEH3UOHOT BEKTOPCKOr Tipoctopa V' uaj nosbeM F. Heka je
() = ][ Pi(a) (2.10)
i=1

MUHUMAJIHA TIOJIMHOM orieparopa A, rie cy P;(r) pasinaur, MOHUYIHY, HECBO/I/bU-
BU MMOJTUHOMU HAJ TToJbeM [F. [Ipumapra gexomuosuyuja BEKTOPCKOT TipocTopa V' je
JIMPEKTHA CyMa WHBapHjaHTHUX ToTnpoctopa U; TakBux ja je Pi(z)% MunnMamHn
rosimHOM TtorpocTopa U;. CBaku o mHBapHUjaHTHUX MOTIpocTopa U; je nupekTHa
cyMa IUKIMIHUX norapocropa W, ; taksux na je Pj(r)% MUHUMAJIHE HOJIHHOM

nornpocropa W ,.(;) ¥ MUHAMAJIHA MOJTMHOM moTnpocropa Wi neim MUHAMAJIHA
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nosimaoM nornpocropa Wi vy, j=1,..,7(i) — 1. Jakie, Baxke crenehn uspasu:

V:ém u Ui =P Wi,
i=1

Heka je Pj(x) = Z;lizo bjal € Flz], by, = 1. Heka je W; IMKIMIHE HOTHPOCTOD
JuMeH3uje kd; ca MUHUMAJIHUM TTOJTMHOMOM R(:U)k Pecrpuknuja oneparopa A Ha
W, mpejsicraBiba ce xunep-npuapyzkenom marpuniom H(PF). Ilaxse, mpocrop ca
MUHUMAJHAM T[IOJIMHOMOM u3 u3pasa (2.10) pasziaxke ce Ha JUPEKTHY CyMy ay)
MUKJIUYIHUX DOTHPOCTOPa Ca MAUHUMAJHUM HOJIAHOMOM H(a:)j dal<j<cg, 1<

1 < s. Kimacuuna mopmastaa popma Marpuiie A je OJIOK aujaroHa/iHa MaTPUIA
diag (D(P1, aM), ..., D(Py, o)), (2.11)

pu gemy ce marpure D(P;(x),a®) name pasmazky na 60K JAUjaroHaIHe MaTPHIe

(kaHOHCKY bopMy) ODJIIKA

7

D(P;, o) = diag (H(P,), ... H(P), H(PY), ... H(P}), ...). (2.12)

W3 nperxogHor caean Ja KapaKTePUCTUIHN ITOJTUHOM MaTpuile A mMa odJIuK:
S
— a;
xa(@) = [ P(=)™
i=1

rue je a; = » i jay) u Y ., a;d; = n. Jakie, nejcro marpune A MOxe ce Ipes-
CTaBUTU KaoO ;LI/IpeKTHI/I HpOI/ISBO,Z[

(1)
s a; @5 s a;

X X X H(P])= X X H(P])* . (2.13)

i=1 j=1 k=1 i=1 j=1

2.1.7 DBymnose dyHKIHje

Enemenr x = (21,22, ...,2,) € B, oarosapa menom opojy X = > & x;2" "
®yuxuja f: B, — B xoja oarosapa Bekropy F = [fo, f1,..-, [n_1] € By (N =
2"), ogrocHO Tadaunu uctuHuTocTH byukumje f, fx = f(x), nasusa ce Bysnosa
dyukmmja. Bes omacuoctu o1 3adyHe, kKopuctuhemo o3Hake x u f pegom 3a X u
F. Cxynu B,, Bymnosux dyuknuja f: B, — B y 0BOM KOHTEKCTY OJroBapa CKYILy
BekTOpa By. ¥V ciyuajy npeciukaBawa f : B, — B,,, f ce HasuBa sexmiopcka
Bynosa dyukmuja. Crenujasiro, 3a m = n, yKOJIUKO je f OMjeKTUBHO MPEC/IMKaBa-
e, BeKTopcKa ByioBa dyHKImMja je unsepmiudusna. Xemuniosa twesrcuna Bymose

dbyukuumje [y osnanm wt(f) npeacrasba 6poj yinasa x taksux ja je f(x) = 1.
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IIpumep 2.1.23. V cayuajy sexiwopckux Byrosux pynxyuja f: B, — B, ceakxom
0g 2" yaaza mootce ce UPpugpyYHcuttiu, duso xoju og 2™ usaaza. Apymum pevuma, opoj
sextmopcrur byarosur ynwkuuja ogiosapa 6pojy sapujauuja ca Gorasmarbem 2" -iie
Kaace og 2™ esemenatia, wj. (2™)*" = 22", Cueyujasno, 3a m = 1 6poj Byrosux
bynwuuja je 2% . Bpoj unsepiubusrur Byrosur dynwuuja og n Gpomensusur

jegrax je 2™,

Hedbunaunmja 2.1.32. Heka je G tepmytiayuona 1pyta xoja geayje wa B,. /se
Byaose pynryuge f,g: B, — By Gepmyiiayuono cy exsusarenitine y ogrocy wa G,

axo wocwoju wepmytayuje o € G waxea ga je f(x) = g(o(x)) 3a csaxo x € B,,.

Penanuja mepmyraimone eKBuBaJieHIje pasjiazxKe 3, Ha Kjace eKBUBaJICHIIT]e.
Hexka je mpejcraBHUK Kjace eKBHBaJIeHIHje JIEKCUKOTpadCKu HajMama [N-TopKa
y kiacu. Heka U, (G) osnauaBa 6poj kiaca ekpupasennuje bymosux dyHKImja y
omHoCy Ha (G CIlenMjaJiHO, 33 YeTHPHU Ipyle Koje ce pazmarpajy y pauay (S, Gy,
GL, w AGL,), o cy ausosu A003180, A000616, A000585, A000214 y enrnukio-
neauju [30].

ITpumep 2.1.24. Csux 16 Byaosuxr gynruuja f: Bs — By apurasame cy y Wa-
beau 2.4 ceojum wadbruyama uclivhumociu. Hexa na aprymenta (x1,x2) geayje
cumetmipuuna Ipyta Sa, Kojy wune gee uepmywayuje: (1)(2) u (1 2). Hepmytanyu-
ja (1)(2) ceaxy ¢pynrkuyujy apecaukasa y wy camy. Hepmymavyuja (1 2) ungyryje
3ameny gpyie u wpehe epciie (3amena KoAona T, U Ty Yy Wwabeau 2.4), ua uapo-
ou dyrnuuja (fs,fs), (1o fo)(fiifis) w (fianfua) wune waace exeusarenuyuje. Cee
octiare PyHKyuje TUPUTLAGATy JeJHOYAGHUM KAaCaMa ekeusaseHuyuje. axae, 16
Byaosuzx dpymnruuja og gee apomensuse pasracy ce na Us(Sy) = 12 kaaca exeu-

sasenyuje (jegrounane Kaace y wadeau nucy obojene).

Tadena 2.4: Knace eksuBaseniuje bynosux dyunknuja f: By — Bp y omHOocy Ha
rpyIy S

vy @ | i o | s Ja| S5 | Je| Jr| s | Jo| fr0 J1s | fi6
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

JBe museprudmine dpyukiyje f,g : B, — B, eKBuBajieHTHe Cy y OJIHOCy Ha

rpyny G ako mocroje sBe nepmyTtanuje o,p € G takse ga je f(x) = p(g(o(x)))
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3a cBe = € B,. Heka V,,(G) o3nauaBa Opoj Kiiaca eKBUBAJIEHIMje MHBEPTUOMIHIX
BynoBux dyHkmuja om n IpOMEH/BUBUX IO, AejcTBOM mcTe rpyme G Ha JTOMEH U
KOJIOMeH. [IpBUX HEKOJIMKO H/IaHOBa OBOI' HU3a 3a YETUPH IPYyIe Koje ce pasMa-
tpajy y paxy (S, G, GL, n AGL,) mory ce nahu y ennuksoneauju [30] (HuzoBu
A000653, A000654, A001038, A001537).

IIpumep 2.1.25. 3an = 2 tociioju 22! = 24 unsepiuburrur Byrosux dynxuyuja
fi, 1 <1 < 24. Byaose pyrxuuje f: By — By Gpukadamne cy c8ojum WadAUUuaMa

ucuHUmocY (sugettiu wabesy 2.5):

Tadena 2.5: Kiace ekBuBaJjienImje nupeptuoOnInnx Bynosux dyuKIimja f: By —
Bsy y ommocy Ha rpymy S

x| 22 | fi I3 f7 fo | fio fi2
0 0O [00|00|00 0000|0001 ]0O1]01|01]01]01

1 (0101|1010 (11 (11|00|00 |10 | 10 | 11 | 11
1 0 (1011 |01 |11}(01]|10|10|11|00| 11 | OO | 10
1 1 (11 (1011011001 |11 |10 (11| 00 | 10 | 00O
x| T2 | fi3 fi5 | fie fis fo2 fo4
0 010101010 | 10 |10 |11 |11 | 11 | 11 |11 | 11
0 1 /00000101 |11 )11 00 |00]|O01]|O01]10] 10
1001|1100 ] 11|00 | 01|01 |10 00|10 | 00 | O1
1,1 1101|1100 |01 |00 ]| 10|01 |10 | 00 | 01 | 00

Axo Sy geayje u na yaazne GpomeHsuse (T1,Ts) U MG U3AAZHE TPOMEHNHUGE
fars Jons OHga wewupu wWpanchopmayuje ud So X So pasaasicy 24 Pynryuje Ha
Vy =7 waaca exeusanenyuje: (fi,f3),(f2,fa,f5:f6),(fr,f0,f13,f15),(fs, f11, fra, fr7),
(10, f12,f16,f18) 5 (f19,f20,f21,f23) u (faz,fo1). Ipegetiasnuyu osur xaaca excusa-

nernyuje cy pegom fi, fa, f7, fs, fio, fio u fao.

Axo je z,y € B, x = (x1, T2, ..., &) Y = (Y1,Y2, - -, Yn), TAJIA HEJETHAKOCT
x < y O3HaYaBa CKYII HejeTHAKOCTH &; < ¥;, 1 < ¢ < n. Bynosa dyukmuja f: B, —
B je monotmiona ako 3a cBaku nap ¢,y € B, yciaos x < y mvmunupa f(z) < f(y).
Osznaumnmo ca D,, cKyl MOHOTOHUX BysoBux (dbyHKIMja 01 n TPOMEH/BUBUX U HEKA

je d,, = |D,| (denexunnosu dpojesu, sugeru [12]).

IMpumep 2.1.26. U3 cxyua og 16 Byaosux gynryuja, camo rwux 6 cy moHotwoHe,

wj. do = 6 (sugewu wadery 2.6).
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Tabena 2.6: Ckym Do

vy (@ | i fo | S3 | fa| S5 | Je
0Ojofo0ojoj0,0]0]|1
oj1(0j0]0 1|11
11700701011
1101 |1 |1]1]|1

3a nBe monorone Bynose dyukimje fi n fo Baxku:
<y = (fil@) A fal2) < fily) A fa(y))

z<y= (filz)V folx) < fily) V 2(v))

JakJjie, KOHjyKIja U JIUCjyHKITHja IBe MOHOTOHE BysoBe dyHkIiuje Takohe cy
MoHoToHe Bysose dyukimje. Ako je dyuknuja f : B, — B; MOHOTOHA, OHJA CYy
cBe (pyHKIHje eKBUBAJCHTHE (y OJIHOCY Ha TPYILy MEePMyTalldja TPOMEH/bUBUX) €A
f rakobe monorone. 3aucra, ako je m € S, u g(x) = f(mw(z)) 3a cBe x € B, oHna
sz < ycremn w(z) < w(y) u g(z) = f(n(z)) < f(n(y)) = g(y). llpema Tome,
[IepMyTaIlOHa peJialiija eKBUBaJIeHInje pa3jiaxKke D, Ha Kjace eKBUBAJICHIIH]eE.
Oznaunmo ca R, CKyII IIpeJICTABHUKA KJAaca eKBUBAJICHIHje MOHOTOHUX BymoBux

dbyHKIMja 01 N TPOMEH/bUBUX U HEKa je T, = |R,|.

IIpumep 2.1.27. Heekxsusareniine monotwione Byrose pynkuyuje og gee apomer-
muse cy (sugetiu wadbeay 2.6): f1 =0, fo=z1Ax9, f3 =11, f5 =21VIa, fo=1.
Dynruyuja f3 = x1 exeusanrenting je ca fi = xo. Ilpumehyje ce ga uspadu 3a MoHo-

wone Bynose pynryuje e cagporce HeTauwjy, wWiho 6adHcu U Y oGULTLEM CAYUATY.

2.1.8 I'padoBu

Hedbununnmja 2.1.33. Hexa je X netupasan ckyta u p durapha pesavuja wag X .
Ypehen aap G = (X, p) ce nasusa pag. Eaementiu ckytaa X cy ueoposu tpada, a

enemMentiyu cryta p pare Tpaga.

Hedbunuumja 2.1.34. I'pag G = (X, p) je cumetlipusar uiu HEYCMEPEH AKO U

CaMo aKo je P CUMEWPUYHA PENAULL]E.

Ipad G = (X, p) je acumerpuvan WIn yCMEPEH aKO U CaMO ako je p acume-
TPUIHA pesalyja.
3a npousBosban rpad, ymecro G = (X, p) decro ce ume G = (X,U), upu

JeMy ce 3a00miasu mojam omnapHe pesaruje m U Tymadum Kao ckyn ypehenHux
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rmapoBa ejieMeHaTa ckymna X, Tj. Kao ckyl rpana. /lakse, rpad je 3amgaT axko je
33T CKYIl YBOPOBA U CKYII I'PaHA.

Hexka je mar rpad G = (X, U). I'pad odmuka H = (Y, T), upu uemy je Y C X
uT =UnNn({Y xY) (T je nouckyn ckyna U Koju cajpKu CBe OHE MapoOBe W3
U koju cy MHIYKOBaHU OJ] eJeMeHaTa cKyma Y ), HasuBa ce moarpad rpada G,
WHJIYKOBaH cKyrmoMm 4uBopoBa Y. Jlakje, unmykoBanu mogrpad us garor rpada
JIodmja ce TaKo IITO Ce YOUM HEKHU MOJACKYN Y CKyIla YBOpOBa U yjaajbe u3 rpada
CBU OCTAJIM IBOPOBHU 3aj€/IHO Ca IpaHaMa Koje Cy CyCelHe yIa/beHUM IBOPOBUMA.
Y noarpady ocrajy camMo rpaHe Koje MOBe3yjy 4BOpoBe u3 Y .

IBa rpada cy uzomopgra ako MocToju y3ajaMHO jeIHOZHAYHO MPEC/INKABAIHEe
CKyTIa BbUXOBUX YBOPOBa (U3 jeJTHOT Ha JPYIH) KOje OJpKaBa OCOOMHY CyCEIHOCTH

9IBOPOBA.

Hedbununmja 2.1.35. 3a upoussonne pagose G1 = (X1,U1) u Gy = (Xo,Us)
Kaosice ce ga cy u3omMopdnu aKo u camo axo Toctmoju dujexuuja @ ckyta X, na Xo

3a KOJy 6aHCU:
(Va,b € X1)(a,b) € Uy < (p(a), p(b)) € Us.

Nszomopdusam rpada ca cammm codoMm HazuBa ce aywomoppusam. CKy CBUX

ayTomopduzama jeaHor rpada ca omeparjoM KOMIIO3HUIIje je Trpyla.

2.2 KomMmOuHaTopmuka

Y oBOM 0/IeJbKY, KaO OCHOBA 3a IOIJIAB/bE 3, YBOJIE C€ TEOPHUjCKU IIOjMOBU
Besanu 3a OpodennjycoBy Teopemy. CrenujaaHo, Kao OCHOBA 3a IIOIJIABIBE 3, YBOJIE

ce TIOJMOBU Be3aHU 3a IUKJIyCHU nHJIeKe, [lojuny u ne BpojHoBy Teopemy.

2.2.1 PpodeHujycoBa TeopemMa

®pobennjycosa (Frobenius) Teopema maje m3pas 3a Opoj opdura CKyma MO
JIejCTBOM mepMyTarmone rpyie. ¥ jureparypu ce @podeHnjycoBa TeopeMa IecTo
cpelie oy wasusom Bepncajmoa (Burnside) siema. Y okBupY Jji0Ka3a Teopeme

KOPpHUCTHU C€ HEKOJIMKO JIeMa.

Jlema 2.2.1. Heupasan cxyu H tpytae (G, ) je Gogipyta axo u camo axo 3G c8aKo
hi, hy € H saotcu hl-hQ_1 €H.
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/loxas. Heka je H rpyna u Heka hy,hy, € H. U3 h;l € H cnenu h, - h;l € H.
OO0pnyTO, HeKa 3a cBako hi,hy € H Baxku hq - h;l € H. Crerujajso, 3a hy = hs
noouja ce hy - hl_l € H omnocuo e € H. 3a h; = e nmoduja ce e - h;l € H
omocuo hy' € H. Konauno, 3a hi,hy € H uz hy - hy' € H u hy' € H ciem
hi-(hy")™t =hy-hy € H, na je H rpyma. O

Caeneha Teopema naje KapauHaaHOCT O0pouTe orb(x).

JIema 2.2.2. Hexa je G, = {glg € G, g(x) = z}. Ba csaro v € X, ckyu G,
je aogipyta pyue G. Kapgunaanoci opbuitie orb(x) esemenatua ipytie G Koju
Purcupajy esementti r € X jegnara je ungercy xoauunuvke uwogipyue G : G, wy.
8AHCU:

lorb(z)| = [G : Gy

/oxas. Heka je g € G,. CrenujajiHo, 3a WIEHTUYIKY TPAHCHOPMAIA]Y ¢ BaKH
gx) =z, 1. 1 € G,. Uz z =g ' (g(x)) = g7 (x) cnequ g~' € G,. 3a g1, 92 € G,
us g1 - g5 (z) = g1(g; ' (2)) = g1(x) = = cerm gy - g5+ € G, Ta Ha OCHOBY Jleme
2.2.1 cnenu na je G, moarpyna rpyme G.

[Tocmatpajmo duso koju (pemmmo JieBu) paspen ¢1G, noarpyne G, u Heka
je g2 € ¢1G,. llomro je ¢g1G, neBu paspen, nocroju g € (G, TAKBO Ja je ¢y =
g1 - g. Kako je go(z) = g1 - g(x) = ¢g1(g9(x)) = g1(x), TO enemenTu ucror paspea
npecankasajy x y uctu ejgementT. C apyre crpaHe, ako ¢; U (o NPECIUKABA]Y
Ty ucTu ejeMent, Tj. axo je gi(x) = go(x), Tama je g, 'gi(x) = x. Omasze je
g5 - g1 € Gy, Tj. g1 U go mpUIagajy UcTOM paspendy. Jakie, gi U g, HPHIAIAjY
HCTOM pa3pejly akKo W caMO aKoO IpPec/JHKaBajy T y HCTH eJeMeHT. IIpema Towme,
OpOM3BOJbHE pasdpel ¢1G, MoOXKe ce TPUAPYRUTH eseMeHTy y = ¢i(z) = g2(x)
Koju je y ucroj opoutu ca x. OdpHYTO, HEeKa je eJIeMeHT Yy y UCTOj OPOUTH Ca X.
Tana nmocroju g € G TakBo na je y = g(z), na je y UpHIAPYKEH paspeiy KOju
cazpxku g. Jlakiie, mocToju OMjeKTUBHO IIpec/imKaBambe n3mehy enemenara opourte

ejleMeHTa * U paspena rpyne Gy omgHocy Ha noarpyny G.. O]

Teopema 2.2.1. (DPpodennjyc) Bpoj opbuttia cxytia X ungykosanuzr gejcieom

aepmytmayuone pyue G gati je u3pa3om:

1
@21(9). (2.14)
geG
e je I(g) 6poj eaemenatia cxytua X xoje Gepmymavuje g durcupa, wWj. Opoj

UuKAYCa gyarcune jegar, Yy Tepmytmauujy g.
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/loxas. Heka je KponekepoB cuMO0s1 qepUHUCAH U3Pa30M

L,
51'73' —

0, axko je i # j.

aKo je ¢ = j,

Bpoj opbura ckyna X je;LHaK je

S e 3 yaxua:cx\:fé, > (Gallorb(a)] =

orb(z)CX orb(z)CX orb(z)CX
|G|Z| ZZ (z),x ZZ g(z),x |G|ZI
mEX gelG gEG reX gelG
rie je I(g Z Og(z),- Il
reX

ITpumep 2.2.1. Bpoj neexsusarenurur Byrosur dynrkuja ud upumepa 2.1.2)
MOdHCE ce UPAYYHATIU Ha ocHosy DPpodenujycose weopeme. [locmatipa ce gejctieo
pyte So na bunapne yaasze Byrosux dynxuyuja f 1 By — By. Ilog gejcticom
aepmymayuge (1)(2) ceaxa og 16 Byaosur gynkyuja octuaje neupomervena. Ilog
gejetmisom uepmywayuje (1 2), mewajy ce gpyia u wpeha xkomuonenta Byaosuz
pynryuja, ta Byrose dynruuje octiajy neupomerere Kaga cy um e KoMUOHEeH e
uctie. Ioctoju 8 Wwaxeuxr pynryuja. lakse, gejctio Gepmymayuja ud S Ha gea
bunapna yaasa, apouseogu ykyumno 16 + 8 = 24 dukrcnuxr wavaxa. Ha ocnosy
Dpodberujycose weopeme O6poj opdbULG UHGYKOBAHUL GEJCTLEOM TpYUe So USHOCU
Us(Ss) =24/2 = 12.

Hexka 3a z,y € B,, * & y o3Ha4aBa KOMIIOHEHTHO CadUpame MO MOJYIy 2.
Crnenehn npumep miaycTpyje m3padyHaBambe Opoja (PUKCHUX TadaKa 38 JIMHEAPHY

TpanchoOpMaIjy IPUMeheHy Ha yJia3e U u3Jiase.

IIpumep 2.2.2. Hexa je 3agatl Gap uM6epTUUOUASHUL MATLPUUD

AR

Koje WParchopMuwy u3Aa3, 0gHOCHO YAa3 GEKUWOPCKe uneepludbusHe GyHKyuje
f(xy,@2) = (f1, f2) (21, 22). Veaos (A, B) (fA)(xB) = f(z) ga dywryuja f oyge
Purcha Wauka wWparchopmayuje exsusarentuan je yeaosy (fA)(z) = f(zB), @

Ycaosy

10

01
((f1,f2) [1 O] )(xl,xz) = (fo, fi)(w1,22) = f<(x1,:cz) [1 1

] ) = f(z1 ® 22, x2).

39



I'VIABA 2. OCHOBHH II0OJMOBH U TEOPEME

Apyrum pevuma, pynruuja f je durcna wavka tapa axo 3a ap gynruuja fi, fo

3a ceaxu wap (x1,Ta) 6aoHCU UGEHTLUTLET

(fa(z1,22), fr(z1,22)) = (fi(71 © 22, 2), fo(T1 @ T2, 2)).

3a xo = 0 gobujajy ce gea ugentuwna ycaosa: fi(x1,0) = fa(z1,0). 3a xo =
1 godujajy ce ycaosu: fo(x1,1) = fi(xT1,1) u fi(x1,1) = fo(T1,1). Ose ycaose

3ago6onasajy caegehe weliupu unseptudusne dynryuje:

r| x| Al A LA L A]S

el el E= =)
| O = O

=] OO

= OO

S| =|=|O
Ol |O
—| oo
=N alN
[l NeRN
—| oo

Jaxae, wpancpopmavuja (A, B) uma wewiupu durche wanke.

IIpumep 2.2.3. 3an = 2 na ocnosy (2.9) Gocwioju 2-1-3 = 6 HECUHTYAAPHUT Ma-
wpuya, ogrocko 62 = 36 Taposa MATPUUE Koje ce MOTY TPUMEHUTIU UCTLOEPEMEHO

Ha Yyaade u Ha usaase. Hecunwiyrapre matipuye pega 2 cy caegehe matupuue:

10 01 11 0 1 11 1 0
0 1|1 ol |1 of |1 1{ |0 1| |1 1|
IIpema Dpoderujycoso] weopemu, 6Poj KAGCA EKBUBANEHUUIE JEGHAK J€ KONUY-

HuKy Opoja Purcnur Wavara u dpoja Gpumerernuxr wparchopmayuja. Hetocpeg-

HUM Tpedpojasarem goouja ce ga uoctlioje Yykyuro 72 durcre wavxe.
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A

Huxaycra cupyxt@ypa

matupuya A u B

Bpoj purcrux wavara

4
Iy

24

X1T3

X1T3

X1T3

T1x3
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Tparcgopmayuja (A,B) uma Purche Wavwke ako u camo Ko Uepmylayuje
Koje peanusyjy matlipuye A u B umajy uctiy yukaychy cUpykmypy; Wo cMmarbyje
opoj daposa maWpuya Koje Wpeda Pasdmatipatiu. 3a c8aKy Pasmatlipary Gap O6poj

%UKCHU% wavwara mooce ce ogpequiuy, Kao Yy Upetlrogrom upumepy 3a uap

0 1 10
, B= :
10] [11]

wewepu Yy wadeau. Ilopeg Wota, céu Taposu ca UCTLOM CUPYKTYPOM UUKAYCH

A:

UMY UCTU OPOj PUKCHUT WAHAKA; TOCAO OAGKULAEA YUHEHUUA G0 PASAUNUTIULT
YUKAYCHUT CTUPYKTYPa UM CamMo Wpu: Ti, Tixe u T1x3. Howo je bpoj wWparic-
dopmavuja 6% = 36, 6poj Kaaca exeusasCHUUIE Y OGHOCY MG AUHEAPHY TPYTY je
2.

[Tpumena @podbennjycoBe TeopeMe y OIIITEM CJIydajy HUje TpuBujasHa. Hanme,
3a IPYIly BEJIMKOI pejia IMOTPEeOHO je 3a CBaKy HbeHY IepPMYTalldjy OJPEIUTH OPOj
dukcnnx Tadaka. Ca mopacTtom pejfia rpylie, padyHarbe IIOCTaje 3aXTEBHO. JeJl-
HO MaJIO yIpOIINeme IIPe/ICTaB/ba YUILEHUIA J1a KOHjyroBaHe MepMyTallije uMajy
UCTY CTPYKTYpy NHKJIyca, Ia CaMUM TUM W UCTU Opoj pukrcHmx Tadaka. Crora
ce y m3pasy (2.14) moxe cymuparu He 10 CBUM IepmyTarjama Beh mo kjiacama

KOHjyTaImje.

2.2.2 WspauynaBame U,(G) Ha ocHoBy Ilojune Teopeme

Heka je D xonauan ckyn u Heka je G rpyma nepmytanuja ckyna D. Heka je R
KOHaYaH CKyH u Heka je RP cxyn dynkmmja D — R. I'pyna G Tajna mepMyTyje u
dbyuxmmje us RP.

Oynkumje f;, f; € RP cy exsuanentne (f; ~ f;) ako nocroju g € G Taxo ja 3a
cako x € D Baxu fi(x) = f;(g(x)). 3a nponussossny dyukimjy f € RP, meka je
o(f)={f' € RP, f' ~ f}. Hexaje F = {o(f) | f € RP} cxyn cux opduta (kiaca
exkBuBaJsieHnuje dyukimja). [lojuna Teopema omoryhyje uspauynasame |F|, opoja

KJIaca eKBHUBaJIeHIHje (DYHKII]A.

Teopema 2.2.2 (Ilojuna teopema). Bpoj kaaca exsusanenyuje y ckyay Gynkyuja
RP jeguax je
RG] = (g 3 m
geG
19e je m = |R| u c(g) je 6poj yurayca eaementia g € G Kaga ce on LOCMATPA KAO

uepmymwayuja ckyta D.
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Jloxas. ®yuxnuja f € RP je dbukcna tauka nepmyranuje g € G aKO U caMo aKo
Ha CBUM opOmTaMa (IUKJIyCHMa) MMa KOHCTAHTHY BpenHocT. [Ipema Tome, Opoj
duKcHEX Tavaka HepMyTaliuje ¢ J00uja ce CTEIeHOBAIbeM M Ha OpOoj IUKJIyca
nepmyTtanuje g. Ha ocnoBy @pobdeHujycoBe Teopeme Opoj Kjaca eKBHUBaJICHIH]jE
dbyuxmmja f € RP je

[RP/G] = g S mt .

geG

O

Axko je G rpymna nepmyTalija cTeleHa m, U ako je IMUKJIYCHU UHJeKC rpyne G

Kaja jenyje Ha D jegHax
Za(x1, ... ) |G|Zm oo ghml9)
geG

rae je k;(g) Opoj mukiyca gyxune i y nepmyrtaruju g, 1 < i < m, oHIa je dpoj

KJraca eKBHBaﬂeHque dbynxnuja f € RP jemmax

Z mk1(g)+ +k7m ) ZG(m7 m,..., m)

geG

€]

Ilocaenuna 2.2.1. Cueyujarro, axo je

Za(f) = |G|thype<g —|G|Z P
geG pEP,
1
= 9(p) f*
e 2

yuraycru ungexce pyue G, jegne og uelupy WULG PA3MAGTLPGHUT TPYTLa, TWaga je

pePN

11
IIpumep 2.2.4. Mawmpuya [O 1] uz pyue GL(2,2), (sugetiu upumep 2.2.3)

peasusyje caegehy Gepmytlayujy ckytua sexttiopa By :

bl b B Bl ) )

/lsa dunapna eextiopa cauxajy ce y cebe came, a UPEOCWANL GEG YUHE UUKAYC

gyotcure 2, Ua je MOHOM KO0jU 0gI0o8apa UUKAYCHO] CUPYKTYPYU TEPMYTAUUTE UH-

GYKOGaNe 060M MATPUYOM T1Ts. Yaumajyhu y 0d3up u octliane MamPUYe u3 pyue
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GL(2,2), gobuja ce yukaycru ungerc

1
ZaL2,2) (1,29, 23) = 6 (x;l + 3xfx2 + 2x1x3) .
Ha ocrosy Iojune tweopeme 6poj xaaca exsusarenyuje Byrosur dynryuja og gee

apomennuse y ognocy na pyuy GL(2,2) jegnax je
1
Uxeuzm)zzm@mmﬂj):6@4+32W2+2.22):&

IIpumep 2.2.5. Hexa je C3 tpytua wparcpopmavyuje Byrosur dyrryuja og n apo-
MEHDUBUT KOJY HUHE KOMUAEMEHTUPAILG §q, ¢ = (a1,...,a,) € B, Gogckyuosa
apomennusuxr {z; | a; = 1, 1 < i < n}. Peg pyue C} je 2". Komunaemen-
WUPAtHE TUPOMEHDHUBE 03HAMABA CE HAgBAauerem We Upomennuse. Ha uapumep,
91,00)(f(x1, 2, 23)) = [(Z1, 22, %3). Pynwyuje f1 u fo cy exsusarentine axo 3a
nexo g € CF saorcu fi(x) = fa(g(x)). 3a ceaxy og 2" wpanchopmavyuja pyte G
MOTY ce 0gpequiliv, yuraycHe clupyxitype. Mgentiuvka wpanchopmanyuia go.p...o)
uma 2" jegrounsanur yurayca. Cee octiane wWparchopmavuje umajy Go 2" yu-
KAyca gyorcune 2 (Wpancuosuyuja) ogakse ce goouja WuKAYCHU UHGEKC
1o o -
Zeop(x1,T2) = on <x1 + (2" = 1)x5 ) )
Ha ochosy Iojune tweopeme opoj kaaca exsusanrenyuje Byrosux dynxuuja og gee

apomenmuse y ogrocy na pyuy CF jegnax je

1, o "
Un(C3) = Zoy(2,2) = 5o (2 + (2" = 1)27 ).

2.2.3 WspauyuaBame V,(G) Ha ocuoBy /Jle Bpojuose

TeopeMe

e Bpoju (De Bruijn) |5, 6] je pasmarpao renepanusaiujy [lojune (Pélya) [32]
TeopeMe Ha CJIydaj Kaja He camo Ha ckyn D, Beh m Ha ckyn R nemyje rnepmyTa-
nroHa rpyna. JIpyrum peduma, pasmarpajy ce jaBe nmepmyTtarumone rpyne G u H,
071 KOjux mpBa Jesyje Ha ckyn D, npyra Ha ckyn R [5, 6]. Ise dyukiwmje f1, fo u3
RP cy exBuBasentre, f; ~ f», ako nocroje nepmyrammje ¢ € G u h € H, Takse
ma 3a ceako d € D Baxu f1(g(d)) = h(f2(d)). Penanuja ~ je penanuja eksu-
BaJIeHNumje, ma ce cKyn RY Moxke IOJenuTH Ha Kjace eKBUBAJICHIUjE - MadIoHe.
Csaxoj bynkimmju f € RP nonemyje ce Tesxuna W (f), y3 ycIoB Ja eKBUBaJICHTHE

dbyukumje nmajy ucry rexuny, 1j. u3 fi ~ fo ciuequ W(f1) = W(fs). lladmony
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F nonemyje ce rexxuna W (f) koja je jennaka rexxunu dusio koje dbyuknuje f € F
u3 mradsiona. [lorpedHo je oapennTn MHBEHTAP MIAOJIOHA, OJHOCHO CyMy TEXKUHA

CBUX I1adJIOHA.

Ba byukuujy f = f(x1,...,T,) o BUIllle TPOMEHJHUBUX, KAO IITO je yoOu4aje-
HO, g—g{i O3HavaBa MaPIjaJTHI U3BOJ, IO TPOMEHJBUBO] T;, 1 < ¢ < N.

Teopema 2.2.3. Uneeniiap wadbrona 3a dynwyuje f € RP ys tpetizogro gedu-

HUCAHY KAACY EKEUBAAEHUUTE USHOCU:

1
D WE) = (a2 2 ZfW(f)

FeF g€G heH fg=h

(g:h)
e je F ckyt céur wabiona, a Z W(f) osnauasa cymy ceuxr wescuna W(f)

f
dynruyuja f Wareux ga sadicu fg = hf.

/oxas. Heka je w jemna om moryhux Bpennoctu texxkuue W u meka je S cKy
ceux dynknuja f € RP rtakeux na saxu W(f) = w. Heka je na JlekaproBom
npousBoxy G X H koju ce cacroju on cBux mpomsBoia g X h 3a g € G,h € H

MHOXKeHe TeUHUCAHO jeTHAKOIINY:
(g x h)(g' x 1) = (gg") x (hI).

CpakoMm mapy g X h € G x H nonemumo byHKIH]Y Tyxp @ S — S nedunucamy
jemHaxkomhy:
Tgxnfi = f2 & f2 = hfig™".

JTOKazKuMO J1a je Tyxp, mepMyTammja ckyna S. U3 fo = hfig™! ciemm fi ~ fy ma je
W (f1) = W(fs), 1j. myxp npeciukasa ckym Sy cede camor (myxp, 1 S — 5). Ilopex

TOTA, Tyxp UM MHBEP3HY (DYHKIH]Y, IOIITO BarXKu

Wl falg ) =hThfigT (0T T = A

Haxne, 7,y je mepmyTanmja ckyna S. laspe, nmpecimkaBame g X h — Mgy, TPE-
craBba XoMoMopdusam. 3aucra, ako ¢,9 € G, h,h' € H, onga 3a cBako f € S
BazKH

T(gxh)(g'xh) ] = Tggxnw | = (hh/)f(ggl)il

Toh(Tyxn ) = ngh(h/fgl_l) =h(W fgd g™
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OJTaKJIe CJIEJIN:
T(gxh)(g'xh') = TgxhTg' xh'
e dyuknuje fi u fo (nBa enementa ckymna S) Cy eKBUBAJEHTHE aKO MOCTOje § U

h TaxBe ma Baxkm T,y fo = fi. lIpema Tome, na ocnoBy Ppodenujycose Teopeme,

Opoj madJioHa KOju MPUIIAIAjy CKYIY S M3HOCH:

| Gﬁm S5 (g, h), (2.16)

ge€G heH

rae je ¢, (g, h) opoj dyukuuja f taxsux ma je W(f) = w u myxpf = f (omgmo-
cuo hf = fg). Kazna ce uspas (2.16) moMHOXKHU ca w U cymupa 10 ¢BUM Moryhuwm
BPEJIHOCTHMA 33 W, U3 YUEHEHUIIE J1a je 30Up TexKnHa cBUX (PYHKIMja (Koje 33/10BO-
JbaBajy HaBeJIeHe YCJIOBE) jeJIHAK CyMH MPOM3BOJA MAd/JOHA M HUXOBUX TEXKUHA,
Tj.
D dulg,hyw= Y W(f),
w fg=hf

cjieaun TBpheme TeopeMe. Il

Pasmorpumo caja madsone 1-1 npecimkaBama. ledbunummmo rexxkuny W (f)

omio xoje dynkmuje f € RP jemmaxomthy:

1, fie1-1
Wm_{o, f mmje 1 — 1

Ba g € G,h € H npeciukasame hfg~! je 1-1 ako u camo axo je f 1-1, ma Texxuna

W (f) 3amoBosbaBa yca0B KOHCTAHTHOCTH Ha KJIacH €KBHBaJeHIMje dyHKIHja:

fi=hfogt = W(H) =W (f), 1. fi ~ f2= W(fi) = W(f2)

Teopema 2.2.4. Bpoj wabrona 3a 1-1 gynwyuje f € RP y3 apetmizogrno gedpuru-

Cany PesauU]Yy eK6UBANEHUUIE USHOCU:

o 0 0
Zolm—,—,=— - ) Zg(1 + 21,1 + 22,1 4+ 32x3,...),
G(axl 8..’13'2 81‘3 ) H( + o * 2 * 5 )
UPU wemy ce 8PegHOCTL U3PA3a PaUYHa Y WAk T1 = Lo = x3 = --- = 0.

Jloxas. Jla du ce Ha ocHOBY Teopeme 2.2.3 0JpeIno WHBEHTAP IadI0Ha, Z W(F)

(jemnax Spojy madsona 1-1 dyHKIMjA), TOTPEOHO je MPBO U3padyHATH Z W(f).
fg=hf
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Heka cy g € G u h € H dukcupane nepmyraruje. Heka je g tuna (b, by, bs, ... )
u h tuna (¢, co,C3,...) (OBAe b;, OMHOCHO ¢;, O3HAYABAjY OPOj IHUKJIyCa Iy KIHE
i). Ilorpeduo je nmponahu 6poj 1-1 mpeciukaBama f : D +— R Koja 3a/10BOJbaBajy
yciaoB fg = hf, omHocHO Tpeda mpoHahu Opoj (pUKCHUX Tadaka.

Heka je f npecnukaBame Koje 3a/10BoJbaBa yeioB fg = hf u Heka enement d € D

IpUMaJa MUKJIYCY JyzKuHe 2. 1aj IMUKIIyC ce cacToju oJ1 eJeMeHaTa:
d, gd, ¢*d,...,qg" 'd. (2.17)
ITommTo je mukiyc ay:xuHe i, Baxu ¢'d = d. I3 fg = hf caemu:

f9> = fgg=hfg=hhf="nFf

n CJINYHO:
f9* = fo*g=N*fg=nhf =1’f.
lenepasmo, 3a mpon3BosbHO i Baxku hifd = fg'd = fd. Jakie, eneMenTe n3

mukiryca (2.17) f ciuka y ejemenre:
hWifd, hfd, B2fd,... Wi\ fd. (2.18)

Uz hifd = fd cremm ja my»KuHa IUKJIyca N3 CKyla R KoMe IpHIaia eaeMeHT fd
Mopa douTH Jiesimiar opoja .

o cana cmo nocMaTpasu 1poussosbuy dynkimjy f € RP. Axo ce gomarno ysese
ycioB Ja je f 1-1 npecimkaBame, OHJIa JBa pa3jaudnTa ejeMerTa u3 (2.17) e mory
Jodutn ucty BpemHoct Mehy esementima u3 (2.18), ogrocHo Mehy esemenTnMA U3
criucka (2.18) mema nonassbama. Ojariie cjieau jia je Jy>KuHa [UKJIyca KOMe [PH-
maja egement fd jennaka i. Jpyrum peunma, mukiryc u3 D qyzKuHe ¢ Ipec/imKaBa
ce y nukjyc u3 R koju je takohe myxkune i. [lomro je f 1-1, pasauanTu MUK/IyCcH
n3 D ciaukajy ce y pa3jimauTe IuKiIyce n3 R.

Caza je jacHo ma je mpu koHcTpykKimju 1-1 dyuKImje f, Koja 3a10BO/baBa yCJIOB
fg = gh, morpedHo cBakoM muKJaycy u3 D y3ajaMHO jeIHO3HATHO JOMEIUTH ITU-
Kiyc ucre ayxkune n3 R. [Ipummkom nmoxesne nukiyca jayzkube ¢ u3 D 1uKIycy
n3 R, 300r Kpy:KHe NOBE3aHOCTH eJjleMeHaTa YHyTap IHKIyca, Moryhe je cBa-
KOM eJIeMEHTY THKJyca u3 [ 10/e/IuTu ¢ eJleMeHaTa MPUIPYKEHOT IUKJIyca U3
R. Axo je ckyn D cacraBbeH o b; nmukiyca u cKym R of ¢; THKIIyca JIy:Ku-

He ¢, TaJa Ce TaKBUM IHUKJIycnMa n3 [ MOTy NPWJIPYKUTH IUKIycn n3 R Ha

c;!

(Cz—bl)'

=c¢i(¢;—1)(¢;—2) -+ (¢; — b; + 1) mHauuna. Axo je ¢; < b;, onja Takso 1 — 1
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pec/inKaBame He MMOCTOjU; Y MPOM3BOJY HEKH UMHWJIAIL NOCTaje Hysia (3a HEeKO
k, ¢; +k =b;), na je 6poj npeciukasama ny1a. Jakie, 6poj 1 — 1 npeciankapama
f:D — R, fg = gh jennax je:

(g9,h)
Swif) =[] eilei— 1)+ (ci—bi+1). (2.19)
f i:b; >0

Axo je b; = 0, onya je npousBoy ¢; - (¢; — 0+ 1) de3 unHMIANA, A Ce MOXKE

cmarparu na je jeasak 1. Ilpowssop i‘c(c — 1)(c —2)---(c — b+ 1) y crBapm
[peJICTaB/ba MapIujaanu u3Bo b-ror pena uspasa (1 + ix)¢ mo IpoMeH/bUBO] T Y
tadkn © = 0. 300r Tora ce mpousso y (2.19) Moke 3aMEHUTH HIH30M HAPIAjAJTHIX

MU3BOJIA TI0 TPOMEHJ/bUBAMA, L1, Lo, L3, . . .

O by, O by, O \b o o o
((9:01) (81‘2) (9903) o (T4 2) (1 + 229)2 (1 + 3a5) - - - (2.20)
Y TA9KH X1 = To = x3 = - -+ = 0.

[Tosrazna mpernocraBka je dusa ja cy nepmytaruje g € G u h € H dukcupa-
ue. [Iposmackom kpo3 cse mepmytammje ¢ € G u h € H un nememem ca |G||H|,
n3pa3 (2.20) mocraje mHBeHTAp MmadsioHa 3a 1 — 1 mpecamKaBama, IMITO y OBOM
CIIyYajy yjeJaHo mpejcTaBiba u Opoj madsona 3a 1 — 1 npeciukaBama. {udepenru-
jasuu oneparop y (2.20) mobuja ce o MOHOMA IUKJIYCHOT MHIEKCA Zg(21, 22, - - . )
3aMeHaMa z; — 8%2_. Omnepanx y ToM m3paldy jo0mja ce 3ameHama z; = 1 + ix;
y WIaHy IUKJIyCHOT WHIEKca Zg(21, 22, ... ). CyMupamem ce J0Ja3u Jio TBphema

TeopeMe. L]

Y cayuajy |R| < | D] 6poj 1 — 1 npeciukaBasba je Hymna. [Ipecinkabame 1 — 1y
ciydajy |R| = |D| nocraje u ,Ha” npeciimkaBamwe, OJHOCHO OUjEKIMja, [a MOKEMO

dopmynucatu ciaenehy Teopemy.
Teopema 2.2.5. Bpoj wabaona 3a dujexitiuene dynxyuje f € RP ys apetmizogro
JePUHUCAHY PEAQUUTY EKBUBANEHUUIE JegHAK je 8PEgHOCTIU U3PA3a

o 9 0
8.@1,61’2’8.@3,”.

USPANYHATLOT Y WAYKY T = Tg = T3 = -+ = (.

Zg( ZH(x1,2x2,3:c3,...). (221)

Jloxas. N3 npernocraske |D| = |R|, cinenn E b; = E ¢;, TIa IOCTOoje JBe Moryh-
i

1
HOCTH: Wi je by = c¢1,by = co, ... Wian je 0ap 3a jegan WHIEKC ¢ b; > ¢;.
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Y Apyrom ciydajy IpOu3BOL, H i’ici(c; — 1) -+ (¢; — b; + 1) mocraje Hyna u
z b; >0

caMUM THUM HU3Pa3 ZG(aglﬂaixQ’ a5 )ZH(l + 21,1 + 2x9,1 4 3x3,...) mocraje

nyna. akie, mopa dutu by = c1,by = co,...,b; = ¢;, ... ma je:

IT citci—1)-(ci—bi+1) = ] i"ci(e;i—1)---1= [] "l

i:b; >0 i:b; >0 i:b; >0

. b, . .
Kako 3a b = ¢ Baxmu i°c! = (8%) (ix)° = (a%) (iz)¢ = i°c! y rauku z = 0, ciemu ja
npousBos i°c! mpeicTaBsba b-TH IApIUjaIHI U3BOJ N3Da3a (ix)® mpomeHbUBE T Y

tagkn = 0. Camum tum u3pa3 (2.20) yBeK uMa HCTY BPEIHOCT Kao U3pa3

O by, O \by, O
(81131 <81’2) 8333

)% (1) (22) 2 (3g) - - (2.22)
U3padyHaT y Ta9Kd T = Lo = T3 = --- = (. Il

[TomTo dujekTUBHO MpecuKaBambe 3 [ y R 1ojpasyMeBa Jia IIOCTOjU MHBEP-
3HO Ipec/imKaBame u3 Ry D, y mpeTxXoHOM MTPOU3BO/LY IINKJIYCHUX WHJIEKCA IpyIie

TpaHcdopMaIija MOTY 3aMEHUTHA MECTa.:

o 0 0
Zal—,=—,... )4 229, . .. A ) Z 229, . .. 2.2
G(axlaax27 ) H(:Llla Lo, ) H(a 1 (9:1:2 ) G('xh T2, ) ( 3)
ITocnenuna 2.2.2. Cﬂeuujanuo, axo je
Za(f) = o SO F = ST )
1G] = !G! =
1
= @ > 9
PEPR

yursycru ungerc pyte G, jeghe 0g wetwupyu WuhGe pasmatipaHur Ipyaae, Waga je

0o 0 0

ViG) = Zalg g gis)
Za(t1,2ts, ..., Nty) ‘tlz--:tho
1 2T
- or > g(p) H@pzm!. (2.24)
pEPN i=1

Cureieha Teopema MoOXKe OJIAKINATH padyHame uspasa (2.22).

Teopema 2.2.6. Cadupax odbauxa:

o ;;; ;;; ;;;)q<<ml>m<m>cz k)]
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jegrax je:
b . .
pq | | kb, axo iy =Ky, ... 05 = ks
E (2.25)
0, y cyapottinom
Zloxas. Baxu by = ¢1,by = ca,...bs = c5. Tpeda npumeTuTn j1a, YKOJUKO CTPYK-

Typa IUKJIyca u3pas3a y AudepeHInjaaIHoM olepaTopy HUje UCTa Kao y U3pasuma
BaH Ibera, pesyarar gudepeHnupama je Hyaa. CTpyKTypa IHuKIyca ouhe mcra 3a

i1 =ki,...,is = kg, oakJe mocye npumene qudepenimpama ciaean (2.25). H

IIpumep 2.2.6. V cayuajy unsep@iudbusnur Byrosuxr pyrnkuyuja ipyta C3F geayje
U HG Yaa3e u Ha usasaze. Bpoj pasaunuiiur KOMUAEMEHTUUPAILA YAAGZHUT U U3-
Aa3rux apomennusur je |G| = |Gyl = 2", ua je yxyuan Opoj wpandopmayuja
|G| = |G| |Gy| = 2™2™ = 22", Bpoj durkchuz Wanaka ugentiuuke Wpanchopmau-
je jegrnax je 6pojy Byaosux unseptiubusnuxr ynryuja 2™, U3 yuraycrot ungexca
(sugetiu upumep 2.2.5) eugu ce ga toctwoju 2" — 1 HEUHGEHTUUNKUT TEPMYTLAUUTQ
ca 4o 2" geousanuUT YuKAYCa, WO 3HAYU §a ce WUTOSYU YAASHUL U USAASHUL
yukayca aokaatajy y (2 —1) - (2" — 1) = (2" — 1)? cayuajesa. Bpoj durcruz

J— _ _ . . _ n—1
wanaKa neugenitiuuke wparchopmavuge je 2011227

e 271 gsounanuz yurayca usmehy cebe mory samerutiu mectia na 2" na-

yuna, wume Byaosa unseptiudbusna Gyrnryuja octiaje Heuapomerena.

e Vxoauxo ce UPpUMERU KPYHCHA 3AMEHA EAEMERAUG YRYWAP C8AKOT §680HUNAHOT

_ . _ —1
yukayca, waxobe ce godbuja durcra Wawka. Taxeuxr samena uma 22" .

Ipema wome, bpoj kaaca exsusarenyuje 3a unsepudbusne Byrose pynryuje wog
gejcttisom C§ usnocu:
2 4 (27 — 1)2. 2711 92!

22n ’

/o uctior peayatiatia gorasu ce upumerom weopeme 2.2.5, xoja gaje opoj xaaca

Vn(Cg) =

exsusaneryuje xaga pyta C3 geayje na yaade u Ha U3AA3E:

s ) o) = (0 5 Lo )

Hpumerom aeme 2.2.6 uau qUPEKTUHUM PAYYHAIHEM GOOUJATY CE YAGHOBY PA3AU-
YUY 0g HYse:

-1
82'"/ 27L
2" on
A —
31’2

2 2n71 _ 2277,712”’_1!
6.1'1 ( fL'Q)
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IIpema Wome, Wpasrtceny, OPoj KAGCE EKBUBANEHUUTE JEGHAK JE:

o 0 onl 4 (20 — 1)2.on-11. 927!
)ZCS (%1721‘2) + ( ) .

Zoy (57 =
2 81‘1 8x2 22n

2.3 IMukiaycHM MHOEKCH 3a YeTHUPU IPYyIIe
TpaHcdopmMaIlirja

Hexka cy 5!, G,, GL, u AGL,, pemom rpyna nepMmyTaryja, rpymna KOMIO3HUIIH-
je mepMyTalfja U KOMILJIEMEHTHPamha ITPOMEH/bUBUX, JUHEapHa Ipyna u aduHa
rpyta Koje jenyjy Ha B,. Y 0BOM 0Ofle/bKy NPHUKa3yje Ce MOCTyIaK U3padyHaBamba
[UKJIYCHUX UHJIEKCA 3 CBE YeTHPH I'pyIle TpaHchopmarmja.

He Bpoju (|5, 6]) yBoau yormrrerse Iojune Teopeme [32]. Amenxyper (Ashenhurst [2])
u Cuienimjan (Slepian [36]) u3Bose yommmrenu odpasar 3a Zg, . Ha ocHOBY BUXOBUX
pajioBa, Xapucon [22, 23, 24| je u3Beo mu3pase 3a MUKJIYCHU HHIEKC 3a S, G,
GL, u AGL, u npuka3syje muxoBe BpeJaHocTH 3a N < 6. ¥V 1Musby padyHama V,,

[Tpumenko (Primenko [33]) kopucTn asrepHATHBHU IPHUCTYIL.

2.3.1 TI'pyna mepmyTaruja

Teopema 2.3.1. Axo je d gystcuna yukayca tepmymayuje o), € S uHGYKo8aHOT

yurAycom o, € Sy, gyorcune k, onga sastcu dlk.

Jokas. 3a duno koju enement x € B, Baxku o*(r) = x. To 3Haum jga opdura

eJleMeHTa T WMa Hajsuime k exemenara, Tj. d < k. Uz aumenune na je o(z) = x

crenn d|k. O

IIpumep 2.3.1. Ban=k =6, 0 =(123456), opoutia eaemenma 001001 je
seaunune 3 (03(001001) = 001001), a opbutia eaementia 010101 je seaunune 2
(¢%(010101) = 010101). ¥V oba cayuaja seaununa opbuitie geau k = 6.

Hexka je e(d) bpoj opbura myxune dy o’ € S, . LHukiayc nyxuue k Kaua jremiyje

Ha efemenTe cKyma B, pasmaxe Taj ckym Ha e(d) opbuta myxkuue d 3a cse d|k,

2, k=1
e(k) = { % (Qk _ Zd|k,d7£kd _ e(d)) , B (2.26)

Hus e(n) Takohe o3nauasa Opoj HECBO/JBUBUX IIOJIMHOMA CTEIIEHA 1 HAJL [TOJHEM

ma je

GF(2) (wru 6poj pa3jmauTux OrpJIuia o n-iepju odojenux y 2 Hoje - orpJmiie

o1
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cy amepmogmvHe (HE cacToje ce OJl MOHOBJbEHUX HU30BA, OJHOCHO MPUMUTHBHU
nepuos je n), a dpojambe ce BpI ,0e3 npeBpTamba’ (be3 odpTamma perocye/1a IepJin)
sugzieru |30, auz A001037]).

ITpumep 2.3.2. Mowyhe oipauue og 5 Gepau xaga 3amena gee Hoje Huje go3sosve-
na cy: PPPPB, BBBBP,PPPBB, BBBPP,PBPPB, BPBBP. V3 go3someny
3ameny Ooja, Uaposu Koju ce mehycodbro upexsatajy Upegciias.vajy ucty 6oy, ua
cy waxee opauye ooauxa: PPPPB, PPPBB, PBPPB. Jlaxae, e(5) = 6.

Hexkosnko menysma wiaHoBa Hu3a e(n) npukasanu cy y tadesn 2.7.

Tabena 2.7: Hus e.

7 8 9 10
18 30 56 99

n

e(n)

=N
DN W

DNO| —

Teopema 2.3.2. [[uxayc gyotcure k tepmytayuje o € S, ungykyje yukxiyc Gep-
mytayuge o' € S), ca YUKAYCHOM CUPYKTYPOM:
[T
d|k
ITpumep 2.3.3. Cueyujanno, axo je k upoctwi 6poj, Waga yuxayc gyotcune k
2k o

UHGYKYJE UUKAYCHY CTPYKTYpY fi i ¥, wy. aepmymayujy Koja uma gee durcre

wavke u (28 —2) /k yuxayca gysrcune k. Ha ocrosy mane Depmaose weopeme 22

i
je ueo 6poj.

ITocnemuna 2.3.1. Ilepmymayuja o € S, wuua p = type(o) € P, ungyxryje
wapuyujy wuta type(o’) =p' = (p), b, - .., Dy) €& yuKAYyCHOM CTUPYKTYPOM

ij

/=X TR

oy \dy
ITpumep 2.3.4. 3a n = 4 wGoctwoje caegehe Gapiuyuje cKyaa 0g n eseMeHaiig
(0,0,0,1),(0,2,0,0),(1,0,1,0),(2,1,0,0), (4,0,0,0)

Osum Gapuyujama 0grosapajy pPegom UEPMYTaLUje ca YUKAYCHOM CTUPYKTYPOM

ogpeherom monomuma ty, 3, tits, t3ty, ti. Ha ocnosy weopeme 2.3.2 gobujajy ce
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MOHOMU KOJU 0GTOBAPATY UUKAYCHUM CTPYKTYPAMA 0gT08apajyhur uHgyxo8aHUL

aepmyavuje ud Sy:
ts = [Lfafi, 6 =taty = fifa X [T far tits = [T X [1f3

2y = titity — f2 X f2x fifs t] =ttty — f2x f2x fEx f?

IIpumep 2.3.5. Ilocmatupajmo Gepmytiauufy ud Sy ca CWPYKWYPoMm Koja 0gi08apa
monomy tits. Uz apumepa 2.3.4 xopecuogenuuja uzmehy Sy u S upegctiasmvera

je ca tits — fi X fif2. Iuxayc tz geayje na caegehu nawum:

w1 | T2 | w3 || p(21) | p(22) | P(T3)
0]00 0 0 0
001 1 0 0
0] 10 0 0 1
0] 1]1 1 0 1
1101]0 0 1 0
1101 1 1 0
17110 0 1 1
11111 1 1 1

Huxaye (1 2 3) ungyxryje yuxayce (0)(1 4 2)(3 5 6)(7), wj. tz ungyxyje fif3.

IIpumep 2.3.6. Ha esementtie uz By uepmymoyuja (1)(2 3 4) ca yuraycrom

ctupyximypom tits geayje ma caegehu navur:

23
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z1 | 2 | @3 | 24 || p(21) | P(32) | p(x3) | P(4)
0] 0 110 0 0 0 1
0O]O0[07]O0 0 0 0 0
01010 1 0 1 0 0
010 1 1 0 1 0 1
O]1[07]O0 0 0 1 0
0 1 0 1 0 1 1 0
0 1 110 0 0 1 1
0 1 1 1 0 1 1 1
1 0O10]O0 1 0 0 0
1 010 1 1 1 0 0
1 0 110 1 0 0 1
1 0 1 1 1 1 0 1
1 1 0] 0 1 0 1 0
1 1 0 1 1 1 1 0
1 1 1 0 1 0 1 1
1 1 1 1 1 1 1 1

IIpsa koaona ussasa (Geta Koaona Wabeae) je pe3ystiall. gejctisn UuKAYCa gy-
orcune 1, gox tocaegroe Wpu KOAOHE UPEGCiasnajy tz. YKoAUKO U3Y3MEMO UPEY
KOAOHY Y YAG3Y U U3AG3Y, TOPI6A U GOotba TUOA06UNG hadese CY UCTe U UGEeHTLUY-
He ca waberom u3 Upetmrognol upumepa. Ilpema wome, YUKAYCHO] CULPYKTYPU
ungykosane uepmytiayuje 0groeapa mornom fif.

Ipetizogro pasmailiparse modice ce UNTMEPUPETUPATIU U HA CACGENY HAMUN:
Hexa cy A = {a1,b1} u B = {ag, by, ca,da, €2, fa, g2, ho}. Hexa na ckya A geayje
aepmymayuja (a1)(bi), a na ckyu B aepmytiayuja (az)(ba ca d2)(ex fo g2)(ha).
Taga ce moTy dopmupatiu cregehu yukAycu ungykosare Tepmymayuje nag cxyuom

A X B:

(a1, az)

(a1, hs)

(b1, az)

(b1, ha)
(a1,b2) — (a1, c2) — (a1, ds)
(a1,€2) = (a1, f2) = (a1, 92)

04



I'VIABA 2. OCHOBHH II0OJMOBH U TEOPEME

(bl, bg) — (bl,CQ) — (bl,dQ)
(b1, €2) = (b1, f2) = (b1, g2)

Jaxae, upouszeog [ X fiLf? upegciiasmwa yuapusare esemenatia usmehy ckyua
09 2 esementia u ckyua og 1 -2+ 3 -2 = 8 eaemenatia. Ynywap upeor cKyua
(Gepmymayuje) aoctoje gea JegHouaana YUKAYCA, gok YHYWap gpyiol CKYyua Uo-
ctoje gea JegHOUAAHG U §6a WPOUAGHG yukayca. Llukiycha dopma Upeor ckyua
YWUYE HA YUKAYCHY Popmy gpylot cryta, WaKo wWino ce Yyuapyjy uukiycu Upeor
crytia ca yukaycuma gpytor cryia: f2x f2f2 = (f2x f2)(f2 x f2) = fifi. Tpesa
APUMETTUTLY g0 ce YHYWap TUPUKA3GHUL UUKAYCOL HAAA3E CB8U TAPOSU U3 CKYUQ

A x B.

[ukycHu ungekc rpyme S!, 1ar je hbopMysIoMm

XPpj

e(d
Zs,(f) =~ Z i Zplp, >< 117 : (2.27)
;n

PEP, d|j

IIpumep 2.3.7. Ha ocrosy weopeme 2.3.2

fL+2f0f5 + 3413

2(85) = .

aa je na ocnosy (2.15)

98 492.92.9243.91.92
Us(S3) = T - + — 80.

u Ha ocrosy (2.24)

12.18 .81 +-22.12.21.32.21 +32.14.41.22. 2]
36

V3(Sy) = = 1172.

Tabena 2.8 mpukasyje nuxiaycnn uniekc Zg (f) 3a 1 < n < 8, Bujeru Ha

npumep [24].

2.3.2 TI'pyna mepmyTaruja m KOMILJIEMEHTHPaKbhAa

Heka je C% = {(i1,...,1n) | 35 € {0,1}, 1 < j < n}. Ako je i = (i1,...,0,) €

Cr, nedunmmumo (1, ..., x,) = (22,..., ") Tue je

i ) 75, 4;=0
xj — _ .
ill'j, Zj =1
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Tabena 2.8: Iukiycan ungexe Z,(S)), 1 <n < 8.

n Zn(Sy)

1 ft

2 2

3 s(FP+3fE+27213)

4 i (FC+6/Tf2 +31 15 +8f1f5 +6f7f212)

5 o (fP2 + 101 f3 + 1507 f27 + 207 f5 + 30f1 f3 2 + 20f1 f3 5 f§ + 2411 f3)

¢ 7l O 4 1572 £20 + A5 F10 f31 + A0 £1° f3° + 153 £3° + 907 fo f12 + 120 £ f2 f3 f6 +
401 f30 i + 903 f1° + 144 £ £37 + 1207 f2 £3 £8)

som0 (F1°% + 2LfP0f5% + 10572 f2° + TOf2f3% + 105/i°f5° + 210f1°f3 /3" +
TOANACLELES + 280f7 0 + 630fF 2 f1Y 4 S04 + 210f7f 3 f8* +
840 f1 3 f3 f6° + BOAST f3 52 flo + 420 f1 f3 f3 f2 & f12 + 7207 f7%)

Tos55 (FP20 + 28f12 f3% + 21071 f5° + 1120 f5* + 4202 f2'% + 42072 f2° f4° +
112052 f46 £32 £46 4+ 10510 f420 + 11201050 + 252016 f24 £48 + 1344f16 528 +

8 1680f1°f3  f30fat 4+ 1260f7 f5°£1° + 3360f7fafs £ 4+ 112047 fo f506° +
40328 fL 24 pI2 0 3360 £8 £2 (3 412 £2 112 1 1960 £ 1S 504 3360 £ £5 £2 £38 15760 f2 36 +
2688 f1 f1 fa f12 + 50407 f2£3 £3°)

PasMorpumo Kyl BEKTOPCKUX MHBEPTHOWIHUX BysoBux dyHkImja (y gamem
TekcTy (bYHKIHMja), OMHOCHO cKym Sy mepMmyTanuja ckyna B,, rme je N = 2"
Oyukuuja F € Sy npeciukasa n-1opry X = (1,...,2,) € B,y Y = (Y1, o0y Yn) =
F(X). AKo /103BOJIMMO U KOMILIEMEHTHPaa IPOMEH/BUBHX, OHJIA jeé MHJIyKOBAHA
apyra rpyna, C3 x S, pega n!2". Exement rpyne (i,0) € C} X S,, nupeciukasa
X =(x1,.0,xp) € By G, = (a:f;(l), e ,xf‘"(n)) € B,.

Heka g(n) osnHauaBa Opoj ameprojMYHUX PA3JUIUTHX OTPJIUIA OJ N-TepJIn
0bojerux y 2 doje rie ce Opojame BpIIA ,,0e3 IpeBpTama’’, ajJl TaKo Jia JBe doje
mory omtn 3amemsene (Bugeru [30], mu3 A000048). Tama je g(n) = 0 3a cBako

Henapuo n, ¢(2) =1, n

|2k, dfke,d< 2k
Axo je o € S, nukaMYHa mepMyTalyja (epMyTaIpja Koja uMa jelaH IUKIIYC
JyKUHE M), MUKJIyC jy)ube k u3 (i,0), yKoimko je wt(i) mapHo, y o’ uHIyKyje
HepMyTaIjy ca MOHOMOM IUKJIYCHOT MHJIEKCA
17
dlk
VY cynporHOM, ako je wt(i) HemapHo, IUKJIIYC JAyKHUHE k UHIYKYje

1T @,

d|2k dik
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na nuKIIyc ayxkute k uz o (ysumajyhu y ob3up csa moryhia KoMIieMeHTHDaba 1)

nHayKyje 2F mepMyranuja KojuMa ofrosapa cyMa MOHOMA,
by = 2F1 H f;(d) + H fg(d)
d|k d| 2k, dik
Hexkosiuko Henysia 4iaHoBa Hu3a ¢g(n) npukasanu cy y tadesan 2.9.

Tabena 2.9: Hus g.

nil 2 3 45 6 7 8 9 10
g@n)[1 1 1 2 3 5 9 16 28 51
Hukycan nngexc Zg, (f) mar je ca
XPpi

X\ TT#+ I 7

1<j<n \ d)i d|2i,dfi
>0

Z J H?:1(2i)pip¢! (228)

peP,

ITpumep 2.3.8. Pasmotipumo yurasycru ungerc pyte Gs.

] — b xbxb=(ff+ fo) x (ST + o) x (JT + f2)
= (xR + X )+ (B x D+ (hx f2) x (24 )
= (F+B+E+E) <+ )= +3f) < (i + f)
= (A XD+ (X f2) + BfF x f1) + (35 % f)
= f+fH+3L+3L=R+7f
tity — by x by = (fT + f2) X 2(fT fo + f1)
= 2 ((]‘712 X fifa) + (ff X fa) + fa X fif2) + (f2 ¥ f4))

= 2 (X IDUR X L)+ Ji+ (o X [ % fo) + 13
= 2 (NB+R+BE+=2-(F1fF+2fi+ 1)
= 2f\f5 +4AfF+2f,

ts — by =2°-(f1f5 + fafe) = 4ST 13 + 4/ f6

Hoaurom yuraycnor ungexca Z(Gs) gatt je uspasom:

TR A BRAE AL+ 2f3) + 2(4f7 3 4 Afafe)
N 3123

Z(Gs)
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ITpumemumo ga {(i,a)|type(a) = (1,1,1)} u {(j, o)|type(o) = (1,2)} 34 HEKO
i€ C uj € CY upouseoge uctiu wut monoma (f3). Haxon cadbuparsa waarosa

uctwor wuaa goduja ce:

P4+ 13f3 + 61113 +12f7 +8f1f3 + 8fafs
2(Gs) = 48

Ha ocnosy (2.15) saorcu:

28—{—13-24—}—6-24-22—}—12-22—}—8-22-22—}—8-21-21_

Us(Gs) = 48

22

Paszaura usmehy S), u G, jacno ce eugu y pactiogeau 6pojesa Hurosur GuKCHUL
WANAKG TPUAUKOM GeJCTuBa Taposa Wavaka Ha CkYyd unsepliudusmur Byrosux
dyrryuja. Ipema (3.4), pacuogesa dukcrur Wwavakra 3a n = 3 3a c6e UEPMYUWa-
yuje Yy KoMUOSUUUJU Ca UGEHTUUKOM WPAHCHOPMAUUJOM KOMUACMEHTLUPAIoG, (TL].

pactogeaa 3a S%) upukazana je y wadeau 2.10:

Tadesa 2.10: Pacnogenna dbukcnnx Tadaka 1moj ejcTBoM rpyte S5 X S5

210 120 201 021 012 102
(12 (012) (021) (0)(12) (0)1)(2) (01)(2)
(1)(0°2) 192 0 0 192 0 192
(012) 0 36 36 0 0 0
021) 0 36 36 0 0 0
(0)(1 2) 192 0 0 192 0 192
0)(1)(2) 0 0 0 0 40320 0
0 1)(2) 192 0 0 192 0 192

IIpumehyje ce ga ce purcre Wavke TOCTOJE JeqUHO Y CAYUAJY Kaga je WUt

UEPMYTWAYUE YAABHUT TUPOMEHHUSUT JEGHAK TWUTY UePMYTAUUe USAASHUT TUPO-
menpusux. Pactiogena pukcnur Wavara 3a n = 3 c6UT TGEPMYWAUUIE Y KOMTO3U-
YUJU Ca CBUM KOMTAEMERTUUPAbUMG (Tj. pactogeaa 3a G3) gatia je yukAycHUM

UHGERCOM:

_ AT 43RS AL+ 2f5) + 2412 f5 + 4f2 o)

Z(Gs) 18

u Gpukasana je y wadeau 2.11. Cee yaazne wparchopmayuje yaapyjy ce ca ceum
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Tabena 2.11: Pacnionena ¢dpukcaux Tadaka 1o jejctBoM rpyie Gz X G
210 120 201 021 012 102
(1O2) (012) (021) (0)(12) (0)(1)(2) (01)(2)

(1)(02) [ 2816 0 0 2816 5376 2816
(012) 0 768 768 0 0 0
(021) 0 768 768 0 0 0

2816 9376 2816
2376 59136 5376
2816 2376 2816

0)(12) | 2816
0)(M1)(2) || 5376
(0 1)(2) || 2816

OO O
OO O

U3AG3HUM TPaHCcPHopmayujama u Gpoussoge caegehe dpojese GurcHUT WaaKa:

thot? — 12.81-1547%.4!. 2" = 40320 + 18816 = 59136

tito o tyty —> 22.41.14.21.22442.21.24 4 22 . 41. 2% = 768 + 512 + 1536 = 2816

tyoty — 42.21.12.21.32442.11-2-11-6 = 576 + 192 = 768
tBotity, — T7-2-4!-2*=5376

aa je na ocnosy (2.24):

%(GS) = (3| . 23)2 482

119808

2304

2.3.3 JluneapHa rpyna

Y 0BOj TaYKM M3BOM Ce IMUKJIYCHU WHJEKC 3a JuHeapHy rpyiy. Teopeme 2.3.3

u 2.3.4 HaBozde ce 0e3 Jokasza.

Teopema 2.3.3. [18] Hexa cy eaemenimapru geautuenu mawmpuuye A € M, (GF(q))
f17"'7f17"'7f57"'7f8
— —_—
1258 HUs

e je f € GF(q)[x] monuwku necsogrusu tosunom ctaetena d. Taga je

s M4

|Caring(A4)| = qAXr<igs MinGa) it H H(l —q ™. (2.29)

=1 u=1

Teopema 2.3.4. [18] Hexa cy eaementtiapru geavtuenu mawupuye A € M, (GF(q))

29

1% -59136 + 3% - 2816 + 2% - 768 + 2 -3 - 5376 59316 + 25344 + 3072 + 32256
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f fl?"' 7"'7 isi

he RS

ft,...,ft,..., se L fee
Ny J/

-

(t) Ng?

e ¢y fi,..., fr € GF(q)[x] monuuru necsogmusu tosunomu ciietiena deg(fr,) =

dy. Taga je

Sk My

t
(k) (k)
Corgug ()] = == e T T[T - . (230

k=1 1i=1 u=1
Heka P,(x) o3nagyaBa n-tu HecBojsbuBu noauaoM Haj GF(2) ako je uckipyden
noMHOM = (Kao jeJIMHU HeCBOJJBMBH MOJMHOM ca KoHcTaHTHUM 4wiaHoMm (). Heka
d; o3HavyaBa creneH nonmHOMa Pj(x),  Heka e; o3HadYaBa pej mosuHOMa Fj(x),
Tj. €; = ming~ Pi(z) | 2¥ — 1 (nemusocr je nedpunucana y GF(2)[z]). Hekomuxo
npBHUX 4iaHoBa Hu3oBa Pi(x), d;, e; npukasanu cy y tabesm 2.12; mosmHOMEU Cy

nekcukorpadceku nmopehanu kao tpojke (d;, e;, P;).

Tabema 2.12: Jlucra npBux 8 HecBobUBUX TOTMHOMA P;(x), 3aje/IHO ca HBUXOBUM
creneHuMa d; U PEIOBUMA €;.

1142 1] 1
2 1+x+ 22 2| 3
3|1 +x+ 23 31 7
411422423 3| 7
S5ll+az+a*+a3+a2*| 4| 5
6|1+x+at 4115
TI1+23+24 4115
Sl1+ax+2*+2°+2°| 5|31

Heka je marpuma A € GL(2,n) mara y kanonckoj dopmu mspasuma (2.11)
u (2.12) (1j. ka0 BHJIOK JAUjAroHAJIHA MATPUIA XUNEP-TIPUIPYKEHUX MaTpPUIa He-

cBobMBHX mosimHOMa Hag nosbeM GF(2)). Heka je

=1

rie je a; = ) jay) = > ;jay m Y7 a;d; = n (Bugern wspaze (2.11) u (2.12)).
CBaKky HECBOJJbUBH TIOJIMHOM MOKE Ce MOJABUTH Kao JEJIUJIAI KAPAKTEPUCTHIHOT

60



I'VIABA 2. OCHOBHH II0OJMOBH U TEOPEME

nouaoMa Matpuiie A € GL(2,n), na Baxu

Gk

HejerBo marpuie A MOXKe ce MPEJICTABUTH KAaO JMPEKTHU TPOU3BOJ, (BUIETH W3-
pa3 (2.13))

tn a;

XX H(P])™ o, (2.31)

=1 j=1
,HaKJIe, Ja o1 cMo 3HaJII OUKJIYCHU THUII MaTPHUIIE A, JOBOJBbHO je 3HATHU THUIIOBE
UHAYKOBAHUX XUIIEP-IIPUAPY2KEHUX MaTPHUILA. HI/IKJIyCHI/I TUII XUIIEP-TIIPUAPY2KEHE

MaTpuIiie HECBOA/bUBOI' IIOJIMHOMA MO2Ke C€ M3BECTU U3 IbErOBOI' pela.

Teopema 2.3.5. Hexa je P(x) neceogwusu uworurnom ctetena d. Heka ene-
menimaprom geauttieny P(x)* pega ey ogiosapa wutep-upugpyoicena matpuya
H(P(z)*) gumensuje kd. Hexa je V eexttiopcku upoctmiop nag tomem Fyd. Iu-

Kaycna ctupyximypa xojy ungykyje H(P(x)k) je

id i— l)d
flr[fﬁ -

Joxkas. H(P(x)F) unaykyje nuxiyce auju je 3oup myzxuna 2*¢. Ha ocnosy Teope-
Me 2.1.12, ay»KuHa HeKOT HHIyKOBAaHOT IMUKIyca je ex. Jlejerso marpume H (P(x)*)
Ha BEKTOPE ca IPBUX d KOOPJAWHATA jeITHAKUM HYJIM aHAJIOTHO je JejCTBY MaTpHIlEe

H(P(x)*!) max BekTopuma HaJi I0/beM F2(k’—1)d (

kpahum 3a npBuUX d KOOpMHATA,)
qnja JIy2KUHA IuKJyca Ha ocHOBY Teopeme 2.1.16 nesn er_;. [Ipumernmo na Baxkn
e; = ;219271 Taxne, muxmycHa crpykTypa maaykosana gaejcrsom H(P(x)*) ma
BEKTOPE KOJ[ KOJUX MPBUX d KOOPJAMHATA HUCY UCTOBPEMEHO HYJIA je fe, (=250 e

BekTop cacraBibeH o7 CBUX HyJIa YBEK HHIYKYje ITUKJIYC fi. [

Heka je e(m) Opoj mecBomybuBux mosmHoMa cremena m Hajg GF(2) (Bumern
tabey 2.7). Heka je t, Opoj HECBOIJBPMBHX MOJMHOMA CTElEHA HAJBUINE 71 HAT

GF(2), kaJ1a je UCKJbYY€H MOJIMHOM IIPBOT CTEIeHa T, Tj.

tn = Ze(m) — 1.

m=1
[Toromuoctu pamu, Heka je to = 0. Heka je A, ckym pemema a = (ai,...,a,) y

. . t .
CKYIly HEHEraTHBHUX IeJHX OpojeBa jenHaumue y " a;d; = n, Tj.

tn
A, = {(al,...,atn) | Zaidi:n.} (2.32)
=1
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Bal<i<t,mul<j<n Heka je

9di(i=1) (i _ 1)

dij = g2, hij =
dij

Teopema 2.3.6. 3a gawu nenetatusru yeo wu3 B = ([, Pa,...) ca KOHAUWHUM

bpojem WOBUTWUSHUT eaemenatiia, Hexka je b = Y 2 if; (apema wome ; = 0 3a

i>b) u nexa S(B) osnauasa cymy
b

S =3 (ﬂ2(3—1)+( )+Z ™ 25,6

j=1 7=1 k=j+1

Taga je Zgr, jegHax

X X (flnqh;;> |

1<i<ty  1<)<a;

1 >0 0 k=
a; Q5>
— E E M, - —
MTL tn a; az] ’
a€An aePal X"‘XPatn H 2d'LS(CV'L) H H(zkdl _ 1

i=1 Jj=1k=1

g€ je M, = HZ;& (2" —2P) seaununa pyte, ungerc a je t,-wopra o = (au, . . .

u

(Oéz‘,h e ;Oéz‘,az-), a; >0

0), a;=0

o =

Jlokas. Tpedopmymummmo uszpas (2.29) 3a ¢ = 2:

i
CaLmay(A)] = 20Zcimcs @ TTTT(1 —27%)

i=1 u=1
s

— od > (va:l K+ k=i Wk)“i H ﬁ(l — Q_d“)

i=1 u=1

— 2d(2f:1 S kpepi Y D h—it1 i#km‘) f[ ﬁ(l _ 2—dU)

=1 u=1
s i

— 2d(2f:1 235 k=it iﬂkl‘z H H 2= du 2d“ _

=1 u=1
s

i=1 u=1

=1 u=1

_ 9Ty (- I S i) HH (2" -1

i=1 u=1

- Qd(Zf:1 UL D DHRD Y S 21’%##2?:1(%) H ﬁ(Qdu —1)

(2.33)

(2.34)

7atn)

S > 1 Z -1
— Qd( TS Dei Zk:i+127’“k“i_21 p (= = )) HH Qdu_
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BameHoM o3HaKa k =u, j =1, d =d;, s =a;, j; = ®j, u3 (2.30) noduja ce u3pa3s

3a IeHTpaan3aTop y u3pasy (2.34). Uz (2.31) caenn rBpheme Teopeme. ]

2.3.4 Adwuna rpyna

Y 0BOj TauKM M3BOM Ce NUKJIYCHU WHJEKC 3a aduHYy IPYyILy.

Jlema 2.3.1. Hexa je R xomytatiueny apctien ca jequnuyom. Hexa je A : R™ —
R"™ auneapro upecauxasare ub € R". Axo je upecaurasare v — Av—v dbujexyuja,
waga upecaukasare v — B(v) = Av 4+ b uma uctliy yukiychy cUpyrmypy Kao u

upecaurasarbe v — Av.

Jloxas. Tlomro je A — I Gujekumja, npeciukasame ¢ = (A — I)7H(b) je mobpo
nedunncano. [Ipeciukasamwe T : R — R", T'(v) = v — ¢ je nepmyranuja R" u
BaXKH

(T'oBoT)(v)=(T"'oB)(v—c)=T '(A(v—c)+b).

Kako je T™'(v) =v+cu (A—1I)c =0, cieau:
(T"'oBoT)(v) = A(v—c)+b+c=A(w)—A(c)+b+c=Av—(A—IT)c+b= Av.

Haxie, npeciinkaBamwa v — B(v) u v — Av ¢y KOHjyraTu, a uMajy UcTy IUKJIyCHY

CTPYKTYPY. 0

Hejerso (A,b) € AGL(2,n) va F}' Moxe ce mocMaTpaTh Kao JUPEKTHU MPO-
3o gejecrBa (A’,b) Ha morupocrope FJ' rie je A’ xunep-npujpyzKeHa MaTpU-
na HecBombuBuX nosmuoma Pj(x) € Fy[z|. Ba Pi(x) # z — 1, npeciukasae
v— H (PZJ )U — v je peryJapHo JMHeApHO MpPEeCINKaBambe, Ia Ha OCHOBY Jieme 2.3.1,
IEKJTyCHE TuI IpecinkaBama (H(P/),b) ne 3aBucu ox b  jefHaK je IUKIyCHOM
Tumy npeciukasama (H(PY),0).

Heka je Pj(x) = x — 1. Tana je

10 00
11 0 0
A=HP)=10 1 0 0
0 0 10
0 0 1 1]
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Hexka je
R
by by ?
—bs
by : 0 :
b=| |eF,bV=| |€eF,c=|: |uTw):=v+ec.
: : Y
b; 0 ’
’ 0

Tpeda npumerntn ja Baxu (A — I)(c) +b = V. Heka je B(v) = Av+b. T je

epMyTaIuja y mosby FQJ U TIOIITO je

T'BT(w) =T 'Blv+c)=T ' (Alv+c)+b)=Av+c)+b—c
=Av+Ac+b—c=Av+(A—I)c+b=Av+V

caeau Jia cy npeciaukaBama v — Av +bu v — Av 4+ b’ KoHjyratm y omHOCY Ha
npeciukasame 1. akie, 3a ceux 277! Bexropa m3 ckyma {b € FJ : b = 0},
aduna npecimkaBarba odsmka (A, b) u (A,0) umajy UCTy IUKIYCHY CTPYKTYDY.
Ha xpajy, kaga je by # 0, moTpedbHO je W3padyHATH IUKJIYCHY CTPYKTYPY
npecimkaBama v — B(v) = Av + V. Heka je A’ := H(P*') € GL(2,; + 1). Tama

BazK1

o b b1
v B(v)
: 1 i1 :
[Tomro je by # 0, cBu ejeMenTH [ € FJ"' umajy mcTH MUHEMAJIHE HOIHHOM
v

Pl-j 1 (y ommocy ma A), ma obpazyjy 27/ gi j+1 IUKIyca Marpune A’ nyKube g; ji1.
Bal<i<t,ul < < nHeka je

2J

J
j—1 hik =1 p UG+
2 lefqm +2 i > 0= 1
k=1

uij =

J
2idi fy [T fee, i > 1
k=1

J
Uspa3z 3a nukiycun unjekce rpyne AGL, cauuan je uspasy (2.34); uspas fi H f(Z;’“
k=1
3aMeIbeH je ca Uij, Y3 J0JaTHO MHOXKehe ca 27
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a;
M, X X ug™

1 1<i<ty  j=1

QnMn Z Z = a; Qij

a€An €Pa; XX Pay H 2diS(cxi) H H(zkdl . 1) ‘

1<i<tn j=1k=1
a; >0

(2.35)
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I'maBa 3

IIpebpojaBame KJjaca
eKBUBaJIeHIIrje BynoBux m

MHBepTUONJIHNX BbynmoBux

byHkIHI]ja

N3 uzpasa
1 N o
Un(G) = Za(2,2,...,2) = @ > g(p)2==r (3.1)
pEPN
n
o 0 0
Vn(G) - G(a_t17a_t27"'7%)'

Za(1+t1,1+ 2, ..., 14 Nty)|, _

o=t =0

- o7 X awr [ 3:2)

pEPN

CJIeJIN Jla ce U3 MO3HaBamba IMUKJIYCHOI WHJEKCAa MOI'Y U3PadyHaTH OPOjeBH KJaca
ekBuBaJsiennuje Bynosux U, m muBepTudomanux bymosux dyukiuja V,,. Mehyrum,
OIINTH W3Pa3W 3a U3padyHaBambe He oMoryhasajy jodujarbe IUKJIYCHOT HHJIEKCA
3a noJjie Behe BpegHOCTH N. Y HACTABKY Ce NMPUKA3yjy HEKU MPUCTYIHU ePUKACHOT
padyHama m3pa3a 3a MUKJIyCHEe WHJIEKCEe 3a CBe UeTUpPU I'PyIe TpaHcdopmalmja.
[IpBo ce pazmarpajy 3aje/IHUYKa TOOOJbINAIba 33 CBE YETHPHU I'PYyIe, a IMOTOM U
cueruduyna yop3ama Be3aHa 3a M0jeJ[MHAYHE TPYIIE.

Caneneha Tabesia cymupa j10d1jeHe y OJIHOCY Ha MPETXOIHO MO3HATE Pe3yJiTaTe.
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Tabena 3.1: Crape u HOBe Bpeanoctu 3a U, u V,.

[ S | G, [ GL, [ AGL, |
U, |11 —-33|10—32|8—=31] 10— 31
Vol 6227 | 6—-30 |6 —>26| 6 — 26

Y oBoM morsaB/by mpukasyje ce eUKACHO padyHambe IMUKJIYCHOI WHJIEKCA U

opojesa U, u V,, 3a cBe yeTupu rpyie TpancgopmMaImja.

3.1 Kopumheme noimmaomMma oa jemHe
IIPOMEHJbBE YMECTO MOHOMA O/

IIPOMEHJbUBUX fi, fo, ...

MonoMu KOju ce 10jaBibyjy y TOKY padyHama IUK/IYCHOT WHJEKCA, T€HEPATHO
Cy J0CTa PETKH - KOPUCTE Ce CAMO HEKH O] IIPOU3BO/a MPOMEH/bUBUX f1, fo, ...,
na je pauyHame /lekaproBor mpoussoja jBa MoHOMa (2.6) npuiamdHO HeedUKCa-
no. OBaj mpodjieM MOXKe ce PeluTH 3aMEeHOM M3Pa3a fij MoHOMOM jx', dymyhu 1a
Wolfram Mathematica He 1mTem MeMOPHjCKU MPOCTOP TPU PaJLy Ca MOHOMHUMA,
amu e(UKaCHO PaJi ca PETKUM TOJMHOMIMA. JIeKapToB mpon3Bos (MMIIIEMEHTH-

paH MpuMeHOM orepaTopa Kpcer (2.7)), y 0BOj HOTanumju mocraje
jaP x kat = jk(p, ¢)x®?,

u Kpcr aBa MoHoMa (2.6) mocraje

a

a b b
(ijxp> X <Z kq:vq) = Z Jp? X k acq
p=1 q=1 p=1 ¢=1
a b
= Z ijkf}<p7 )z

p=1 ¢=1

[TomTo ce y penpe3seHTAIjU IUKJIYCHUX WHJEKCA MOHOMUMA KOPHUCTH OIlepa-

nja cadbuparma, JuHeapHa KOMOUHAIINja MOHOMA
P N
Jik
k=1 i=1
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IIpeICTaB/bEHA je JINCTOM I1apoBa

N
i=1

Axo kpcr nBe sincre canpxku jaBa mapa (uy, Mq) u (ug, Ms) rne je My = Ms, tana

Ta JiBa mapa MOy OMTH 3aMerbeHa mapoM (u; + ug, M;). Kper ase takse smcre

((uh, MY), (uh, M3), ..., (u,, M) X
((uf, M), (uy, M), ..., (ull, M)

je JmcTa CBUX MMapoBa

(IIIM/XM//) lgzgp,lgqu

’L]7

[TapoBu ca jegHAKOM JIDYTOM KOMIIOHEHTOM MOTY ce IMpoHahu copTUpameM pe3yi-

Tupajyhe JimcTe 10 JIpyroj KOMIIOHEHTH CBOjUX TAPOBA.

IIpumep 3.1.1. Kpcwi gsa tosuroma

(ff+ f2) x 2fif2+2f2) =
= (fEx2f1f2) + (fT X 2f0) + (fa X 2f7 f2) + (f2 X 2f1)
= 2fif5 +2fF + 2f3 13 + 2f}
= 2f{f5 +4f7 +2f5

3aMeMEN je KPCWoM gee Auciie Uaposa

((1,22), (1,2%) x ((2,2z + %), (2,2%)) =

((2,2z x (2z 4+ 2%)), (2,22 x ), (2,2% x (22 4+ 2%)), (2,2° x 7))
= ((2,4z +22%), (2,22"), (2,22% + 22%), (2,22")) =

((2, 42 + 227), (4,22), (2,427)) .

NzpauynaBarme MUKIyCHOr UHJIEKCA HAKOH OBE 3aMeHe II0CTaje 3HATHO eduKa-
cuuje. JelHOCTaBHOCTH paJiv, Y IpUMEPUMAa KOju cJjiejie ouhe 3ajipxKaHa HOTAIN]a

ca mpoMensbuBamMa fi, fo, .. ..
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3.2 VYmHampen u3padyHare Tadesie

[Tokazahemo y HACTABKY Jla ce CBU M3pa3u 3a IMUKJIycHe uHiekce (2.27), (2.28),

(2.34), (2.35) MOry IpeJCTABUTH y ODJIUKY:

Zo(f)=>_ X Hi, (3.3)

pEPn 1;;5'8
rae je H = [H;;] oarosapajyha ymampen mspadynara Tadeira JUMEH3Hja 1 X N.

OBakBo TIpejicTaB/barbe MUKJIYCHOr HHJEKCA 3HAYAJHO yOP3aBa IeroBO padyHaIbe,
IIOIITO ce m3DeraBa IOHAB/bAIE M3padyHaBama ejieMeHara Ttadeiae H. Cremehe
yOp3ame IMOCTHXKE Ce CMambemeM Opoja CKynmxX KpcT omeparmdja. OBa maeja miry-

cTpoBaHa je cienehum mpuMepoM.

IIpumep 3.2.1. Ban =5, P, ce cactioju og 7 esemenaiia

gt W = N O = O
SO = N O = O O
o O O = = O O
o O O o o ~ O
o O O O o O =

Huxaycrnu ungerc

Za(f) =Hs1+ Hyy x Hiq + Hsy x Hop+
Hzi1 x Hig+ Hyo X Hiy + Hi3 X Hyy + Hys.

cagpoicu gea uspasa Hsy, ta Zg(f) mooice dutiu uspauynat@ ca jegHom marbe

0UEPAUUJOM KPCTL:

Hs1+ Hyy x Hiy+ Hsy X (Hoy + Hi9) +
Hyo x Hig+Hyi3x Hoy + Hys.

Huje Temko renepanunsoBaru oBaj npuctyin. Hakon omazajyher jiekcukorpad-
CKOI' copTuparba ejemMenara u3 F,, 0daB/ba Ce HBUXOBO I'DYIUCAHE 10 MMO3UIN)U
k m 1mo BenmuYWHU pj HEHYJIa ejleMeHaTa ca HajBehuMm wuHIeKcoM. Pazmorpumo

IIPOM3BOJLHO OBAKBO T'pymucame. Kako cBU KpCT m3pa3u yHyTap Tpyle MOYUbY
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ca Hy,,, 3ajeqamukn daxtop Hy,, Moxe dutn m3BydeH mcupef 3arpage. Cyma
YHyTap 3arpaja oArorapa u3pasdy F,_jp 7 MOKe OHTH PEKyP3UBHO H3PadyHATa
KopuihemeM UCTor mpucTya. Mern MmeTos Moxke dutn KopuiiheH Mpu padyHamby
onrosapajyhux opojesa U, ; npu Tome, moryhe je mspauynaru U, 0e3 padyHama

KOMILJIETHOI IMKJIyCHOT MHIEKCa. AJIrOpUTaM je IpeacTaB/beH CiemaenuM KOIoM.

part(n, k, term)
[Pauyname nesia Zg npujpyeHor ejemenry p € P,
3a KOJH je Pri1 = -+ = pp = 0]
[term je KpcT u3pasa u3BaH 3arpaja
HACTAIMX U3 [IPETXOHUX PEKYP3UBHUX M03UBA|
[sum je riobasma nmpomensbuBa 3a opMupame Zg|
[U,, je riodanna npomensbuBa 3a dhopmuparse Uy, |
if n=0 then |[Tpenyrnu term je 3aBpruesn|
sum < sum + term |Kpaj pexyp3usHor mosusa|
Up < Up +term(2,...,2)
return
else
if k>1 then
for i = |n/k] downto 0 step —1 do
if ¢ >0 then [Axypupame TpeHyTHOr term)|
part(n — ik, min{n — ik, k — 1}, term x Hlk,1])
else
part(n,k — 1, term)
else
part(0,0,term x H[1,n])

return

Uspasu 3a Zg u 6poj U, modujajy ce pekypsuBHuM mno3uBom part(n,n,1);
3a Jodujame m3pasa 3a Zg 0e3 paziomaka, Tj. y oduauky |G|Zg, mHUNMjaTHI
nozus je part(n,n,|G|). Axo p(n) ozmauasa Opoj maprunuja Opoja n, Taja je
p(n) = O(exp(m+/2n/3)), Bunern na npumep [13]. TIpoceuan Spoj nenosa napru-
muja opoja n je O(y/nlogn), sunern [14]. Ha Taj mauun, 5e3 omnmcanor ajaropu-
TAMCKOT yOp3arma, Opoj olepalija KpCT y TOKY padyHamwa Zg obiuka (3.3) rpybo
je O(p(n)y/nlogn). Heka T'(n, k) y anropurmy part(n, k,term) npeacrasba opoj

olepalmja KpCT y TOKy padyHama Zg odianka (3.3), Koju oaroBapa mapTuiigjama
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oj1, HajBuie k nemosa. Tajga je

0, k=1
T(n, k) = |n/k]

In/k] + Z T(n —ik,min(n — ik, k — 1)), n>0, k> 1.
i=0

Heka p(n, k) osnagasa Opoj naprunuja of Hajsuiie k jgesoBa. 113 mosHare peky-
pentrre jennaumne p(n,k) = p(n — k, k) + p(n,k — 1) npousniasu cindsa pexy-

pEeHTHA jeTHAYNHA

L, n=k=0wm k=1
k)= o
pln, k) Zp(n—ik,min(n—ik,k:—l)), n>0, k>1.
=0

Jlema 3.2.1. 3a ceaxon > 1, 1 < k < n, sastcu Hejeguarocii

T(n,k) =p(n,k)—1

Zlokas. lokas ce m3Bojm MHAYKIMjoM 110 k. JemHakocT je tTauna 3a n =k =0 u

k = 1. IlpernioctraBuMo Ja je TadHa KaJja je Apyrd apryMeHT Mmawmu o k. Tasa je

ln/k]—1
p(n, k) —T(n, k) = Z (p(n —ik,k—1) —T(n—ik,k—1)) — [n/k]
=0
+ p(n mod k,n mod k) — T(n mod k,n mod k)
ln/k]—1

= > l1—|n/kj+1=1

=0

]

13 nokazamor ciemu crerwjaano fa je T'(n,n) <= p(n,n) = p(n), j. T'(n,n) =
O(p(n)). U3 oBe HejeHAKOCTH CJIeU Ja je yOp3arbe ajropuTMa y OIHOCY Ha
JpekTHO padyHame (3.3) pema O(y/nlogn).

3a BeJinKe BpPeIHOCTHU N, MOTyhe je Ja BeJuInHa u3pas3a 3a Z¢ IPEeBa3nuIa3u Me-
MOPH]jCKO OTpaHnydere. Taja je umak moryhe modbutn Bpegnoctu U, 0e3 padyHama
Z ¢, M30CTaBJ/balbeM aKypupara MpoMeH/buBe sum. Bpeanoctu V,, me mory outun
u3padyHaTe Ha OBaj HAUMH Oe3 padyHarba [UKJIYCHOT WHJIEKCA, OMITo n3pa3 (2.24)

HUje JITHeapaH y OJHOCY Ha KoedUIINjeHTe ITUKJIYCHOT WHJEKCA.
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3.3 TI'pyna mepmyTanmja OpoMeH/bUBUX S

Teopema 3.3.1. Hexka je

Fi;

Hij = K. .
27‘7

Taga yukaycru ungeke (2.27) woctwaje

Zg, (f) = Z X Hip,

pEP, 1<i<n

pi>
Lloxas.
F,
Zg, (f) = Z X 70 - = Z X Hip,.
peP, 1<isn ~ WPi peP, 1<i<n
pi>0 Di>

ITpumep 3.3.1. 3a n = 3, goduja ce
e(l) pe(3
Fyu= 0759 = 15,

Fig=(f{) = f2x f2x f2=fix f2=f5,

K;y =3"1'=3, K;3=1%3!=6.

Komanetine ynatupeg udpawyratie wadene cy

FER o i
F=1|fif 0 0|,
fiff 00

1 2 6
K=1[12 0 0],
3 00

R Fl 3 i
H = %f%f? 0 0 9
sfifi 00
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79e 0 o3navasa eaementls Wadene Koju ce ne xopuctiu. [Ipema Wome

Zs, = Hzi+Hyp X Hyy + Hyg =
= A+ AR+ =
= 3+ +5h

3.4 AnTepHaTUBHHM NPUCTYI 3a rpymy S,

Bpeaunocru U, (S)) u V,,(S),) moryhe je qupekTHO m3padyHaTH, Oe3 padyHarba

OUKJIYCHOI' HHIAEKCA.

Teopema 3.4.1. Hexa gexomuosuvyuja n = ki +ke+-- -+ k,, ogiosapa Gapuuju

1 Z€(2))
Z Z <21,]22,.. >’

Zl|k1 Zm|km ) 7

P U Hexa je

ge je e(n) nus gedunucan udpazom (2.26). Taga sasrcu
25(p)

H?:l Pip;!

Jloxas. Pa3MoTpuMo J1e0 IUKJIYCHOT MHJEKCa cuMeTpudte rpyie (2.27)

Un(S;z) =

peP,

ij
e d)
GS(p, f)= X (][] £
1<i<n \ d)j
p;i>0
KOju ojrosapa dbukcupanoj naprunuju p € P,. Heka je (ky, ko, ..., k) HU3 cacTa-

BJbeH Of], p; leaux Opojesa j, 1 < j < n. Taga je

Gs.s) = X TLs =1+ 1 X £

J=1 z]|k Z1|k1 Zm|km Jj=1
_ f i= 1Zze 2i) [ <21,22,.2m>
- <Z1,225-,2m>

lekl Zmlkm

Hexa jo S(p) = 108y (GS(p, f) [piopoz): Taa je 250)/[T, "pi! oo cywe
U, (2.15) xoju omrosapa napruruju p € P,. Jakie

Z Hz 1szpl

pEP),
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[IpousBO/LHOM Tapy TepMyTallija IpoMeHsbuBux (p,0) € S? omrosapa mpe-
cimkaBame 1,, 1 Sy — Sy, Koje IPOM3BOJ/bHY BEKTOPCKY HMHBEPTHOMJIHY (DyHK-
mujy F' € Sy mpecinkasa y BeKTOpcKy unseprudbunny dyukuujy F' =T, ,(F) =
p o F oo taksy na je F'(x) = p/(F(o'(z))) 3a cBako = € B,,. Ako ce n-Topke
u3 ckyna B, komampajy OpojeBuma u3 maTepBasia [0, N — 1], oHma je cKym cBuX
npeciukasaiba 1), , TOArpyna rpyme Syi.

Jla 6u ce Ha ocHoBy PpodEHNjyCOBE TEOpEME OJIpe MO OPOj Kjiaca eKBUBAJIEH-
nuje Bynosux unsepruduanux gyHknuja, norpebHo je 3a ceaku nap (p, o) € S,
ofpe T 0poj pukcHUX Tadaka. Tpancdopmanuja 1), je duxcna Tauka ako n
camo ako Baxu ' = F.

Tpancdopmaruja 1), , nma dapeM jemaHy GUKCHY TadKy aKo U caMo ako type(o) =
type(p) [21]. 3a mpomsBosbny mapruiujy p € P, u rpyny nepmytarmja G (6umo
KOI' 07] YeTHpH pasMaTpana Tuna), Heka je G, = {0 € G | type(o) = p} noxackyn
nepMmyranuja u3 rpyme G ca IMUKIYCHOM CTPYKTYPOM OIHMCAHOM HapTuiujoM p (p;
mukiyca gyxube i, ¢ > 1). Heka je g(p) = |G,|. Cuenujanno, ako je G rpyuna
S, Tana je (S,), = {c € S, | type(c) = p}. Heka je 0 € (5,), u Heka je Tum
uHyKoBane nepmyraryje type(o’) = p' = (pl, ph, .., Py). 3a CBaKy JLyKUHY IH-
Kjayca i mocroju p;! moryhux ynapupara usmely yJaasHUX U U3JIA3HUX I[HKIYCA
(mepmyTanuje o, OJHOCHO p) WCTOr Tuma. [lomTo yHyTap cBAKOr MUKIIyCa MOCTO-
ju 1 poramuja ejleMeHaTa, IIPU KOjuUMa CTPYKTypa IUKJIyca HUje HapylleHa, Opoj

dukcHnx Tagaka Tpancdopmanmje 1), , 3aBUCH caMO O, NAPTHUIHje P U jeHaK je
N, =[] & (3.4)
i

W3 nperxoaHor nsiarama u nocegure 2.1.1 cieman:

|S,| n!
f Sn - = n y '
9(p) = |(Sn)y| ICs, (o) T, p:!

Teopema 3.4.2. Csaxa tepmyayuja o € S, jequHctisero ogpehyje Gepmytiayu-

gy o’ € S/.. Ba apoussomno p € P, nexa je type(o) = p u type(o’) = (pi,...,p,)-
Taga sastcu
Hi Z‘pﬁp;!
ve (17wt

Jloxas. Ilepmyranuja F' € Sy je bukcra Tadxa rpancdopmarmje 1), , ako 1), ,(F(X)) =
F(X) Baxu 3a ceako X € B,,. Heka je I(p, o) dpoj dbukcHux Tagaka rpancdopma-

muje T, ,. Ha ocnoBy ®@podenujycose TeopeMe, 0poj Kiaca eKBUBaJICHIINjE jeIHaK
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je

R TP IDILCLET =D DD DI DD D

0ESn pESH PEPn pe(Sn)p 4E€EPR 0€(Sn)q
Heka je (S,), = {0 € S, | type(c) = p}. Bpoj duxcnux ravaxka rpancdopmanuje
T, ., Koja oxrosapa nepmyTanujama p € (S,), u o € (S,), jeanax je
(p, o) :{ 0, p#4q
Np, p=q
HOIITO je 3a Jodujarbe (DUKCHE TauKe MOTPEOHO U JIOBOJHHO Jia TUI (OJHOCHO CTPYK-

Typa) yIa3HUX LLI/IKﬂyca oJIroBapa TUILy U3JIa3HUX IuKJIyca. [Ipema Tome

n.ZZ ZN

pGPn PE(Sn)p g€{p} o€(S PEPn p€(Sn)p 0€(Sn)

V. =

peP )p 7E€(Sn)p peP

3 I @pipi-
2
pEP, ( Hz szpzl)
[]

la du ce m3padyHaJa BPEIHOCT OBOT U3pa3a, IOTPEOHO je OPEIUTU CTPYKTYPY
ofroBapajyher MOHOMAa IUKJIYCHOT MHJIEKCA KOjU OJroBapa WHYKOBAHOj ITePMYTa-

nuju o’

Teopema 3.4.3. Hexa je p € P, upouseonna tapiuyuje u Hnexa je o € (Sy)p-
Hexa je 0 = s ... qy, pasaataree o wa gqucjynwkitine yuxayce. Hexa je gyotcuma
yurayca o jegraka ki, 1 < i < m. Monom yukaycnot ungexca [ [, ff " Koju ogrosapa

aepmymayuju o' gam je u3pas3om

(1= 5% (Te) = T I A=

=1 zlk; z1|k1 z2lka Zm|km
Joxas. Huknyc pyxxune k; nepMmyTanuje o WHIYKYje MTPOU3BOJ, IUKJIYCaA IIEPMY-
Tanyje o' y odimky monoma [] . #2&)  TIpomssox mepMyTammia ca MOHOMOM
Hl =TI te, ¥y 0 uHAYKYyje HepMyTanujy ca MOHOMOM LHKJIYCHOI HHJIEKCA
X Hzi|k’i ffi(zi) y o'. Jleo mmkJyCHOr MHJIEKCAa KOjU Ojropapa HepMyTanuju o’
nobuja ce Ha OCHOBY mu3pasa (2.1.6)

P i zie(zi)/<z1,225002m>
f f<z1 322y Zm > .

Z1 |k:1 Z2|k2 Zm|k'm
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OmnuncannM asrepHaTHBHAM TpucTynoM, Bpegnoctu U, (S)) n V,(S),) u3pady-
Hare cy 3a n < 30. ArepHaTUBHU TOCTYNAK W3padyHaBama Bpemuoctu U, u V,
3aXTeBa Mabe MEMOpPHje Y OJJHOCY Ha IPUCTYI KOjU KOPUCTHU IUKycHH nHjekc. C
JIpyTe CTpaHe, IPUCTYII y KOME ce n3padyHaBa IUKJIYCHUI MHIEKC BPEMEHCKH OprKe
uspadynasa spegnoct U, a ciiopuje Bpegnoct V,. OBO ciien U3 9utbeHuIe jia ce
Yy TOKY Kpeuparba IUKJIYCHOI MHJEKCa BpegaHocT U, MOXKe CyKIecuBHO noseliaBa-
TH, JIOK je IIpe padyHama BpeHoCTH V, HOTPeDHO KpenpaT KOMILIETaH I[UKJLYCHI

HHIEKC.

3.5 I'pyna mepmyTaruja u KOMIIJIEMEHTHUPAaKba
npoMensbuBux G,

Teopema 3.5.1. 3a1<i<nul<j< HJ Hexa je

Xj

Fij = 211Hfd +Hfd )

di d|24,dfi
K, =#j, H;; =—2_
g IR i — .
29K
Taga je
E : >< 4,p;
pEP,, 1<i<n
pi>0

Jlokas. Jennakoct (2.27) mocraje

Z, F, .
o) = 3 e X e

pEP, 1<i<n
pi>0
s
n n
Dpi iD: oD -
[T iyt = [[27 et = T 2" Kon.
=1 =1 1<i<n
pi>0
cJe i

ZGn Z >< 2ipi | 7pz = Z >< Hlm

eP,, 1<i<n 4,5 cP,, 1<i<n
pEn p7.>0 PESn pz>0
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ITpumep 3.5.1. 3a n = 3, goduja ce

By = 2R0E0+ 250 R0
= Afifi +4fafs,

Fig = (Ff0 4 @)y
= (fi+f2) x(fT+ fo) x (fT + f2)
= (3 < (fi+1)=R~+7f,

K33 =3"11=3, K;3=1%3!=6.

YHatipeg uspavyrnatie wadenre cy

fi+fa fi+3f5 ff+7f

F=1| 2ftfa+2f4 0 0
AfE 3+ 4fafs 0 0

1 2 6

K=12 00

3 00

u
R+ L4322 L+ Lfs

H=| 1fifo+3ifs 0 0
SR+ 5SS 0 0

3.6 JImneapna rpyna Tpancdopmamnuja GL,

Y 0BOM 071eJbKY, HajIIpe ce aHAJIU3UPAjY PA3JIO3U 300T KOjUX je JTUPEKTHO Paty-
Harbe Ha OCHOBY M3pa3a (2.34) HeedpuKacHO, a 3aTUM ce TIOKa3yje Kako ce y3 moMoh
yHaIpe/ u3padyHaTux tadena H, MUKJIyCHU WHJIEKC MOXKe e(PUKACHO U3padyHaTH

kopucrehn nspas (3.3).

3.6.1 Ckym A,

JupekTHa UMILTEMeHTaIja Ha OCHOBY m3pasa (2.34) nuje edbukacha. Hak je

U TPBU KOpak, jooujame ckyma A, (2.32), mpodjeMarudan: yOIIITEHH METOJ 32
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Jodujame pelera JinHeapHe audepeniHe jeanaqdnne (FrobeniusSolve[] y mpo-
rpamy Mathematica) Beoma je neecdpukacan seh 3a n = 10. Mehyrum, nuje remko

JAUPEKTHO U3PAadyHaTHU 9/IaHOBE HH3a CKYIIOBa An Je,ZLHaHI/IHa

tn
i=1

€KBUBAJIEHTHA je ca

n t;
E i a; =mn,
i=1 j=t;_1+1
nomTo 3a j = t;_ + 1,...,¢ Baxn d; = i. Kako je P, ckyn pemema p =

(p1,D2s - - -, Pn) jenuaduue » . pii = n, neo A, xoju oxrosapa maprunuju p € P,

pitti—ti—1—1

0 ) KOMTIO3UIMja p; Ha t; — t; 1 HeHe-

jennak je /lekapToBOM TPOU3BOIY (

raTuBHUX JeJIoBa, 1 < 1 < n.
y»xuna HuzoBa y ckyiy A, jeanaka je ¢, < .. (2" — 2)/i (Bumern Ha npn-

mep [4]), mTo je O(2"). Bpoj raksux Hmsosa je 2" ! (Bmaerm manomeny 3.6.1).

JakJie, CJIOKEHOCT padyHama Ha OCHOBY JICTe CBUX HU30Ba u3 A, je O(4").

IIpumep 3.6.1. Eaementuiu P, cy epctie matupuue

0 0 1
10 0
0 0
2 1 0
4 0 00

\)
o o = O

Yewiupu esementlia 06U 6eKWOPa pacuopehenu cy y HU308UMa a € Ay Ha TO3U-
yujama 1 =11, 2 =1y, 093 =1t +1 god=t3, uogh=1t3+1 go7=1t, (6ugetwiu
wabeny 3.2).

Tadena 3.2: [lapTunuje Koje oarosapajy Hu3oBuMa a € Ay.

[TapTunuja Huz a
1[2]3 4|5 6 7
0 00O 1(0/0]0 O0]0 0 1
0/[0|0 0O/0 1 O
0/[{0j0 0|1 0 O
1 01 0f1{0/0 1,0 0 O
110{1 0[]0 0 O
0 2 0 0f|0|2]0 0[O0 0 O
21 0 0y2|1{0 0|0 0 O
4 0 0 0|4(0/0 0|0 O O
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Hamnomena 3.6.1. Csaxo pewere jegravune (3.6), a € A, jegnosnauno ogiosapa

_ t . _ . . _ _ .
aoauromy [[,2, Pi(x)% cietena n, xoju nuje gesus ca & (Gowwio x Huje YKmbY-

wen y wu3 Pi(x), i = 1,2,..., jep je Wo jequHu TUOAUHOM KOME je KOHCWAHTHU
waan pasaunuil og 1). Taxeux wosurnoma uma 2" L, da je |A,| = 2", u easrcu
ugeHuu e

Z ﬁ (Pz' +ti =t — 1) _gn-1

pEP, i=1 pi

3.6.2 HecBoa/pbuBu MOJMHOMUI

[ukirycan nazekc (2.34) 3aBucu camo oj crernena d; u pejia e; moanaoma P;(x).
IIpema ToMe, y by oJpehnBama HBUXOBHX CTEHEHOBA d; U HUXOBUX pPEIOBa €;,
1 <7 < t;, HUje HeOmXOIHO OJIPEJINTH KOMIIJIETHY JIUCTY HECBOJ/BUBUX ITOJTMHOMA
P;(x). Bpoj N(d, e) necBom/buBHUX MOJUHOMA CTENEHA d U PEJia € je MO3HAT (BUIETH
ua npumep [27]). Ilocroju camo jenan necBojbuBH mosmHOM (x + 1) crenena 1 u
pena 1 (pes uckibyueHor nojuHoMa = je Hepedunucan), ma je N(1,1) = 1. Ako
je d > 1, mosuuoMu creneHa d W peja € MOCTOje aKO U CaMo aKoO je pei of 2 1o
mostyty e jennax d (tj. e | 29 — 1w et 28 — 1 3a k < d); Tana je 65poj oBakBuUX
IIOJIMHOMA jeTHaK

N(d,e) = ¢(e)/d,
rze je ¢(e) Ojneposa dyuknmja ¢. Crym
m(d) = {e| N(d,e) > 0}

JneduHUIE ce PEKYP3UBHO U3PA3OM

m(d) = {r | r|2d—1}\Om(i),

(Bumern [30, a3z A059912]). OBu ckynoBu npukaszanu cy y tadbemn 3.3 3a d < 7.

[Tocseimpa KostoHa ycrBapu npejcrasba ckyn {N(d,e) | e € m(d)}.

Tabemna 3.3: PesioBu HecBO/bUBUX MHOJUHOMA cTeneHa d, d < 7.
d {rl r|2¢—1} m(d) | [m(d)| | N(d,e)

{1} {1} {1}
{1,3} {3} {1}

1

1
1,7} w1 {2
{1,3,5,15} {5,15} 2| {1,2)
1
3
1

{1,31} {31} (6}
{1,3,7,9,21,63} | {9,21,63} {1,2,6}
{1,127} {127} {18}

N O Ul W N
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I'VIABA 3. BYJIOBE U UHBEPTHUBHUJ/IHE BYJ/IOBE ®YHKI[UJE

Hecsongpupu mosimaomu Pj(x) mory ce mopeharu mpomsBosbHUM pejiocsiesiom,
& ce MOYKe IIPETIIOCTABUTH JIa Cy HopehaHu y CKJIay ca JeKCUKOTPapCKUM ITOPeT-
KOM mapoBa (d;, e;). 3a dburcupanu nap (d;, e;), nomunomu upuapyxean N (d;, e;)
Mory ce Takohe mopeharu mpousBosbHEM peocseaom. O3HadInMO ca S, CKyI pa-

snmauTux naposa (d;, e;), 1 < i < t[n], j.
Sn = {(dzaez) | (diaei) 7& (djvej)7 1 <.7 <1 < t[n]}

Heka je s, = |Su|, n > 1, u Heka je 300r jemunocraBroctu sy = 0. Heka (d), e}.)

npeacTaBiba k-Tu ejleMeHT S, y JieKcukorpadckom moperky. O3HaImMo ca

ne = N(dy, €,) = d(e)/dy, (3.7)

Opoj HecBO/bUBHX IOMHHOMA cTeneHa dj; u pena €. Heka je Ny = 0, u N, =
Ni—1+ ng, k > 1. Hekosuko npBux 41aHoBa HU30Ba d;, €;, d, €}, Mg, N, t, 1 s,

npukKazanu cy y tademama 3.4, 3.5 u 3.6.

Tabena 3.4: Huzosu d u e.

12345 6 7 &8 9 10 11 12 13
|1 2334 4 4 5 5 5 5 5 5
e, |1 3 7 7 5 15 15 31 31 31 31 31 31

Tabena 3.5: Huzosu d', €', n, u Nj.

k[0 1 234 5 6 7 8 9 10
| 1234 4 5 6 6 6 17
o] 1375 15 31 9 21 63 127
n,| 1121 2 6 1 2 6 18
N.JO 12 4 5 7 13 14 16 22 40

Tabemna 3.6: Huzosu t,, u s,,.

ni01 234 5 6 7 8 9 10
t, 10 1 2 4 7 13 22 40 70 126 225
s, 101 2 35 6 9 10 14 16 21

Heka so(n) osmagaBa Opoj menmiiarnia dpoja m, KOju ce TpydO MOXKe almpoK-
cumupatu ca so(n) = O(logn), Bumern |9, Dirichlet Divisor Problem|. Ogasme
npoucrude rpyda omena s, < y_. ., So(2° — 1) = O(n?). Ommoc s,/(n*/2500),
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I'VIABA 3. BYJIOBE U UHBEPTHUBHUJ/IHE BYJ/IOBE ®YHKI[UJE

1 < n < 80, mpukazan Ha caury 3.1 cyrepuiiie ja TpeNU3HUja OIEHA MOXKEe Ja
Syne s, ~ nt/2500, 6ap 3a n < 80. Bpoj t,, Moxe dutu onemen ca t, = O(2"). Y
crBapu, oxnoc t,/(2"/n), 1 < n < 80, npukasan Ha cjunu 3.2, yuyhyje na oneny
tp ~ 2" /n, 1 < n < 80. Moxke ce 3ak/byduTH J1a t, pacTe MHOTO Op¥Ke HETrO S,

OJTHOCHO J1a je 3a BEJIMKO N Hu3 A, MHOTO JIyXKu Of Hu3a S,.

220

215+

210+

2.051

0 20 40 60 80

1< n<80

Cmuka 3.1: Ognoc zn it

3.0F

251

201

1 —sn

051

00k . . . =
0 20 40 60 80

1<n<80

Ciuxa 3.2: OfHoC —7tss /2500,

3.6.3 I'pyne ekBuUBaJIEGHTHUX HU30Ba y CKyIty A,

Ako yBememo o3HaKYy

aj

M >< >< f1 H Z;k ><Oéij
GL(CL): Z =1 j= 1% a]:]l
a€Pqy XX Pay H 2d S(ai) H H 2kd

7=1k=1
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I'VIABA 3. BYJIOBE U UHBEPTHUBHUJ/IHE BYJ/IOBE ®YHKI[UJE

(3a ozmaky S(-) Bumern (2.33)), Taga je

1
ZGLn = E Z GL(CL)
acAy,

Ba dukcupano i, 1 < i < 8, nocroju n; (3.7) HECBOJBUBAX MOJHHOMA
{Pe(z) | Ni-1 < k < N;} ca ucrum crenesom d; u wcrum pemom €. Ilomrro
GL(a) 3aBucu camo ox opoja ¢; esementa ag, N;_1 < k < IV;, Koju ¢y jeanaku j,
j =0,1,...,|n/d,], auje meonxonno pauynaru cBux 2" ! mzpasa npuaApy>KEeHUX

esleMeHTUMA cKyna A, y (2.34).

IIpumep 3.6.2. 3a n =5, Gocwoju 6 Waksux ipyua ungekca y nudy a: {1}, {2},
{3,4}, {5}, {6,7}, u {8,9,...,13}, sugewmu wabery 3.4.

3a dukcupano a € A, Heka
C(a) = [ag), 1<i< s 0<j<|n/d]
O3HAYaBa MATPUILYy C& €JIeMEHTUMa,
cij(a) = {k [ Nioy + 1 <k <N, ap = j}.

Osa marpuna onucyje au3 a: Bpegnoctu GL(a) 3a cBe Hu3zose a € A, ca ucrom
marpuriom C(a) €y jeJHaKH, Tj. T HU30BH Cy y3ajaAMHO €KBUBAJEHTHU. ¥ IUJBY
padyHama IMKIYCHOI HHJIEKCA, JOBOJbHO je m3padyHatu GL(a) 3a camo jeman

HU3 U3 KJlace TaKBUX HU30Ba ("KAHOHCKW’ HU3) ¥ HOMHOXKWUTH JOOUjEHY BPEIHOCT

Sn n
N(a) - H (Ci07ci17 )

il . 7Ci7Ln/d§J

BCJIMYMHOM KJlacCe:

Sak1+k2+---+k‘p:n

n B n!
ki, ko, ky)  kilkg! - k!

O3HAYaBa MYJITHHOMUjAJTHE KOeUINjeHT. 3a "KAHOHCKN HU3 @ MOYKE Ce Y3eTU HU3
3a KOJU BaxKU AN, ,4+1 = ON, 42 = - = QN;.

Sn

Ako ysememo osHaky B, = {(bi,bo,...,bs,) | D ;" bid, = n, Tama je 5poj

Cn = Z ﬂp(biani)~

beB, 1=1

KaHOHCKHUX HU30Ba
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OgBaj Opoj Moxke ce m3padyHaTu 3HATHO eduKkacHUje. AKO je a HU3 HEHEraTUBHUX

neaux opojesa, Heka je ali..j] = {a;, a1, ..., a;}. O3naunmo ca

Clm, k) = {a[1.k] | Za = m}

CKYTI KOMIIO3HIIja Opoja m oj HajBuile k jejoBa. Tama je

Sd—Sd—-1

Cn = Z H Z H p(mk,nsd,1+k)~

pEP, d=1 m[l.sq—sq_1]€C(pg,5q4—Sq—1) k=1

Tabesia 3.7 npukasyje 6poj ¢, Kanouckux uHuzosa u |A,| 3a n < 12. Ciauka 3.3
npuKasyje omHoC ¢,/1.784% mTo cyrepume omeny c, ~ 1.784% Bapem za n < 30.
Jlakjte, 3a BeJIMKO N, OPOj KAHOHCKUX HU30Ba 3HATHO j€ MarbU O YKYIIHOI Opoja

HU30Ba y cKymy A,.

Tabena 3.7: Bpojesu ¢, u |A,| = 2" 1.

ni23 4 5 6 7 8 9 10 11 12
c, |2 3 6 8 16 21 38 52 &7 119 206
|A,] |2 4 8 16 32 64 128 256 512 1024 2048

Cmuxa 3.3: Ognoc ¢, /1.784%, n < 30.

085

0.80f
075}
070} 1

0650 .

IIpumep 3.6.3. 3a n = 5 wmehy 16 nusosa a, GocwWoju 8 warnonckuzx. Cyma Zgr, =
MLE) Y aca. GL(a) ca 16 cabupaxa mooice ce samenutiu cymom cabupaxa N(a)GL(a) Go

CKYay 0g 8 KaHOHCKUT HU306a (6ugetiu wabeay 3.8).
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I'VIABA 3. BYJIOBE U UHBEPTHUBHUJ/IHE BYJ/IOBE ®YHKI[UJE

Tabesa 3.8: Bpojesu N(a) u GL(a), n = 5.

3.6.4 Tadese H

il1]2]3 45 6 7|8 9 10 11 12 13
d;[1]2|3 3|4 44|55 5 5 5 5|N)
Hus a
1/0]0[0 00 0 OJ[T O O 0 0 0 6
2/0[1]/1 0]0 0 OO0 O 0 0 0 O 2
3/1(0/0 0/0 1 0/00 0 0 0 O 2
4[1/0/0 01 00/00 0 0 0 O 1
5/1(2/0 0/0 0 0/0 0O 0 0 0 O 1
6/2(0/1 00 00/00O 0 0 0 O 2
713/1/0 0/0 0 0J]0 O 0 0 0 0 1
8/5(0/0 0/0 00O/00O 0 0 0 O 1

N(a) GL(a)

6 | 322560/, f1

2 | 476160 f, f3f7fo1

2 | 66662412

1] 6666242

1| 8332802 f2fF + 55552 f2f10

2 | 714240 f2 f> f2 fi4 + 238080 f1 f7

1| 8332807 o3 fufo fr2 + 416640 f{ f2 f1 2
+19840 5 3

1| 6249607 fo f7 f§ + T8120f1' f3 fi+
312480 f4 f2 5 + 65103 f12+
651026040 3 f2 4 + 465 f16 fps + f32

ITopex mokaza Teopeme 3.6.1 1a ce Zgr, MoXKe npeacTaBuTé uspasoM (3.3), J10Ka3yjy

ce Tpu MoMohue Jjreme.

Jlema 3.6.1. Hexa je

'ij fll_[ffh ) 1<Z<tn71<3<\\nJ71<k<\\

G/

J
=Tler-1, 1<i<n 1<i< |2,
p=1

!

F;
fa= 3 27 HS) S N i<y, 1<a <

a€EP, 1<j<a

d,-,ozj
o >0
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Taga je
ZaL, = Z X G al (3.8)

aGA 1<i<tn,
a; >0

Joxas. Axo o3naunmo
/

/! 7]70%]

Bgg 9d; S(O‘Z)/‘“Dd

z»am

Taja IUKJIYyCHU WHJEKC ZGL, HocTaje

X X Fja,

1<i<ty  1<j<ay

a; >0 ;i >0
2 : z tn a;
a€A, aEPa1><~~~><Patn H2dis(ai) H Dd
Qg5
=1 j=1

= Z Z >< >< 7] Qg

a€An a€Pa) XX Pa, 1<iStn 1<j<ay
a; >0 Oli’j>0

= Z Z >< ,],al j >< T >< Z >< Ft/;,j,atmj

a€A, a1€P,, 1<j<ay Qpp €Pgy  1<i<ay,
ay,;>0 gy, ;>0

= 2 X ) X Fa,

a€A, 1<i<tn a; ePa 1<j<a;
a;>0 am'>0

/

Fl.o
= Z X Z X 2"5(“1)7‘;";)%%]'

a€ Ay 1<i<tn 0 € Py; 1<5<a;

a;>0 am'>0
138
_ >< 9—diS(a;) >< _b)%ij
2 2 Dy o
a€Ap 1<i<tn q; EP,; 1<j<a; vy
a; >0 * ai7j>0

[Ipema Tome,

ZGLn Z >< 7 al

(ZGA 1<i<tn
a; >0

O]

Bpeanoctu G;va, 1 <1<ty 1< a< n, MOTYy ce YHAIPEJ U3padyHATH, yHAMTH-
TH ¥ IOTOM HCKODHCTHTH 3a edUKacHHUje padyHame ZqL,,. JlodujeHn m3pas3 ciamdaH je
u3pasy (3.3); pasmuka je y Opojy cadupaka: t, pacre mHOro Opxke o1 |P,|. Bpucamem

[TIOHOBJLEHUX BPCTa, OBa TadeJsa JuMeH3Huja t, X n MOXKEe Ce CadyBaTh Yy KOMIPUMOBAHOM
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I'VIABA 3. BYJIOBE U UHBEPTHUBHUJ/IHE BYJ/IOBE ®YHKI[UJE

00sIuKy y Buy Tadene G nuMensuja s, X n. IlpenusHuje, cee Bpcre Marpuie G’ ca uHex-
cuma i, 1 < i < tp, Tae je (di, e;) = (d, e) 3amerene cy caMo jeIHOM BPCTOM Ca HHECKCOM

k raxsum na je (dj, e;) = (d,e) (Bunern tadene 3.4 u 3.5).
IIpumep 3.6.4. Hexa je n = 3; wWaga je

{2, i 8y iRy {fifaf}
o {nfs, A3y {AffEy {0}
{fifr} {0} {0}
{fifr} {0} {o}

(06ge auctie upegcmasrajy wpehy gumensujy y wadesu F'),

1 3 21
D=3 45 0
7 0 0

2SRRI RI SRS

o LS 0 0
$fif 0 0
$fifq 0 0

IIpumehyje ce ga wabera G' cagporcu gee uctie epctie. Fburosom zamenom jegrom 6p-

ctmwom, goouja ce KOMUPUMOBaHY odbauk, Wadena G:

Y 3 R S S O Y PR 3 f R i
G=1| Lpf 0 0
f1fq 0 0

Heka |m(d)| = nq 03Ha4aBa 6poj pa3amIuTHX PeJ0Ba HECBOI/BUBIX ITOJUHOMA CTEIIECHA

n (Bugern 3.6.2), u Heka
m(d):{El,Eg,...,End}, E1<E2<"'<End

o3HavaBa cKyn Tux penosa. Heka n(d, j) = N(d, Ej), 1 < j < ng, 03Ha9aBa 6pOj HOJIHHOMA

crenena d u peja F;. Heka je
Sai={j11<j<ta, dj =d, e; = E;}.

Cuenieha ema mokasyje kako u3pas (3.14) 3a Zgp,, MOKe OUTH JONATHO 110j€[HOCTABIHEH.
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JIema 3.6.2. 3a 1< d,q <n nexa Hy, o3navasa uspas

/
Hyq = > X Gl (3.9)
altg—1+1..t4)€C(q,ta—ta—1) td—1 +1><0’<*d
a;

Taga je

Zar, = Z X Hgp,.

peP, d=1

Jlokas. Wzpas (3.14) 3a Zgr,, Moxe ce TpancdopmucaTu Ha ciaegehn Hadun

> > = > X Gig,

peEPy a[t0+1..t1}eC(p1,t1—t0) a[tn_l-l—l..tn]EC(pn,tn—tn_l) 1<i<tin

- Z Z Z )

pEP, a[t0+1ut1}€c(p1,t17t0) a[tn,l+1..tn}€C(pn,tn7tn,1)

/ /
X Gig | X X X Gig,
to+1<i<ty ty—1+1<i<tn
a;>0 a; >0

= > X 3 X G,

pGPn 1<d<n a[td,1+1..td}€C(p,1,td—td,1) tg_1+1<isty
pd>0 a; >0

= Z ><Hd,pd'

peEP, d=1

O

Kopumheme ynanpes uspadynaTux speanoctu Hgq, 1 < d, ¢ < n, Koje ce namre y
Tadesn, JJOJATHO [I0jeHOCTaBIbYje N3PadyHaBame LG, -

[Tomiro ce cBU ejleMeHTH HU30Ba JlyKuHe ), HOjaBibyjy y uspady (3.15), npodiem ce
cBo/M Ha eduKacHO padyHame Tadbese H. Crerneha jiema moka3dyje Kako ce Taj mpodem
MOYKE PEITUTU KOPUIITHEemeM UJieje KAHOHCKUX HU30Ba a € A,,.

/

Jlema 3.6.3. Hexa sq; osnanasa ungexc j, Waxas ga je d;» = d, €]

= F;. Taga 3a

1<d, g <n sasrcu

b
Haa = ’ e | 3.10
" Z 1 Z <C[), Cly.-. ,Cb],> >< Sd,i,k ( )
b, =q

ng <i<ng | b, 1<h<h;
bj>0 c>0
E k‘Ck = bj
k=1 k=0
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Jlokas. Mzpas (3.15) upejicraBba cymy 1o CBEM Kommosuimjama alty—q + 1..t4] &poja ¢
Ha tg — t4—1 mesoa. OBe KOMIIO3MIMje MOTY ce J0OUTH OJ Kommosuimja opojesa b[1..ng4],
HaJloBe3nMBabeM ng Kommosurmja b[j| y cabupxe {ali], i € Sy}, 1 < j < ng. Ha taj naunm,

uspas (3.15) 3a Hy, Moxe ce TpaHChOPMUCATH y OOJIHK

> X Gig,

altg_1+1..tg]€C(q,tg—tg—1) ta—1+1<isty

a; >0
_ .. ! o 4
B Z Z Z X Gll,ail X Glndﬂz‘nd
b[l..nq]€C(g,nq) . . i1€54.1 ing€Sq,n
Z ag, = b Z Aheny = bng ai; >0 Qi >0
k1 ESdJ kndESd,nd

= Z Z X Ggl,ail XX Z X G;”d’aind

b[1..ngq]eC(q,nq) 2 : 11€5q,1 § : ing €54,
a = bl aiy >0 ak = bnd ai"d >7OLd

k‘ESdJ kEdend

- Z >< Z >< G{L'j,aij

b[l..ng]l€C(g,ng) 1<isng o ;€54 5
b;>0 § ar =bj 4, >0

kESd,j
Bpe,ZLHOCT G;] a; . YHYTap rpyie de 3aBUCHU CaMO O APYyror HMHICKCa, az-j. HpBI/I NHIEKC
b ’Lj 2

MOKe OMTH Hpou3BOJbHO u3abpam, penumo min Sy ;. ITopex rora, rabena G' moxe ce

!

3aMeHHTH MamoM Tadenom G, 3aro mTo je G ;. Saugai; = Gy 4,501 Jlakse, yHyTpaImba

cyMa y TOCJEIHeM U3paldy I0oCTaje

E X Gsyai-
i€Sq ;
E ag =bj 4,50

kGdej
Co,Cly - - ,Cb].

cabupaka y CyMH OPHAPYZKeHHX ckymy {ay | k € Sy ;} Taksux na je |[{k | ap = i}| = ¢,

CBux

1 < i < by, mehycodno cy jemmaxm. CTora ce yHyTpallma CyMa MOXKe IPEJCTABUTH Y

b >
> () x o
<607 Cly. .. 7ij Sa,jok

1<k<b;

b;

cp>0
> kep =b; b
k=0

00JTHKY
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Konaumo je

ng 1<j<ng b; 1<k<h;

<n
b;>0 cp>0
E ke, = b;
k=1 k=0

b
Hyg= ) > ! G
da >< (Co,Cl,..-,ij> >< Sdirk
by = q

ITpumep 3.6.5. 3an =3 je
12 3R gt 1R R s f
H=| 1fif3 0 0
2fifq 0 0

ObjenumaBarmeM IPETXOMHO U3HETUX TMFHREHUIA JTOJIA3U Ce 0 HAPEIHOr TBphema.

Teopema 3.6.1. 301 < i< s, ul<j<n neka je (sugetiu 3.6.2)
2d2(j—1)(2d§ —1)

I _I9ollogaj I
4;; = ei2|— -|7 hz’j 7
4;;

. (3.11)

O3nauumo

Gia=» 2745 3 2% 1 <i<sy, 1<a<n (3.12)
acP, 1<j<a di,

a]'>0

/. p—

Hexa sq; osnavasa ungexc j, waxas ga d;- =d, ¢

E;. Osnavumo ca Hyy, 1 <

d,q < n, caegehu u3spa3

b.
J XcCk
Y ox 3 ( X @, | (3.13)
. C0yC1y..-5Cp; K3
ng 1<5<n bs Y 7737 1<k,
b.>0d J c >0'7
J— k
bp=q Z ke, = b;
k=1 k=0

Taga je
n
ZGLn = Z >< Hd:pd'

peP, d=1
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3.7 Adwuna rpyna rpancdopmanuja AGL,
N3pa3 3a nukiycan uHjeke (2.35) u3Bou ce CAMYHO KAo U 3a JIMHEAPHY IPYILY.

JIema 3.7.1. 301 <i<s, ul<j<n ueka je (sugetiu (3.11))

2J

J 7
. h' . q. . .
97 lfl | | f/1k+2] 1f/1(]+1); i=1
baln Tk T1(j+1)
Ui]’ = =1

J
id. h, .
delfl kl | fqu:’ i>1
=1

U HeKa je
/ xk n n
(2 (2
! n
DU:H(TP 1)a 1<i<n>1<‘7<\‘fJa
p=1 ¢
U
.
—d. (2 q .
Gla= 22 disle) S 8 1<i<ty, 1<a<n.
aEP, 1<j<a 00
a;>0
Taga je

Gl
ZacL, = > X S (3.14)

a€A, 1<i<tn
a; >

Zlokxas. YBohemeM 03HAKA
/

4 o 1,550
1,0,Q45 2dZS(O¢Z)/ade s ’
i, j
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Joouja ce

X >< i

1<i<ty j=1

1 .
ZAGL, = on Z Z e a; Qi
a€An a€Pa) XX Pay, H 2diS(Oéi) H H(2kdi _ 1)

1<i<tn 7=1k=1
a; >0

X X Fja,

1i<ty, 1<5<a;

1 a;>0 (MJ>0
= w2 2 W
a€A, OéEPal ><“~><Patn H 2dis(04i) H Ddi7aij
=1 7j=1

==Y Y X X

a€An a€Pqy, ><---><Patn 1<i<ty 1<5<a;
a; >0 ai,]->0

1
= 272 Z >< ,]alj >< >< Z

a€An a1€Fq 1<i<ay at, €Pay,

(o5} J>0

1
- 27 Z >< Z >< ,]7%3

aeA 1<i<tn azEPa, 1<j<a;
a;>0 “a; ;>0

/

) F,-,ai.
— 272 >< Z >< st(at)/]ailj)d

a€A, 1<i<tn alePa 1<j<a; i QG
a;>0 a;, ;>0
F.

— >< 2~ —d;S(a;) >< 1,7,
2 7 2 D o
a€A, 1<’L<tn a; EP,. 1<j<a; 1,45

a; >0 v a; ;>0

OIHOCHO

ZAGL, = Z X Zial

CLEA 1<z<tn
a; >0

Jlema 3.7.2. 3a 1< d,q <n nexa Hy, 03navasa uspas

Hag = 54 > X Gia

altg—1+1..tq]€C(q,ta—ta—1) ta—1+1Si<tg
a; >0

Taga je
n
ZacL, = Y X Hap,:

peP, d=1

1
>< Ft’ﬂ 7j7atn \J

1<j<ag,
Qpp,5>0

(3.15)
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Jokas. Napas (3.14) 3a ZagL, Moxe ce TpancdopMucaru Ha ciejehn HadnH

!

Gi a;
> > - > X gad

pEP, a[to—l—l..tl]GC(pl,tl—to) a[tn,1+1..tn}€C(pn,tn—tn,1) 1<i<tn

= Z Z Z .

pGPn a[t0+1--t1]€c(p17t1 _t()) a[tnf1+1--tn}ec(pn7tn_tn71)

G, G,
2,04 7,04
X e | XX | xS
to+1<isty tn—1+1<i<tn
a; >0 a; >0

peP, a[to+1..t1]ec(p1,t17t0) a[tn,1+1..tn}€C(pn,tn7tn,1)

1 1
/ /
- X Gig | X X - X Gig
ZaldZ ) 2aldl s
to+1<i<ty to+1<i<ty ty—1+1<i<tn ty 1 +1<i<tn
a; >0 a; >0 a; >0 a; >0

1 ,
= > X . Il 7=z X &

pEPy 1<dsn | afty_1+1.t4]€C(Pa,ta—tid—1) ta—1+1<isty tq—1+1<i<ty
Pa>0 a;>0 a; >0
1
— U
- Z >< 2dpd Z >< Gi,ai
pEP, 1<d<n altg—1+1..44]€C(pa,ta—ta—1) td—1+1<i<ty
pd>0 a; >0
n
= : : >< Hd7pd'
peP, d=1

O

Jlema 3.7.3. Hexa sq; osnauasa ungexc j, Wakae ga je d;- = d, e; = F;. Bpegnociu

Hgq (3.15) jegnaxa je

1 bj Xcp
— . 1
9dq Z X Z <007 Cly ... ,Cb]) X Gsd,i,k (3.16)

ng 1<j<ny b; 1<k<h;
. b;>0 c>0
§ by =q E ke, = b
k=1 k=0
Zloxas. Jloka3 ce n3Boju aHAJIOTHO Kao y jemu 3.6.3. ]

Teopema 3.7.1. Hexa je
F;jk:u;jk, 1<i<sp 1<j< {J 1<k< {J
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i
Dy = []@"-1), 1<i<n,1gj<m’
p=1 1
’ F
Gia= Y 2745@ 5 "M% 1 <iCs,, 1<a<n (3.17)
a€P, 1<j<a di

aj>0

Hexa je enementi Hy g4, 1 < d,q < n, matipuye H gedpunucan uspasom

X
Sd,i’k
1<k<h;
cp>0

X foaa)
b; 007017-'-,ij
chk:bj
k=0

Taga je yuxkaycnu ungexc ZaGL, 9ol u3pasom

n
ZacL, = Y X Hap,.
peP, d=1
[Ipumernmo na ce (3.13) pasmukyje on (3.16) 3a dakrop 1/2% u nma cy emementn

marpune y Hg, nuneapne komOuHanuje Monoma. IIpumernmo Takobe na ce y mspasy 3a
U;j TI0jaBJbyje IPOMEH/bUBA fq;(,ﬂ), Tako ja Ttadere F' u D mMmajy KOJIOHY BHIIIE y OIHOCY

J
Ha ofarosapajyhe tadene y mspasy 3a GLy,.
IIpumep 3.7.1. 3a n = 3 apewzogro uspanyratie Wadbenre F', D, G u H cy:

{rt.rl, {fif, {fiffsy {fFifefi}
LAY RSy
Fr= | {ffs, 1f3Y {fifsf3} {1} {1}
{f1fr} {1} {1} {1}
{f1f7} {1} {1} {1
1 3 21 315
D=1]3 45 0 0 )
7T 0 O 0
[ f 3B+ R ]
Hhat fife A+
¢ = 31/ 0 0
2fif 0 0
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S R ey A
+ifs 4 it iftfe ASAE LS
31fs 0 0

| 21 fy 0 0 i

3.8 Amnaiamza modujeHuUx pesyJiraTa

Tabesa 3.9 npukazyje MakCcuMaJIHy BPEeIHOCT 1 3a KOjy Cy u3padynare Bpeaunoctu U,

u V,, 3a cBe deTupu rpyie TpancdopmMmaluja.

Tadena 3.9: lodujenu pesynratu

"~ [5.]G, | GL, [ ACL, |
U, |33 |32 |31 31
V, | 27 |27 | 26 26

Cawme Bpennoctu U, u V,, n < 10, gare cy y mpuaory. 3a n > 10 ymecro U, u V,
puKa3aH je 0poj menmumasux mudapa, npsux 10 u mocaeamux 10 germmaanux mudapa
THX Opojena.

[Tomrro je log U, = ©(2") u logV,, = ©(n2"™), jgorapuram BeJimvnHe IOTPEOHOI MEMO-
PHUjCKOT mpocTopa pacre ekcnoHeHnujasno. Canka 3.4 nMpuKasyje JIOrapuTaM 33 OCHOBY 2
MeMopujckor 3ay3eha y Toky pauynama U, u V; 3a cBe derupu rpyue (y Ja/beM TEKCTY
nozspasyMeBa ce j1a je ocaosa soraputMma 2). IIpumehyje ce ma 3ayselie memopuje mpaxTud-
HO He 3aBUCH 0] KOHKpeTHe rpyme Tpancdopmaruja. Bpojesu U, u V,, rpybo ce nodujajy
nememeM 22" u 22" ca BesmumHAMA YETHPH TpPyIIE, & Te BeJIMUMHE Cy MaJie y OJHOCY Ha
ykyiHe OpojeBe BymoBux n nnBeprudbmiaux Bynosux dynkmuja. Bpeme uzsprmaBama pa-
CTe eKCIIOHEHITNjaJHO; CJIUKa 3.5 MpUKa3yje JorapuTaM BPEMeHa M3BPIaBambha N3ParKEHOT
y muucekyugama 3a U, u V), 3a cBe gerupu rpyue. [Ipumehyje ce Takobhe, ma ce Ha ciu-
kama 3.4 u 3.5, (e nBa qujarpama ucre Hoje oArosapajy Mcroj rpynu Tpancdopmarmja)

aujarpam 3a V, yBek HaJia3u u3HaJ ojrosapajyher aujarpama 3a U,.
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PU
25 — PNU

20[ — GLU
— AGLU
PV
— PNV

— GLV

— AGLV

Crnuka 3.4: Jlorapuram BequyauHe MOTPEOHOT MEMOpHUjCKOr mpoctopa 3a U, u V,
3a CBe 9YeTUpU T'pyIIe.

PU

— PN
h / U

— GLU
— AGLU

. LA . . . PV

2 — PNV

“r — GLV

6L

— AGLV

Ciuka 3.5: Jlorapuram BpemeHa W3BpIIaBamba U3PAYKEHOT y MIJIACEKYHIaMa, 3a
U, n V, 3a cBe deTupu rpyre.

bBpoj wranoBa mukiycHOr WHIAEKCA HUje Jako oneHutn. lujarpam Ha ciaumm 3.6 cy-
repuile Jia BeJUYUHE IUKJIYCHOT WHJEKca u Tadeje H y dajToBuMa pacTy IPAKTUIHO
eKCIIOHEHTIHjaTHO. YMHE ce Oa je M BpeMe W3BpINaBarma IPU padyHAmy MUKJIyCHOT WH-
JIeKca M yHaIpeJl u3padyHaTux tabesa H takohe ekcrioHeHImjaHo, (Bujeru ciuky 3.7).
Kopucrehu tadeny H, padyHare [IMKJIYCHOT HHJIEKCA Ha OCHOBY u3pa3a (3.3) MoxkKe ce na-

paJjenu3oBaTu. ¥ TOM cMUCTY, Tadbena H mpecraB/ba CaXkeTH OOJINK IUKJ/IYCHOT WHIEKCA.
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Pz

2l — PNZ

— GLZ
20

— AGLZ

HP
16 — HPN
— GLH

10 15 20 25 3 _ AGLH

Cauka 3.6: JIorapuram Mmemopujckor 3ay3eha mpu oapehuBamy MUKJIYCHOT HHIEKCA,
u Tadbese H 3a cBe yeTwpu rpyrtie.

Pz
— PNZ
— GLZ

— AGLZ

10, 20 25 30 35 HP

2
— HPN

]
/—/ — GLH

s — AGLH

Cruka 3.7: Jlorapuram BpeMeHa U3BpIIaBakha y MUJINCEKYHIaMa IIpU OpehuBamy
IIUKJIYCHOT WHJIeKca U Tadesie H 3a cBe deTupwu rpyie.

Hujarpam na ciauru 3.8 npuka3yje pesyarar nopehema jorapurMa BpeMeHa U3BPIa-
Bamba MPU padyHamy IMUKIycHOr nHaekca 3a GL, n AGL,, kopurhemem mocesme Bep3nje
nporpama Symmetrica [15] y ommocy na mam nporpam. IIporpam Symmetrica je mHOrO
Opxku, anu Hajselie BpegHocTn n Koje moctmke cy 21 3a GL, u 20 3a AGL,, (y3pox je
BEpOBaTHO MEMOPHUjCKO 3ay3elie, ¢ 003UpPOM Jia ce IUKJIYCHU WHJEKC HE KOPUCTU Y KOM-
npuMoBaHoM 00Ky ). Harud nujarpama nporpama Symmetrica wemro je Behu o Haruda

Jpyra IBa Aujarpama.
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— GL-SYMM
AGL - SYMM

, . . . .
12 14 16 18 20 GL

— AGL

Cnuka 3.8: JloraputaMm BpeMeHa U3BpIIIaBamba y MUJINCEKYHIaMa TP o/IpehuBamy
nukIycHor uuaekca 3a GL, u AGL, namer Mathematica mporpama u mporpama

Symmetrica [15].
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I'maBa 4

IIpebpojaBame KJjaca
eKBUBAaJIEHIIVIj€é MOHOTOHUX

bynoBux dpyHKIIja

Bynosa dyuknuja f : {0,1}" — {0, 1} je monorona Bynosa dyHKIMja 011 n IpOMeHIbH-
BUX aKo 3a cBaku map Bekropa z,y € {0,1}" u3 x < y Baxu f(z) < f(y). IBe MoHOTOHE
Bynose dyukiuje cy eKkBuBajieHTHE aKO Ce IIEPMYTaIlUjOM YJIa3HUX IIPOMEHJbUBHUX jeHA
MOKe JI00UTH of] Apyre (BumeT ofebak 2.1.7).

Heka je d,, 6poj monoronux Bynosux dbyHKIHja n mpoMeH/BUBHX (Takohe mo3HAT Kao
Henexkunos 6poj) u HEKa je 1, OpOj HEeKBHBAJIEHTHUX MOHOTOHMX BysoBux dyHKIHja.
OpnpebhuBame Opojesa d,, u T, je JABHO HMOCTAB/bEH IIPOOJIEM W BPEIHOCTH OBUX OPOjeBa
JI0 CKOpO cy Omiie mosHare pemoM 3a n < 8 u n < 7 (Bumeru tabemy 4.1). YV oBom
paJjly IpUKa3aH je moCTyIaK padyHama g = 1392195548889993358. Pezysrar je nponahen
IPaKTUYIHO y UCTO BpeMe Kajia je o0jaBiber y pajy [31] (rakohe Bumeru [30], nuz A003182).

TpenyTHO U3padyHarTe BpeIHOCTH 3a dy, U Ty, pukasane cy y tabdemn 4.1 [30]. Tabesa
ITO3HATUX BPEIHOCTHU JIOMYE-EHA, je HOBOJIOOUJEHOM BPEIHOIINY 77g.

[TepmyTaruje yna3Hux n-TOPKU UHIYKYj]Y HEepMyTanujy WHIyKoBaHUX 2"'-Topku. Kao
mTo je pedeHo y tpehem mornasiby, qa Ou ce mspadynao U, (S)) - Opoj Kiaca eKBuba-
sennuje Bynosux dyHkInja ¢ 063upoM Ha Ipylly MepMyTallije ITPOMEHJBUBUX, JIOBOJHHO
je npoHahm CTPYKTypy HMHJIyKOBaHUX IMKJIyCa 3a CBaKy IIEPMYTallUjy U CBAKHU ITUKJIYC
rocMarparu kao purcHy tadky. PyHKIMja Koja je PUKCHA TadKa MEpMyTallfje Ha CBUM
N-TOpPKaMa MIPOU3BOJLHOT IUKJIYCa IepMyTaliije Tpeda 1a nMma ucty Bpeanoct, 0 man 1.

Cse mepMyTalje Koje OAroBapajy HCTO] HAPTUIUjA Opoja 1 UMajy UCTY IHUKJIYCHY
ctpykTypy. CKym GUKCHEX Tadaka MEepMyTaIlfje MOXKe Ce MPEICTABUTH YCMEPEHUM T'pa-

doMm y KoMe CBAKOM MHIYKOBAHOM ITUKJIYCY OAroBapa IBop (BuaeTH oje/bak 4.1). Monoro-
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Tabena 4.1: Iloznare BpeanocTu 3a d, U 7,.

n d, n
1 3 3
2 6 5
3 20 10
4 168 30
5) 7581 210
6 7828354 16353
7 2414682040998 490013148
8 | 56130437228687557907788 | 1392195548889993358

uuM BynmoBumM dyHKIMjama Koje cy puKcHe Taduke mepMyTaluje Taia oaroBapajy MOHOTOHE
noxnesne Bpeauoctu 0 win 1 uBopoBuMa rpada. YCI0B MOHOTOHOCTU TIPHU JIOACIU BPEIHO-
CTHU YBOPOBa Ir'pada Mmopa3yMeBa Jia IBOP CJIEIOCHUK HE MOXKE y3eTH MAaiby BPEIHOCT O/
YBOpa IIPETXOJHUKA.

Y oBoM moryaB/by HajIpe ce Jaje OIIINITH W3pa3 3a padyHame Opoja 1, Ha OCHOBY
DpodennjycoBe Teopeme - y odimKy cyme (mo maprurnmjama Opoja n) Opoja duKCHHX
Tadyaka IepMyTalirje Koja oxrosapa naprunuju. Hakon Tora, y 3aBucHocTu 0 rpadosa
KOJH OJITOBApPajy pa3jMIuTUM MapTUIFjaMa, TPUKa3yjy ce Pa3JUdIuTH HAYWHU padyHarba

Opoja dpukcHUX Tadaka 3a 1 < 8.

4.1 PauyHame 1, Ha ocHOBYy PpodeHmjycoBe

TeopemMme

VYV najbeM TEKCTy NMpHUKa3aHa je CTpareruja 3a J00njame BPeJHOCTH 7g Ha 0CHOBY Dpo-
OeHMjycoBe TeopeMe, Kao MOHJEPUCAHe apUTMETHIKE CPEJIMHE OpOojeBa MOHOTOHUX Byiio-
Bux QyHKIUja - GUKCHUX Tadaka pa3JnuauThX Kjaca nepMyTanuja ' € S/ npuapyKenux
maprunujama u3 Pg. BpojeBu dbukcHuUX Tayaka padyHajy e TPUMEHOM TPHU Pa3IUINTA

MIPUCTYTIA:
® OIITUMHU30BAHOM IIPOIEIYPOM IIpeTpare KopuiihemeM OCHOBHE Teopeme 4.1.2;

e rojiazehu o1 cKyma (DUKCHUX Tadaka KOjU OJroBapa CKyIy MOHOTOHUX ByioBux

dbysaKIHja o1 6 TPOMEH/BUBHUX

— 3a MapTUIlFje KOJ KOjuX Cy IOCJeIha JIBa CAOUpKa jeaHaka 1, BUIETH OJe-

Jbak 4.2;
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— 3a MapTHIlFje TAe Cy CBU CadUPI jeTHAKH 2, BUJETH O/esbaK 4.3.

N3b6opom omrosapajyher npucryna 3a cBaky naprunujy u3 Py, BpeaHocT rg je n3padyHaTa
HaKOH 45 JacoBa pajia JaBa mporpaMa Ha MePCOHATHOM PadyHADY.
[IpousBosbHa GpyaKIEja f € B, MOXKe ce MpeacTaBuTH ycMepeHuM rpadom ca N = 27

4BOpOBAa:
e ca UBOpOBMMA T € B, KojuMa je moiesbeHa BpegnocT dbyukimje f(x),
e u ca rpanama (z,y) € B, x By, rnejex <y un w(x dy) = 1.

IIpumep oBakBor rpada 3a n = 3 npukaszan je y upBoj kojouu nHa cyauru 4.1. Heka je
T € S, Npou3BoJbHA IepMyTalyja. IIpuapyskeHa MHIyKOBaHa IEepMyTaldja T pasjarke
B,, Ha nukJIyce, KOju Cy UCTOBPEMEHO OpOUTE epMyTaluje m Kaja jenyje va By,. Opdura
IPOM3BOJBHOT ejleMenTa & € B, je ckyn orb(z) = {z, n(x), 7%(x),..., 7" Y(x)}, tue je k =
min;>1 7¢(z) = x. Tenepasno, 3a 3amato p = (p1,p2,...,Pn) € P, nexa je G, = (V,, E,)
rpad oapehen paznarameMm n = a1 +ag + -+ ap, y cadupke a1 = ag = - -+ = a > 0 Koje
ofroeapa maprurnyju p (p y unjekcy rpada oarosapa JHUCTH cadupaka n KOoja oJroBapa

napTunuju p) Ha cienehn nadun:
e Ilaprumnuja p oapebyje nepmyrarnujy m = m(p)
(12 ...a1)(ar+1 ... a14a2) (a1 +-+ak_1 ... ax+---+ag),
KOja ce cacToju oJ] k MUKJIyca JIy>KUHE PEJOM a1, d, - . - , A-
e Ckymn usoposa V,, = {orb(z) | z € B,} je ckyn opbura y Koje 7 pasiaxke Bj,.

e Ckyn E, cacroju ce ox maposa (u,v), u,v € V), TaKBUX Ja 3a HEKO Y € U IOCTOjH

x € u, ipu yemy je z <y u w(zx Gy) = 1.

[Tpumerumo na ce ymecro mepMyTtanyje 7(p), MAPTUIUJH P MOXKe JOJEJUTH OUIO KOja
nepMyTalija TakBa J@ Baxku type(m) = p, HONITO pas3juduTe IIepMyTallije UCTOI THIIA
oaroBapajy mehycodno mzomopduum rpadosuma. EremenTtu mpon3BosbHe OpoUTE IIEPMY-
Tanyje T nMajy ucty XemmHroBy Texkuny. OBo omoryfiaBa ma ce geduHUITE HU60 OTHOCHO
ca0j aBopa v Kao layer(v) = w(x), rue je x duio Koja n-Topka x € v. JacHO je Ja y CKyILy
G, moctoju dapeM jesaH 4Bop Ha cBakoM HUBOY k = 0,1,...,n, a usoposu Husoa 0 n n

cacroje ce pegom ox TadHo jeare n-topke (0,0,...,0) u (1,1,...,1).

IIpumep 4.1.1. Hapwuyuje usz P3 = {(3),(2,1),(1,1,1)} ogpehyjy pegom tepmyttayuje
(123), (12)3) u(1)(2)(3), u pegom ungyrosare tepmyimayuje

(0)(1 4 2)(3 56)(7), (0)(1)(24)(35)(6)(7) u (0)(1)(2)(3)(4)(5)(6)(7)
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Cauka 4.1: I'pacdoBu npugapyxenn naprunujama u3 Ps.

2 Gaay fif3: Gy f113: G

(3607 jacnohe, 1-yuraycu cy excursuyui@no tpukadany). Tutosu 06UT GePMYTAUUIQ PEGOM
ogrosapajy wpehem, gpyrom u GPeom cadupkry Yy UuKAYCHOM ungexcy Z s, = %( B33+
2f12f§) IIpugpyotcenu tpagosu pegom umagy 8, 6 u 4 wsoposa (sugetiv caury 4.1).

3a duxcupany naprunujy p € P, vexkaje G = G, = (V,E). Ako Vy ={v e V | w(v) =
k} osnauasa ckym uBoposa HuBoa k = 0,1,...,n, Taga ce V pasiaxke Ha JUCjyHKTHY YHU]Y
V =VUWU---UV,. Csaka rpana (u,v) € E nosesyje Heka jiBa 4BOpa CyCeJHUX HUBOA,
Tj.u € Vyuv € Viqg 3aneko k, 0 <k <n.Hexajety, = |V uVy={vi1,...,04} 0<
k < n. Cpako mpecimukaBame S : V +— By jeaHosuadro oarosapa bymosoj dymkimjn
ca KOHCTaHTHOM BpejiHOIIhy Ha opdOurama nepmyranuje m. Takse dyHKIHje cy dukcHe
Tauke WHIyKoBaHe mepmytanuje m : B, — B,. Heka je S = (So,S51,...,5.), Sk =
{Sk1,--, Skt } € B, nu3a cBako k € [0..n], i € [1..t;] mexa je S; = f(x) 3a cBaxo
x € Vi ;. Bextop S mpunpyzxen Bynosoj dymkmmjn f ca KOHCTaHTHOM BpegHOIINY Ha
n-TOpKaMa y CBAKOM 4BODY je cl@are rpada G; ako je f monorona QpyHKIMja, KA2KEMO J1a
je crame S Takohe monoToHo. Heka fix((G) o3HauaBa CKyI CBHX MOHOTOHUX CTamba rpada

G.

Hamnomena 4.1.1. Hexa je D,, = G ipag xoju je tpugpyorcen Gaptiuyuju n = 1+ 1+
-+« + 1. Ckyu weoposa ipaga D,, je {{x} |z € B,}, towtwo je gyotcuna ceakxe opduilie

ugentuvke uepmymayuje jeguara jegan; 3awo je fix(Dy) = D, cxyt monowonur By-
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aosux Pynrkyuja og n upomenvusux u | fix(Dy)| = d,. Bpegrnoctiu d,, Gosnatue cy xao

HemexnuaoBu OpojeBu.

IIpumep 4.1.2. Iloctuioju 5 monowonuz cwara tpaga G 3y Upugpyostcenol Tapluyuju

opoja n = 3 ca jegnum cabupkom jegrarum 3 (H60POGU CY HYMEPUCAGHU 0§O3T0 HA GOAe):
fix(G3)) = {{0,0,0,0},{1,0,0,0},{1,1,0,0},{1,1,1,0},{1,1,1,1}}.
Ba tpeoctiane gee tapliuyuje dpoja 3 casrcu |fix(G(111))| = d3 = 20 u |fix(G(2,1))| = 10.

Teopema 4.1.1. 3najyhu | fix(G,)| 3a ceaxo p € P,, epegrocti ry, Mod#Ce CE USPAUYHATIU

| fix(Gp)|
AP IL7pil 2”1297,

peEP,

Ha OCHOBY u3pa3a

/oxas. 3a dukcupano p € P, cBe mnepMmyralgje TUIIA P UMajy UCTH OPOj MOHOTOHUX
crama Kao u nepmyraija m = 7(p). Ilomro je S, — S!, monomopduzam [24], 5poj Taksux
nepmyranuja je g(p) = Hzlip'zp, Csako Monorono crame rpada G jeHO3HAYHO 0J[roBapa

duKcHOj Taukm mepMyTanmje ', ma go0Ka3 caeau n3 OpodeHnjycose TeopeMme. O

Ilpumep 4.1.3. Hacwmaswajyhu apetixogryu apumep, goouja ce
rs = 13 + e T gt = 10-

Qukcupano crame Si uBopa HuBoa k' y G, 0 < k < n, mormyHo oapebhyje ckym N Ij 1 (Sk)
Moryhux MOHOTOHUX cTama Sky1 HUBOA k+1, cKyna tyy1-TOPKU Sk € By, +1 TAKBHX J1a 32
cBaKy rpany (Vk, Vk+1,5) € £, 1 <14 <ty 1 < j < by Baxku mejennakoct S < Skt
3a dukcupano crame S; HuBOa k o3maummo ca T; k‘f (Sk) crabmo ca o3HaKaMa YBOPOBA
TaKBO Jla KOPEH MMa O3HaKy Sy € By, , a CKyll KOHKaTeHalldja O3HaKa Ha CBUM IIyTEBHMa
0J] KOp€Ha, Ka JINCTOBUMA IPEJICTaB/ba CKyIl cBux Moryhux crama (Sk, Ski1,-..,9,). OBO

cTadjio MOXKe ce PeKyp3uBHO jiebUHUCATH Ha, cJjiejiehn HavduH:

T+H(Sy) jeJlaH YBOp — KOpeH, sak=mn
k =
F crabio ca nopcradmima Ti7 | (Skq1), See1 € Ny (Sk), sak <n.

Heka je G;F(Sk) Opoj mcToBa cradJia T,j(Sk), 1j. 6poj moryhux Bekropa (Sk, Ski1,---,n)-
Crenujasno, 3a k = 0, noduja ce |fix(G)| = Gg ({0}) + G¢ ({1}) = G¢ ({0}) + 1.
Bpeanocr | fix(G)| anrepratuBno ce Moxke j0ouTn ojpehuBamenM ckyna cBux Moryhnx
crama rpada Gy 0OpHYTOM peJIociIey, O BHINX Ka HIKUM ciojeBuMa. Crame Sy € By,
uBoposa cioja k, 0 < k < n, oapebyje ckyn N, (S) cBux moryhyx crama Si_1 € By, _,
cinoja k — 1, raksux na je Sp—1; < Sk 3a cBaKy rpany (vgp_1,,Vk;) € E, 1 <1 < tp_q,

1 < j < t. 3a dukcupano crame Si ciaoja k rpada G osmaunmmo ca T, (Sy) crabmo
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ca O3HAKaMa JOJIe/beHIM YBOPOBHMAa TAaKBO Ja KODEH MMa O3HaKy Sy € By, a ckyn
KOHKaTeHAIMja O3HaKa Ha CBUM ITyTamaMa OJl KOpeHa J0 JIMCTOBA je CKYIl CBUX Moryhmx
crama (Sp, 51, ..., Sk). OBo cTabio ce Moxke JedUHAUCATH PEKYP3UBHO Ha ciefehn HadnH:

jemaH IBOp — KOPEH, a k=0

T, (Sk) = {

cradno ca moxcradmmma Ty (Sk—1), Sk—1 € N,_1(Sk), 3ak>0.

Hexa G, (S)) o3nauasa 6poj mcrosa crabma 1) (Sk), Tj. 5poj moryhux sexropa (So, S1, - . ., Sk).
Ba k = n, gobuja ce |fix(G)| = G, ({0}) + G, ({1}) = G,, ({1}) + 1.

KombunoBamem oBa fqBa MPUCTYIIa JI0J1a3U ce 10 epUKACHUIjer HaInHa 3a oapehuBame

| fix(G)|, momazehin ox ckyna By, cBux moryhux crama Si cpeamer ciaoja k = |[n/2].
Moo ce 3a dbukcupano crame Si cBako crabe odimka (S, S1, ..., Sg) MOXKe ce yrnapuru
ca CBaKUM crameM o0iuka (Sk, Sk41,---,9,), JoKa3aHna je ciegeha Teopema.

Teopema 4.1.2. Hexa jep € P,, G =Gp, u0 < k <n. Taga je

[fx(@)] = > GLEG(S).
SEBtk
Teopema omoryhasa pauyname | fix(G)| nomazehu oz ckyna moryhinx crama nzadbpanor

cioja k. Ilocrynaxk je najedpukacHuju ako ce moJias3u o] cpejmser cioja k = [n/2].

ITpumep 4.1.4. 3an =4, pad G(31,1) uma 12 ueoposa, eugetiu caury 4.2. Y cpegroem
caoy 2 wocwoju |So| = 4 usopa (wa cauyu cy Wu “60posu 0dojenu 3eseHom Hojom).
Tabenra topeg cauke tpurasyje G (S2), G5 (S2) u G5 (S2)G5 (S2) sa cearo motyhe ctuarve
Sy. Bbup osux upouseoga jegnax je |fix(Ga11))| = 50. Cwadaa TT(Sy) u T~ (S2) sa

Sy = (1,0,1,0) apukazana cy na gecrnoj cipanu cauke 4.2.

Pauayname | fix(G)| moxe ce obasurtu jorn edukacuuje KopuiihiemeM cumerpuja rpada
G. Heka je ¢ : V — V mpousBosbau ayromopdusam rpacda G. Heka je S Heko crame cioja
Vi u neka je S’ crame podujeno uz S, tako na saxku S'(v) = S(¢(v)) 3a cBako v € V.
Taza je G (S') = G (S), G, (S") = G;, (S). IIpema Tome, Moxe ce:

® OJPEJUTH CKYyIl IPEJICTABHUKA KJlaca €KBHBAJCHIM]e CKyIa CBHX MOIyhHX crama
cmoja k = |n/2],

e oxpemuru G} (S) u Gy, (S) 3a csakor npejcrapanka S 1

e mspauynaru cymy npoussoma |C(S9)|G{(S)G, (S), rne C(S) osnauasa Bemdumy

KJIace eKBHUBAJICHIINje KOjO] MPUITaIa IPEJICTABHUK S.

Tabena 4.5 npukasyje opoj ayromopdusama a, rpada G, 3a cse nmapruiyje p € Fx.
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Cnuka 4.2: Pagyname |ﬁX(G(27171))| moJiazehn oJ1 cKyma MOryhux cTarba Cpember
cJioja.

S G
0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

| fix(G21.1)

P
o

Gy Gy

N

0 0

]

010 000

\ / T, (1010)

1010

/ \ T+ (1010)

101 111

]

1 1

O NN NN =] = DN R R =] = = =] =
O DN DN B =N = =N =N DN O

i Y Y Y B G TS G T R Y e e VI I R S R

[S)
[a]

IIpumep 4.1.5. Hactasnajyhu Gpetixoghu Upumep, 03HaUUMO 460pose ipada Ha cae-
gehu navun: a = (1), b = (2), ¢ = (5 9), d = (6 10), e = (13) u f = (14), sugewiu
cauky 4.3. Ipyta aytomopdusdama cactlioju, ce 0g ugentiuyke WPAHCHOPMayUje U TGEPMY-
wayuge (a b)(c d)(e f). Aymomoppuszam (a b)(c d)(e f) pasaasice ckyt og 16 moryhuz
cwarwa So Ha 12 Kaaca exeusaseHyuje; TAPOBU YEOPOBA 03HAMEHU UCTLOM HOJOM “UHE Op-
outie aywomoppusma. Charea Koja Gputagajy uctioj KAaCy exsusaseHyuje IPYUucana cy

y wabesu yHywap cauke 4.3.

Ciroxenocr n3padynaBama |fix(G)p)| orpanmdena je ¢ gome crpame OpojeM PasIMIATHX
cTama cpefmer cioja rpada G,. Tadena 4.5 npukasyje BeJudnHE My, CPEJIHETr CI0ja Ipa-
da G 3a cBaky nmaprunmjy p € Fg. Hajsehu cpenmn cioj ox 70 uBoposa nma rpad Dy
npuapysken naprunuju fr. Ha csy cpehy, 6poj ds momoronmx crama rpacda Dg seh je
no3uat. Hapemuu ciydaj 1mo TexkuHu je rpad Opuapy>KeH MapTUIHjI ff’ fo ca 50 uBopo-
Ba y CpeambeM cJIojy, 300r dera je padynaibe |fix(G,)| ma ocnoBy Teopeme 4.1.2 kpajie
Heedukcano. ¥ cieneliem oze/pKy, npukasyje ce ebukacHuju HadnH padyHama | fix(Gp)|

y ciIydajy Kaja Cy y mapTunuju p € Pg mocieima nBa cadUpKa jeJWHUIE; LIOJIA3H Ce Of
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Ciauka 4.3: Kopumtheme ayromopduzama rpada y nusby edpukacHujer oapehuparmba
Opoja MOHOTOHUX CTarbA.

Sa
0000
0001

0010, 0100
0011, 0101
0110
0111
1000
1001
1010, 1100
1011, 1101
1110
1111

Q
SR

| fix(G)

(S,

—_
Neligl

e I I S S S N O I N I S N

O NN~ RN R R~
== = N = R == NN
O N PR N O

CKylla MOHOTOHUX CTamba I'pada KOoju o/roBapa mapTuiju n — 2 = 6 Koja je Jodujena o

IOJIa3HE MaPTHIINje U30CTABIHAILEM IIOCTIE/IIHE JIBE je TUHUIIE.

4.2 Ilaprunmje y Kojuma cy mocJjieIba aBa
cabupka jeamHuIie

Hexka je q € P, maprumnuja Koja oaroBapa pasJjaramby n = aj +az +---+ag, a1 = ag =
- > ay, tae je ap_1 = a = 1. Heka je p € P,,_o mapTuiija Koja oAroBapa pasJaramy
n—2=a;+ay+ -+ ag_o. Heka je G, = (V), E,) u Gy = (V,, E,). Cneneha reopema

HoKa3syje Kako ce Moxe uspadynaru | fix(Gy)| ako je mosuar ckyu fix(Gp).

Teopema 4.2.1. Hexa je
u(S) = IT € ix(Gy) | T > 5|

n(S) = |T € fix(G,) | T < S].

Taga sasicu

fix(Gy)l = Y. D wSVITISAT).

Sefix(Gp) Tefix(Gp)

Jlokas. Tlepmyranuja o = 7(q) kaga nenyje Ha z = (x1,%2,...,T,) € By, duxcupa

eJIEMEHTE Tp_1 U Ty. IIpema Tome, u3 ' = (2,...,2}) € v = orb(z) € V, cnegn a),_; =
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Tp—1 Uz, = x,. Hexka je
Vij={veV,|v=orb(z),(zn-1,2,) = (4,7)}, (i,j) € Ba.

Ba cBako v € V), mocroje werupu uBopa v;j € Vg, (i,7) € B, TakBa Ja axko je T =
(x1,22,...,Tpn—2) € v, OHAA Tjj = (T1,T2,...,%n—2,%,]) € v;j. [Ipema Tome, V; ce pas-
naxe y aucjyakrmy yumujy Vg = Voo U Vo1 U Vig U Vi1, Ceaxu nmoarpad G rpada Gy
uHIyKOBaH cKynoMm V;; uzomopdan je rpady Gp. Usmehy apa usopa u € Vg m v € Vi,

(p,q) # (r,s), mOCTOjU IpaHa aKO U CaMO aKo:
® U= Wy, U V= Wps 38 HEKO W € V), U
o (p,q) <(r;s) m|w((p,q) & (r,s))] =1

Heka je S;; BekTOp 4mje cy KOMIOHEHTe CTama IBopoBa u3 Vij, (i,j) € Bz. Hexka je
ng BEKTOD KOju ce o7 S;; /00HMja yK/amameM IIOCTIe/be /[Be KOMIOHEHTe. JeTBOpKa
(S00, So1, 510, S11) jenmosnauno oxrosapa cramy S € fix(Gy4) (ca mepMyTOBaHHM KOMIIO-

HEHTaMa) aKo M CaMO aKO:
o S5}, € fix(Gp) 3a craxo (i, j) € B,
e S11 = So1 u S11 = Sio, 1
® So1 = Soo 1 S10 = Soo-

IToceama nBa ycjioBa eKBUBaJIEHTHA Cy PeJIoM yeaoBuMa S11 = So1V.S10 1 Soo < So1AS10-

ITpema Tome, ckyn moryhnx gerBopku (Spo, So1, S10,511) 10duja ce na caenehn HauwmH:

e csakoM napy (So1, S10) Koju oxrosapa napy (Sj;,S) € fix(Gp) xfix(G,) onrosapajy
csu moryhu maposu (Sopo, S11) € 171(So1 A S10) X 1(So1 V Sho)-

Bemraina opor ckyna jeanaka je | fix(Go)l = X genx(a,) 2orenix(a,) KIS VTINSAT). O

Hanomena 4.2.1. Teopema 4.2.1 Gpegctias.na gqupekilino yoUwiierse GocTyura Tpume-

renot 3a pauynare dy [3] u dg [40].

Ilpumep 4.2.1. I'pagosu G(g) u G(91,1) Upurasaru cy na cauyu 4.4. 460posu ungyrosa-
nuzx aogipagosa Gog, Go1, G1o, G11 0d0jenu cy pegom cusom, TAABOM, 3EAEHOM U UPEEHOM

bojom.
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Cmuka 4.4: I'pad G(2,1,1) cacraBiben o1 deTupu noirpada nzomopdna ca G (z).

G G

(@)
®
()

Tabdema 4.2: Pauyname |fix(G(21,1))| u3 npumepa 4.2.1.

& 1000 | 100 | 110 | 111
000 | (1,4) | (1,3) | (1,2) | (1,1)
100 | (1,3) [ (2,3) ] (2.2) | (2,1)
110 | (1,2) | (2,2) | (3.2) | (3,1)
11| (1,1 [ (2,1) ] (3.1) | (4,1)

Axo cy usoposu y osum tpagosuma pactuopehenu 0godio Ha goae, CAe8a HA JECHO, OHGA
je:
fix(G,) = {{0,0,0},{0,0,1},{0,1,1},{1,1,1}}
YV apecexy epctuie xoja upegcmiasnma cmarve S ipaga Gy u Korome Koja Upegeuias.pa
cwarwe T" tpada G1o, Wwadesa 4.2 upurasyje tapose (u(S'ANT"),n(S'VT")). Cyma upoussoga
08UT UAPOBA jegHaKa je

SN S AT (S v T') = 50.

stoT

107



I'VIABA 4. MOHOTOHE BYJIOBE ®YHKIINJE

Bpoj cabupaka y oBoj cymu jemmax je |fix(Gp)|?. Homro cy spemnocrn | fix(Gp)| 3a
naprungje (2,2,2), (2,2,1,1) u (2,1,1,1,1) peraruBuo mase (pemom cy jeanaxe 8600,
24302 u 160948), Teopema 4.2.1 omoryhasa eduxacuo pauyname |fix(Gy)| 3a oxrosa-
pajyhe Behe rpadose. Moryhe yop3ame OBOI padyHarba MOCTUKE CE Y CIOJbEbO] METIbU,
IIPOJIACKOM KpPO3 CKYII IIpeJICTaBHIKA K/Iaca eKBuBaseHimje ckyna fix(G,). Crenehe jemmo-
cTraBHO yOp3ambe 3a PaKTop 2 MOCTUXKE Ce KOPUIINEHheM CUMETpHje 300r KOMYTATHBHOCTH
oneparja A u V. Pagyname Bpegnocru |fix(G,)| je maxie MHOro eduKacHuje IPUMEHOM

TeopeMme 4.2.1 Hero mpumeHoMm teopeme 4.1.2.

Hamomena 4.2.2. Bpegrocti r7 = 490013148 uspauynaiia je 10080 WPeHYTHO KOMOU-

HOBAHUM Kopuwherem tweopeme 4.2.1 u weopeme 4.1.2.

Jeaunu mpeocTtasim mpodieMaTHYaH CIydaj Be3aH je 3a maptuiiujy p € Pg kKoja oaro-
Bapa pazjaramy 8 = 2+ 24+ 2 + 2. ¥V ciaenehem ome/bKy pa3mMarpa ce KakKO Ce 33 OBY

mapTunujy Moxke edukacto oxpenurn | fix(Gp)l|.

4.3 IlapTuimja y Kojoj cy cBu cadupiu JBOjKe

3a n = 2k, Heka je q € P, napTuimja Koja oiarosapa pazjaramby n = 2+ 2+ - + 2,
u Heka je H,, = G,. Anammsupaliemo rpacdose H,, u mokasartu Kaxo ce oapebyje |fix(Hy)|
nostazehu o fix(Hy,—2) u fix(D;,—2), yumMe ce pemasa npodJeM ca IOCIEHOM IIPEOCTATIOM
TTaPTHUIA]OM.
Hexka je
on=m(q) =(12)34)---(n—=3n—-2)(n—1n) €S,.

IlepmyTanumja o, nma opoute myzkune 1 u 2, ma ce ckyn usoposa V, rpada G, cactoju of
jeIHOCTPYKUX ¥ ABOCTPYKUX uBopoBa. Usop {z}, x = (x1,xe,...,x,) € By, je jexnocrpy-
KI aKO U CaMo aKo 0y, () = &, Tj. T2j—1 = Z2i, 1 < i < k. [Ipema tome, y ckymy V, mocroju
2F jemmoctpykux usoposa. Ilpeocramux 22F — 2% n-ropku rpymucano je y (22F — 2F)/2
JIBOCTPYKUX 4BopoBa {x, 0, ()}, x € By, © < op(x).

Csakoj (n — 2)-topku © = (21,9, . .., Tok_3, Tog_2) OJArOBAPajy U€TUPU N-TOPKE
I'” = (fL‘l,xQ,...7£U2k_3,$2k_2,i,j), (7’7]) €B27

JobujeHe mponmprBameM T napoM (i, j) € Be. Ilepmyranuja o, cagpxku nukiyc (n—1 n)
Koju Jenyje Ha osaj map. Heka je V' ckyn usoposa rpada H, u mexa cy Voo, Vo1,10 1
V11 noxckynosu rpada V' Koju pesiom caiaprke n-Topke ca mociema jasa outa {(0,0)},
{(0,1),(1,0)} u {(1,1)}. Ha Taj nauun, V ce pasnaxe y JUCjyHKTHY YHUjy OJf TPH IOJI-
cxyna: V' = Voo U V1,10 U Vi1. Crneneha nema ommcyje ctpykrypy rpada Hy,.
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JIlema 4.3.1. Hexa cy Goo, Goi,10 v G11 @ogipagosu tpaga H, pegom ungyrosaru wog-

crytosuma ueoposa Voo, Voi,10 u Vii. Taga
1. Hogipagosu Gog u G11 usdomopdmu cy ca pagom Hy_o.
2. Iogipag Go1,10 usomopgan je ca mpagom Dy_o (sugetiu natomeny 4.1.1).

3. Jeguwne ipane ipaga H, xoje ne uputagajy togipagosuma Goo, Goi,10 v Gi1 cy

caegehe:

e 3a ceaxu jegroctpyru weop {x} paga Hy_o, © = op_o(x), Goctoje Wpu 460pa
waga Hy: {xzoo} € Voo, {zo1,210} € Vor,00 u {11} € Vi1, wosesana ca gse
pare ({Zoo}, {To1,710}), ({wo1,z10}, {Z11});

e 3a ceaxu geoctuipyru ueop {x,y} pada Hy, o, waxas ga je y := op_2(x) > x,
aoctioje wewupu weopa paga Hy: {xoo,y00} € Voo, {To1,y10}, {10,901} €
Vo110 v {z11,y11} € Vi1, @osesana ca wewupu ipare ({xoo, Yoo}, {xo1,y10}),

({00, Yoo} {z10,y01}), ({zo1,y10}, {z11,911}) v ({210, v01}, {z11, 911})-

oxas. 1. IlpeciukaBame ¢;; @ Vy—o — Vi nedununcano ca ¢ (orb(x)) = orb(zy),
i € B, npencrasiba nsomopduzam usmelhy H, s u Gy, ¢ 0d3upoMm ma y rpady
H,,_2 nocroju rpana n3mehy usoposa orb(z') u orb(z”), 2/, 2" € B,,—9, 2/ # 2", ako
u camo ako y rpady Gy; nocroju rpana usmely orb(z);) u orb(zf).

i

2. Ilpecimkasame ¢o1 : Dy—2 — Vp1,10 Aedunrncano ca

— orbga) — 4 o710}, Ono(z) =
¢o1({x})) = orb(zo1) { {zo1, (0n_2())10}, On_2(x)#

npezicraBiba u3oMopdusam usmely Dy,_o u Goi 10, ¢ 003upoM na 'y D,_o mocroju

x
xT

rpana usmehy {2’} u {2"}), 2/, 2" € B,_9, 2/ # 2" ako u camo ako mocroju rpana

y Goi,10 m3melhy orb(zg,) u orb(x(, ).

3. Pasznmkyjemo pemom JBa ciydaja: Kama je IBop orb(z) jeIHOCTPYKH OJHOCHO JBO-

CTPYKH.

city4aj o,_o(x) = x. Mzomopdusmu ¢, ¢o1 U ¢11 peioM IpecaukaBajy 4Bop {x}
y 9BOpOBE Orb(x()o) = {1‘00} € Voo, orb(a:m) = {.CU()l,l'l()} S V01710 u orb(xn) =
{z11} € Vi1. llpernocrasumo ga cy (n—2)-ropke x u 2’ Hajmarbe (n —2)-TopKe

opouTa KOojuMa MpuIaaajy. laga

e mocroju rpama y H, koja mosesyje orbzgy u orbz(;, ako m camo ako je

x = 2'; Tana je ta rpana ({zoo}, {zo1,x10}).
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e nocroju rpana y H, koja noeesyje orbzo; u {z};} ako n camo ako je
/. :
x = 2'; Tana je Ta rpana ({zo1, 210}, {x11}).
s / /
e e Moxe mocrojaru rpana usmehy orb(zgg) m {z};}, momro w3z z < x

cnemn w(xh,) = w(xgo) + 2, mro je memoryhe.
11

ciay4aj o,_o(x) > x. Usop orb(x) = {x,y} omrosapa rpymm oj derupu UBOpa
orb(zoo) = {zo00,y00} € Voo, orb(wo1) = {701,410} € Vo110, orb(z1p) =
{z10,y01} € Vo110  orb(z11) = {z11,y11} € Vi1. Cauuno nperxognom ciry-
4ajy, 3aKJ/bydyjeMo Jia aKo IOCTOju rpaHa e y H, m3mely yBopoBa 100MjeHuxX
npommperseM orb(x) u orb(z’), Tama e Mmoxke mosesarn camo aBa uBopa u3 Voo
u Vo110, i s1Ba usopa u3 Vo110 1 Vi1. I'pana e mopa npumnaiari jeJJHoM 01

YeTUPHU TUIA HABEJAEHUX y (DOPMYJIAIHjU JIEME.

O]

Cruka 4.5 unycrpyje nemy 4.3.1 Ha npumepy rpacdosa He u Hy. Iloarpadosu nHmy-
KOBaHU CHBO, OJHOCHO IIPBEHO 000jeHnM 4BOpOBHUMa m3oMopduu cy ca rpadom Ho. I'pad

WHIYKOBAH 3€JIEHO 000jeHuM IBOpoBUMA m3oMopdaH je ca rpadom Ds.

Cauka 4.5: Omgaoc uzmelhy rpadosa Hy u Hy.

Creneha reopema npukasyje moryhu Haunn padynama | fix(Hy)|.
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Teopema 4.3.1. 3a upoussonmno R € fix(H,_2), nexa je
u(R) = {T € fix(Hn—2) | T > R}|,

n(R) = {T € fix(Hp—2) | T < R}|.

3a ceaxo S € fix(Dy,—2) (wy. 3a ceaxy monowiony byrosy dGyrkyujy og n—2 tGpomensuse)

nexa cy eexwopu U(S), L(S) € fix(H,—2) gepunucanu jegnarociiuma:

S{z}), on-2(r) =
S{a) AS({on-a(2)}), on2(z) <

T
, 3aceaxo x € By, o
T

U(S) = U(Ol"b(aj()())) = {
, 3a c8axo x € By, o

fix(Go)l = > p(L(S)nU(S)).
SEﬁX(Dn,Q)
Zloxas. IlponsBo/bHO MOHOTOHO cTame rpada H, oapeheHO je MOHOTOHMM CTamuMa Sy,
So1,10 1 S11 mHAyKOoBaHUX noarpadosa penoMm Goo, Goi,10 1 G11. Hexka je Sp1,10 mponssosb-
HO MOHOTOHO crame rpada Goi,10. Tpojka (Soi1,10, S00, S11) 0AroBapa MOHOTOHOM CTAELY

rpada H,, ako 1 caMo axo
® S00, S11 cy MoHOTOHA cTama rpadosa peaom Gog u G11, 1

® 33JI0BOJbEHE CY HEjeTHAKOCTH 3a IpaHe Koje MOBe3yjy OBe MHIYKOBaHE Ioarpadone

(Buzmern nocieme Tpheme aeme 4.3.1).

[Tomro cy rpadosu Goi,10 1 Dy—2 n3oMopdHNI, OBE jeJHAKOCTH Bake aKO I CaMO aKo 3a

CBaKoO x € B,,_o Baxunu

So1,10(orb(zo1)), o(z) =

Soo(orb(zgp)) < U(orb(zgp)) = { Sov1o(orb(z01)) A Soro(orb(z10)), o(z) <

So1,10(orb(zo1)), o(z) =
So1,10(orb(zo1)) V So1,10(0orb(x10)),

Axo je So1,10 € fix(Goi,10) MoHOTOHO crame, Taga je U(Syy) ropia rpanuna MOHOTOHIX

S11(orb(x11)) > L(orb(z11)) = { i

2
&
A

crama rpada Goo, a L(S11) je noma rpannia MOHOTOHUX cramba rpada G11. Bpoj naposa
MOHOTOHUX cTama rpadosa Goyg u G11 Koju 3a/10BOJbaBa IIPETXOJHE JIBe HejeHaKOCTH
je p(L(S))n(U(S)). Cymuparsem MO CBUM MOHOTOHHM CTaEUMa S1,10, OJHOCHO IO CBUM

MOHOTOHUM cTambuMa rpada n3omopdHor ca D, _o, moduja ce m3pas u3 Teopeme. ]
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MspadyHaBame Ha OCHOBY JIOKa3aHe TEOpPEeMe MOXKe Ce€ YUMHUTH jorl epUKACHN]HUM.
Axo je ¢ ayromopdusam rpada D, o, Heka je S’'(v) = S(é(v)) 3a cBe uBopose v rpada
D,,—o. Tana Baxku p(L(S))n(U(S")) = u(L(S))n(U(S)). Ilpema Tome, cyma ce eukacuuje
MOZKE M3padyHaTH IPYIHACAkeM MOHOTOHHX CTama rpada D, o y Kjlace eKBUBAJCHIIAjE 1

00pajIoM caMo IPeCTABHUKA K/IaCa €KBUBAJICHIIN]E.

IIpumep 4.3.1. Uayctuposahiemo tweopemy 4.3.1 uspavyrasarem |fix(Hy)| tonrazehu og
fix(H2) u fix(D2). Cauxa 4.5 apukasyje pazaaiarse ipada Hy y wogipagose Goo, Goi,10 u

G11. Axo cy usoposu uogipaposa aopeharu 0gosio Ha goae, Waga je
fix(Gop) = fix(G11) = {{0,0,0},{0,0,1},{0,1,1},{1,1,1}}

fix(Gor.10) = {{0,0,0,0},{0,0,0,1},{0,0,1,1},{0,1,0,1},{0,1,1,1},{1,1,1,1}}

Bpegroctu p(R) un(R), R € fix(Hs) apurasane cy y wadbesu 4.3. Ose epegroctiu ucko-
puwhene cy 3a uspawyrasare |fix(Ha)| = 28 (sugetuu wabery 4.4). dea ciiarsa odbojera
UCTLOM HOJOM CY eKBUBANEHTUHA, TOULTTLO TPUTAGATy UCTO] opOUTTY ayTmOMOPPU3aMa Tpada

Dy ; apema wome, oba ctarea tpouseoge uctie sextope U(S) u V(.5).

~—~

Tabema 4.3: Bpeguoctu p(R), n(R), R € fix(H;) u3 upumepa 4.3.1.

R_| p(R) | n(R)
000 | 4 1
001 | 3 2
011 | 2 3
11| 1 4

Tabena 4.4: Uzpauynasame | fix(Hy)|.

S efix(Dy) | U(S) | L(S) | n(U(S)) | u(L(S)) | product
0000 000 | 000 1 4 4
0001 001 001 2 3 6
0011 001 011 2 2 4
0101 001 011 2 2 4
0111 011 011 3 2 6
1111 111 111 4 1 4

28
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[Monazehn oz | fix(Dg)| = 7828354 monoronux crama rpada Dg, pesynarar | fix(Hg)| =
2038188253420 modujen je 3a mame of ABa daca. Padyname Bpenmoctu |fix(Hg)| momohy
Teopeme 4.1.2 mame je edukacuo: rpad Hg y cpeamemM ciiojy nMma 38 IBOpPOBa, I1a je Opoj
Moryhnx crama Tor ciioja mpummano semmku (238). Tpyna o 192 ayromopdusma rpada
Hg paznaxe cKym cTama cpemmer ciaoja Ha 1439777920 kmaca eKBUBAJIEHITHje; 38 CBAKOT
MpeJICTAaBHUKA KJlace eKBUBAJIEHIIN]j€, HEOTIXOTHO jeé PEKYP3UBHOM MPETPAroM M3padyHaTH

Opoj mpoImpema Ha TOPe U Ha, JIOJIE.

4.4 WzpauyHaBame 7g

Heka m, o3nadaBa Beim4uHy cpejmber cioja rpada Gy, p € Ps. Bpennocrn | fix(G))|

3a pa3JnduTe Mapruiije ogpehene cy Ha cienehu HavunH:

e 3a maprunyje 3a koje je |V,| < 84 cpeamu cioj ogrosapajyher rpada G, nma Hajsu-
me 22 gBopa, Bugeru tadeny 4.5. OBo 103Bo/baBa e(PUKACHO padyHAIE BPEIHOCTH

| fix(G)p)| ma ocHOBY Teopeme 4.1.2;

® 3a ocaM HapTUIldja Koje MMajy Kao cadupke JBe jenunune u 3a Koje je |V,| > 84,

Bpeanocr | fix(G))| uspadynara je na ocuoBy Teopeme 4.2.1;

e maprurmju (2,2,2,2) oarosapa rpad Hg. Bpennocr |fix(Hg)| uspauynara je Ha

ocHOBY Teopeme 4.3.1;

e maprurmmju (1,1,1,1,1,1,1,1) oxrosapa rpad Dg, na je uckopumihena el mosnara
Bpeguoct |fix(Dg)| = |Ds| = dg [40].

Y3aumajyhu y obsup speguoctu |fix(G,)| (koje cy npukasane y tabein 4.5) Ha OCHOBY
sgeme 4.1.1, moduja ce rg = 1392195548889993358. PesyaraT ce mokJiana ca pe3yaTaToM
[Tasesickor [31], Koju je KOPUCTHO MCTY HJIE]y, OCUM IIITO je YMECTO HAPTUIHjA TOCMATPAO
nojenwHavHe nepMmyTanuje. Takohe, ymecTo rpadoBa KOPUCTHUO je CKYIIOBE OUTOBA, IITO je
yop3aJio m3padyHaBambe 73. HeKoJMKOo pa3/jmInTux ajropuraMa 3a U3padyHaBambe 0poja
dukcHuX Tavaka MOHOTOHHX BysoBux dyHKIMja npukasanu cy y paiay [39] y kome je

Takohe mzpadyHaT OpOj rs.
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Tabena 4.5: Nzpauynasamse rg.

peP |fiz(Gp)l | 9(p) | [Vy| | my ap

15,31 870 [ 2688 | 32| 6 4

{8} 2364 | 5040 | 36 | 10 4

{7,1} 3858 | 5760 | 40 | 10 12

{5,2,1} 21216 | 4032 | 48 | 10 4
{4,3,1} 25168 | 3360 | 48 | 10 2

{6,2} 70096 | 3360 | 52 | 14 4

{6,1,1} 144320 | 3360 | 56 | 14 4
5,1,1,1) 531708 | 1344 | 64 | 14| 24
[4.4) 3211276 | 1260 | 70| 20| 16

{3,3,2} 3607596 | 1120 | 72| 18 12
{3,2,2,1} 16380370 | 1680 | 80 | 18 4
{4,2,2} 37834164 | 1260 | 84 | 22 16
{4,2,1,1} 93994196 | 2520 | 88| 22 8
3,2,1,1,1) 401622018 | 1120 | 96 | 22 6
(41,1,1,1) 424234996 | 420 | 96| 22| 48
{3,3,1,1} 535426780 | 1120 | 96 | 26 24
B3,1,1,1,1,1) 262808891710 | 112 | 128 | 30 | 120
{2,2,2,2} 2038188253420 | 105 | 136 | 38 192
{2,2,2,1,1} 7377670895900 | 420 | 144 | 38 48
12,2,1,1,1,1} 182755441509724 | 210 | 160 | 42| 96
2,1,1,1,1,1,1} 101627867809333596 | 28 | 192 | 50 | 720
(1,1,1,1,1,1,1,1} | 56130437228687557907788 | 1| 256 | 70 | 40320

4.5 IIpouieHa TexkuHe M3padyHaBamba Ty

3a caky maprunyjy p € Py Tadena 4.6 npukasyje BeJUUnHY M, CPeJIber cIoja CKyIa
Gp u BeqmuuHy a, rpyme ayromopdusama ckyna G,. Bpenmocr |fix(G)p)| 3a m), < 42
MOXKEe Ce M3PAdyHATHU 33 IPUXBAT/FUBO BpeMe Ha OCHOBY Teopeme 4.1.2.

Pasmorpumo naprunujy p = (1,4,0,...,0) € Py koja oarosapa pasiaramwy 9 = 2+ 2+
2+4-2+1. Tlenepasno, ako je n Hemapuo, Heka je p = (1, (n—1)/2,0,...,0) € P, u H, = Gp.
Cimano kao y reopemu 4.3.1, moxke ce nokazaru na je fix(H,) jeHako cymMu yHarpes
u3padyHaTHX mM3pasa 3a ckyn fix(D, o). Ilomro je |fix(D7)| = 2414682040998 ~ 241

| fix(Hy)| = | fix(Gp)| ce Takohe MOke M3padyHATH 3a IPHXBATIEIBO BPEME.
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Tabena 4.6: IlapTumuje p € Py u Bemanne m, U @, PEJIOM Cpeber cI0ja U IpyIIe
ayromopduzama ckyna V.

pels| m, ap

1 {9} | 14 6
2 {81} | 17 4
3 {72} | 13 12
4 {7,1,1} | 18 24
5 {6,3} | 23 6
6 {6,2,1} | 24 4
7 {6,1,1,1} | 25 12
8 {5,4} 9 8
9 {5,3,1} | 12 4
10 {5,2,2} | 16 16
11 {5,2,1,1} | 19 8
12 {5,1,1,1,1} | 26 96
13 {441} | 34 16
14 {4,32} | 18 4
15 {4,3,1,1} | 19 4
16 {4,2,2,1} | 39 16
17 {4,2,1,1,1} | 40 24
18 {41,1,1,1,1} | 41 240
19 {3,3,3} | 42 108
20 {3,3,2,1} | 33 12
21 {3,3,1,1,1} | 46 72
22 {3,2,2,2} | 31 24
23 {3,2,2,1,1} | 34 8
24 {3,2,1,1,1,1} | 41 24
25 {3,1,1,1,1,1,1} | 56 720
26 {2,2,22]1} | 66 192
27 {2,2,2,1,1,1} | 69 144
28 {2,2,1,1,1,1,1} | 76 480
29 {2,1,1,1,1,1,1,1} | 91 5040
30| {1,1,1,1,1,1,1,1,1} | 126 | 362880

[Ipeocranux 6 mapTunuja 3a mocjaeama gBa cadbupka mMmajy jeaunnaure. la Oou ce m3-
padynana spejamoct | fix(Gp)|, na ocnoBy Teopeme 4.2.1 norpeduo je cabparu |fix(G,)|?
MIpOM3BO/Ia, T/e je maprunuja ¢ € Pr; modujeHa m30cTaB/harmkheM MOCTIEIha IBa cadupKa 13
onrosapajyhe maprurmje p € Py. Tabena 4.7 npukasyje |fix(Gy)| 3a oBux 6 maprunuja.
Bpeuocr | ﬁX(Gp)] 3a IIPBE JIBE MMAPTHUIIje MOTY ce M3PAaIyHaTH 3a IPUXBAT/HUBO BpeMe

Ha ocHOBY TeopeMe 4.2.1. OuurienHo, Haj3axXTeBHUja MAPTULAja 38 paTyHAbEe IPUIPYKe-
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Ha je rpady Dy. Ykosmuko &u ce ycrentno uspadynasa speasoct | fix(Dg)| = dy, BepoBaTHO

Om OMJI0 M3BOBUBO M3PadyHaTH OpOj (PUKCHMX Tadaka 3a CBe mapruimje u3 tadese 4.7.

Tadena 4.7: IIpeoctammnx 6 mapTunuja yK/byIeHUX Y U3padyHABAEe BPEITHOCTH T'g
y KojuMa cy dapeM JiBa cadUpKa jeIUHUIIE.

pED |fiz(Gy)| | logs(|fix(Gy)|)

{3,3,1,1,1} 69264 16.1
{3,1,1,1,1,1,1} 2068224 21.0
{2,2,2,1,1,1} 12015832 23.5
{2,2,1,1,1,1,1} 67922470 26.0
2,1,1,1,1,1 1,1} 2208001624 31.0
{1,1,1,1,1,1,1,1,1} 2414682040998 411
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3aKJby4vaK

Y oBoM pajiy pa3zMaTpaH je mpodJieM u3padyHaBama Opoja Kjaca ekBuBaseHnyje Bymo-
Bux ¢yukimja. Texxuna ogpehuBama 0poja Kiaca eKBUBAJICHIN]e HALJIO PAacTe ca OpojeM
poMeH/puBUX N. MoTuBamuja 3a n3d00p 0Be TeMe JIeXKU Y INHEHUIIN 13 Cy KOHKPETHHU OpPO-
jeBn 1o caja OMJIM MTO3HATHU CaMO 38 PEJIATHBHO MaJjie BPEIHOCTH 71, NAKO je caM IPOdJIeM
TEOPHUjCKN OJABHO PeEIIeH.

VY norsiasmy 3 ananuzupane cy bysoBe n nnBeptudusiane Bynose dymukiuje, kajga na
yJIa3He ITPOMEHJbUBE JIeJyjy YeTUpH Tpylie TpancdopMalyja: Irpyia IepMyTaiyja, rpymna
KOMIIO3UIIMje MEPMyTallfja U KOMILUIEMEHTHUparba, JuHeapHa rpymna u adwuna rpyma. Y
CJIy4ajy WHBEPTUOUJIHUX BysioBux ¢yHKIMja ucta rpyna tpancdopMmaluja jeiryje u Ha
yJia3e U Ha U3Ja3e.

Axko ce 3Ha nuKITycHE UHIEKC, Opoj Bynosux, ojHocHO nHBepTHONIHIX BynoBux dyHK-
uja MOXKe Ce JUPEKTHO m3padyHaTu. MehyTum, eKCIIUIUTHE U3pa3w 3a [UKJIyCHE WH-
JIEKCe JI0 CcaJia Cy OWIN TMO3HATH 3a CaMO pPeJaTWMBHO Majie BpeaHoctu n. OpuruHaHu
JIOIIPUHOC OBE JIUCEPTAIfje OrJIeJla ce y MPOHAJAXKEY AJrOPUTMAa 38, JI0OUjarbe eKCILIU-
IIUTHOT U3pa3a 3a IUKJIYCHU WHJIEKC 3a OMTHO Behie BpemHOCTH 1 3a CBe YeTHUPHU TpyIIe
Tpancdopmarnuja. Ha ocHoBy Tora modujenu cy m oxromsapajyhum OpojeBu Kjaca eKBUBa-
sernimje. CrienujaHo, y ciiy4ajy rpyle lmepMmyTaliija, MIPUKa3aH je MOCTYIIaK padyHama
Opoja KJiaca eKBUBaJICHIHje 0e3 IPETXOIHOT padyHAarha MUKJIYCHOT UHJICKCA.

VY morsaBby 4 perraBa ce mpoOJiEM IPOHAJIAXKEIHA OpOja KJaca €KBUBAJICHIHA]E MO-
HOTOHUX BysnoBux dynkimja. IIpukasan je mocrynak Ha OCHOBY Kora Cy (HapaJiejHO U
HezaBuCHO 071 [31]) edukacHo mspauynaru OpojeBu 3a n < 8, mTO Takohe IpeJCTAB/bA
OPHUT'MHAJIHA JIOIIPUHOC OBE JINCEPTAIIH]E.

Pesynratn uzmoxkenu y oBoj aucepranuju Be3anu 3a bysoBe n naBepTudmiane Bymose

dyHKIIIje 00jaB/beHN CY y PAJIOBUMA

M. Zivkovi¢ and M. Cari¢, On the Number of Equivalence Classes of Boolean and
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soamss (FT12 36770 £325 4378 128 £39% + 168 £1 75 £32° + 1260 f1* 224+756f S2 0+
252077 32 f3" fo2 + 9457 F31 4 B360f%f5% 4 TEO0S%f2°fi° + B024fP*f5° +
756'0f32f“‘f”f48 + 11340f{°f5 36 + 10080f1 f28f§6f672 + 2520f116f256f§6f§6 +
10080f16f8f8° 18144f16f f f10 + 15120f116f2f TS T + 2240 f7 £3°° +
11340f1 120 + 30240 3 f42 8 3¢ + 2592017 f12  + 9072fPfifAAeS +
151207 f3 f8 187 f§+24192f18f§‘f§ fis +20160f1f2f3° " + 453601 f3 f1 f5°
25920ff‘f22 ?Gf 1 + 181441 f3 ££ 3 f1o f20 i’ + 40320 /7 f3 f5°)

10

1 ( 11024 + 45f512f256 + 630f256f384 + 240f256f256 3150f1128f5148

3628800

D00 SRR sl sioppe
T T Y
32 p16 £160 80 32 16 £96 32 p16 £32 p48 16
50400117 f5° f37" f6"  + 60480f FASFI0FES 4+ 50400f32 20 £32 £1 f
2240018 £33° + 5670018 f24 240 + 1890016 f420 192 4+ 151200f116 f16 fis2
86400f16f144 _|_ 25200f16f24f80f120 + 90720f16 48
151200f16f24f16f48 24ps 4 120960f16f asps 4 56700f f28f24°
756001 f5° f5 fg°° + 201600 7 f2f 6 + 226800f1 f2f12f120
5040017 f5 f3° i“’ fS O 259200f1f2 + 1814407 f5 f4 f524f10 20
120960 f5 f4 f8 f2 f6 f +72576 f1 f2°4+226800 fLfsfi2 120+403200 fififarz4
1512001 f2 f3 f1° f8° 112 +172800f1 f3f7° 1+362880f12f2f5f 7)

A+ttt A+
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Tabena 2: Uy, (S))

Un(Sh)

O N O Uk W N =3

10

4

12

80

3984

37333248

25626412338274304
67516342973185974328175690087661568

2871827610052485009904013737758920847669809829897636746529411152
822140928

3694832432193176008480496306824803276261529443249171800642915009
7915764404975778434223641506463855155920573293619470255890863938
030397273611247288320

4953960358416875848019469771795151933471056489589689629448580278
8175891701270620162825730055249459903577195352419760682875370122
1627526987104616626609340598886601691863672835167903605542837097
3173355364551517732389570098778743078711676854923840445599961007

9324080845601322040392717713887950339101949952

n | opoj mudapa | npsux 10 nudapa | nocaeamux 10 nudapa
10 302 4953960358 9101949952
11 609 8096091387 9988921344
12 1225 2180345287 1455334400
13 2457 1751637212 7853867008
14 4922 1364710731 8023431168
15 9853 1082426226 2274886656
16 19715 9575825887 9021408256
17 39443 1128556104 2152309760
18 78898 2516762987 3845659648
19 157810 2134381540 5071135744
20 315635 2770822705 7817590784
21 631286 8894525773 5920624640
22 1262591 1837243952 4797814784
23 2525201 1649576304 2207606784
24 5050422 2931082251 7359756288
25 10100866 2132169236 6736451584
26 20201755 2712162313 3467180032
27 40403535 1098718953 7726454784
28 80807095 4694593494 9141382144
29 161614218 2317068161 977035264
30 323228465 1582323159 8609016832
31 646456960 2142341745 1894662144
32 | 1292913952 1179367868 4055357440
33 | 2585827937 1109063442 6609006592
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Tadena 3: Uy, (Gy)

O N O U W =3

10

402

1228158

400507806843728
527471432057653004017274030725792

1121807660176751958696528198417334100592514285385548102447047165
7123840

7216469594127296891563469349267193899711762425516008587246722796
5434796621908173076713086669511137012532701111814714310142634744
787330002626912256

4837851912516480320331513449018703060030328603114931278758379178
5328019239540891229811987263397524710917730613279530479674889403
5902180840179154115872092179421411467930179433328765201301849256
1851538251644816770219522292397852574024537890863067617933002992

8029851949150824420513845475723945124560896

n | opoj nudapa | mpsux 10 mudapa | nocaemamux 10 nudapa
10 299 4837851912 5124560896
11 606 3953169623 5342686208
12 1221 5323108612 750578688
13 2453 2138229019 1343455232
14 4917 8329533272 4552316928
15 9848 3303302691 3095042048
16 19711 1461155073 2680714240
17 39437 8610199770 5539312640
18 78892 9600688886 305708032
19 157804 4071009712 7233422336
20 315629 2642462449 5842946048
21 631280 4241240393 7344691200
22 1262584 4380330926 7257129984
23 2525194 1966448193 742640640
24 5050415 1747061164 9936671744
25 10100858 6354359498 8437796864
26 20201747 4041436781 9259187200
27 40403526 8186094118 4533050368
28 80807087 1748872360 3056640000
29 161614209 4315875770 9895513088
30 323228456 1473653279 5694676992
31 646456950 9976056151 5984594944
32 | 1292913942 2745929800 2205485056
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Tadena 4: U, (GL,,)

Un(GLy)

00O N O Uk w3

NeJ

10

4

8

20

92

2744

950998216

2076795963681989019155896
21651217007530946175606768762255421159692845640522169779616

1916462551853379582766174110869540018019140561558963848311295550
4956683835092273159898364755826684230506355795035616608356302228
832

4905830316810577128023859641843377229352029519868792263629992237
0129342277464335912644920551075287953232312823012344145613031448
9524693644509400515146782406559276357130984160509363119708042014
0607565901724635683530896109320237486691120078358833895901926849

39351717155567658637040

n | opoj nudapa | mpsux 10 mudapa | nmocaeamux 10 nudapa
10 279 4905830316 7658637040
11 581 4207365905 6572193664
12 1191 1621278206 9330775296
13 2416 5046879208 2793767272
14 4874 4101701154 4104127792
15 9797 9089842394 9140513216
16 19652 5991437479 68327744
17 39371 1397463015 8191174216
18 78817 1632615069 1255183584
19 157719 1914071374 8381355576
20 315533 9039728539 3320916320
21 631174 2771144219 127424288
22 1262467 1431647594 3849171584
23 2525064 8402718102 5818113536
24 5050273 2546108234 2336345472
25 10100703 8225091972 2961040320
26 20201579 1208031732 9812269296
27 40403344 1466976913 9423820352
28 80806889 4871278129 9770368640
29 161613996 4838068238 9015843840
30 323228227 1719411692 1467008448
31 646456705 3129719385 8924464888
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Tadena 5: U, (AGL(n))

U, (AGL(n))

© 00 O Ot Ww N =3

10

3

5

10

32

382

15768919

16224999167506438730294
84575066435667906978109556031081616704183639810103015118

3743090921588631997590183810292071781042846067942809230428008257
9018500064631097026597863697259931801933484260185559925420090026

4790849918760329226585800431487673075539091327996867444951164293
9579436034123162518369322883615259300043087073397364756587432595
3529940377811130038575926765372370447759627109606902989971984053
7057021771231410993576387552059303730030873644839300959028 776787

89627725054625735636

n | 0poj nudapa | mpsux 10 mudapa | nocaemamux 10 nudapa
10 276 4790849918 4625735636
11 578 2054377883 2319137590
12 1187 3958198745 4399802540
13 2412 6160741221 9267197860
14 4870 2503479708 8164662120
15 9793 2773999754 4318369670
16 19647 9142208068 7797494578
17 39366 1066179669 1556775942
18 78811 6227932240 2843918576
19 157713 3650801419 2921525334
20 315527 8620956935 5464109194
21 631168 1321384534 6380185388
22 1262460 3413313853 2376167938
23 2525058 1001682055 9442791822
24 5050266 1517598769 3850662760
25 10100696 2451268426 5174999328
26 20201571 1800107556 9459030448
27 40403336 1092982972 2205058216
28 80806881 1814692515 1922641604
29 161613987 9011604335 7273576092
30 323228218 1601326923 6000148420
31 646456696 1457389158 792141128
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Tabena 6: V;,(S))

Vi (Sh)

S G W N =3

2

7

1172

36325278240
18272974787063551687986348306336

2447664586919061807550798405385060995056953516804366382059507218
44523539763881615360

1518095247396149934396561893437671802632484211979653211919046057
2419587843882495858528287600864911303830870768143309448109933903
4671518287392649956419149356667671350869456395141802513832187897
09596490606182400

5276597828377707101367890406517408260932514587414557669716521611
6877815555488359331784236239083574487580007591939126392761504001
8821216278774202023997397079366824661489931236149172145693732111
5003924305620092278668775086984681215549370125014517000731969158
5121394921465596217271765454069675365920014984558985618461211811
0722871947349006968239825032973991355317680321485829624176524898
6666164958696461300204071805602521076844115062550144859238782331
06586773392428630175571150605101668259332096000000

2640674186057734420991930928315688562870683196704918129080678559
5207919579157820374379500499800694343931935665638585660056 771001
4711080138640649077160404172738505092500185193919142842736546598
0322259719527963963017018081392784395765197637618931124840513448
6464649524304424873096846336593869765529329153737879398307495299
0710361271944889122793368550058901512007397664533157286038662914
5652477807342113170881758146654835228711419604133228326470608445
5234725637339730861912511010904750121966886667998077807262166444
0855318152480776920392080852178579766887332338861885660254769972
1455950314400375882402318803277582933395768107346528702683280953
7781813786493896438530257922744141156357711162050661213209508862
6377113807622856129578420710344181832189204911264827583469568519
1676343780054159603877237634095410762777710784700411489926524851
7156168427686364450408622817282651956321382848649241836424750480
0661684726454045647372343309018751738150295146135226912754254972
7818772970022094457947312392115780436373203535202115844856315831
5772461447566153105732547034758874469385351519604787474193765667
3533964435465856256595927257366771432995467331495494942720000000
0000
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Tabdena 7: V,(S))

Vi (Sh)

10

4114862427175757036403116892495020741440331195248975279385766697
0830050665441950110137092500214020210200432751801980512359031961
6308760643301053643813406392723013201132049474654101188657366316
8425344894336998146552442963676612155972720614115757551337396899
3760311776830735943088452124245345673739672154325772688573835588
2086043468864617831742495088112740700976780544733195167479947979
3078753442439192394867696744532207220341155945977217398653371362
3723532783745420048750076111003601327760166716652578266312925695
9579857359328990333582684652843807455812609378969118873151104651
1278590362886185088364667545691898358365562585880464465712657252
5445637193897990261076289247605361750450938338120766451941245252
0016156930232586650703321036510760492647335013069539905444897925
9078582032449160809205325896384897518448259032134447847353228741
7963054582666748503388045375586768796070863798041382502674236319
4269984586507173107630599550503687572768429876685381998968548095
1661946369626914371287382807400114671666850461794790074082289474
5030529159221154135394675585100351157409547201738482090467997875
4944604647654460923190668170605161285790671133374414684851805849
0721696801976890069895887759334240679492419794395157901027019197
8966931499988973595689593747444388857062749796425830622274906852
4115828982629496572753965506222606184318542100385693498177383541
2182689097579255479401865665979629625071206424631562074232792614
8825028762766743365650014809054201316266511388877503629926960911
9697865037455187868615789702351251374086903792621861561107148323
0011395844518336137489563295269086064162228631191709130678006913
5499307279658448726785600455689160784484471650981630136565045966
7821472118725238561765425839719314160238580097302533273861316514
5264217374015224027268486887059911371718204945996491231607514928
8802031652492429620300823224143314076188802646669853253640575491
5664211671882599943401893945722241545896269678314416925107389883
3044368029202047924014682525188766836797970250356906884364115962
0820397373369799464025506435049357338176155307968790633312001740
3335962736911003249262705163138309388563641460718494666859748488
9730640583319312705399294935277013151014113574276936272611543104
3965745590513617382826047830895084018180946874232261294584032580
8413219706052031054067038475206495480515518139871550378948812216
2776501343028838638328791895124877788688982177461597314409184250
297464749492593602952001054323633598713368062720596961 7198068622
5874905374236590769136748738470163485433436625435038282857389432
9277961240985934815725031208916681446669225147600998871557451921
4469782439384026366251352331259571195152879258173440000000000000
000
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n | opoj nudapa | mpsux 10 mudapa | nmocaeamux 10 nudapa
10 2627 4114862427 0000000000
11 5880 1049795063 0000000000
12 13003 1587646520 0000000000
13 28484 3290418747 0000000000
14 61915 1588471133 0000000000
15 133710 5317439265 0000000000
16 287168 1179393167 0000000000
17 613813 1863951032 0000000000
18 1306562 3406544315 0000000000
19 2770976 3769853709 0000000000
20 5857633 2761541679 0000000000
21 12346602 2562746290 0000000000
22 25955848 2849687196 0000000000
23 54436954 2278420247 0000000000
24 113924391 2133771053 0000000000
25 237949713 1277495638 0000000000
26 496101249 6187971910 0000000000
27 | 1032606106 7039012220 0000000000
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Tabdena 8: V,,(Gy,)

[ IS U e

52
142090700
17844701940501123640681816160

5975743620407865741090816419397133039670957269381635361075808507
4676243846093824

9265718062720641689432140462876414810989283520383625561029333845
4709398461196919722089744755049426896140944946215252828577600507
1532226159798384649365038150756391193832099360403268370959565678
719148097536

8051449323086100923718094492366650788776419963706295272394594744
3966393364697813921789911253484458141448986193754770496767431643
4968896909750674475093684508311194857009782770003011248081667377
3031525943759636133967534404137645108690422435606954120109764977
7439162059207315039985601585178596054326231774107401260913760880
3048625240864588986189385348144718856291494232389720029875144657
1724444597026311924121957081382659014712216362125914243816688677
511835612255058844196796528479430356919910400

1007337259696096199414036151243472504757188109094588519699355529
6023528892195823812248039436264302957127355829482492698691090012
1578628592926272993911897343726541554451059415404946457953089369
9768928420840440354544455750043023832613066725776264619766431216
67727087113588046543490777346015433370702091803504483 78870962257
0308823117044406556241366786979256253054579797566664614119973340
8223143694817395467455006088729056020198494474387472263759526904
8887669378353935770175948064778229103996439574470866989347580043
2400990216239745396261880087912119195882938262316617897911837367
1325942232683815332615947726319472391261470084748583549260385202
6371683137416860402778790713390798589961503722390572144031170252
4908024345622534234505330286686594015070972459365271374860259670
7690303092538274074396044726332939289148821624184476886263691658
3076259639814801951471948564537230020808534302441648053149695379
5627860548896524075529909927217892408782325736367999294582200080
2372852735879997268793694223090279903732283089286536590721971621
1059446534264873133381637269635978705904929294140287485550498365
602477789344570879452123046246915561048364618954057990537216000

132



ITIPUJIO3U

Tabdena 9: V,,(G,,)

Va(Gr)

10

3924238612342602764514080898757000676575022883652663497339026162
2266817727510404691826908588613529405785019637872677337988883935
5763207095433286327184111016009343339092301821378804386765829388
4682984251343725344231074298550235897038193334689862777078053378
4637748505430923407638980983968110727061912683797619522641978824
8144191235413186866514678085434666348435192627652354400138805369
6707490389289085764758774513752181263295322366692750357297297823
3073742660279674576520992384914017989883581844952181116402555175
7411820754364958127577480938762481170475587252587431786681275035
0264158594976601684918086572353266104093134485130753007614762547
0586430734537115346027650115590440512133539522286192371312375308
9920193605644785547927208935271034710547766697949924378819368291
7669851334046517190175367256531617659042605430731246802666882268
7113813955942867759120984435641068264075149343530066031082736315
8680629151399980423301618256523629291723581788683607419243486496
7625820431909315574042325454008548553878988305315817388251170293
6845932134325295296487884305989038739790973434639396734210153999
9443976749344203077178423096905071515241545895822126901348381723
6152001769172977596883197902864453509287817082155367808161456267
4483213595456709977660294579278347718787551216083161683309233857
4287488399277252769184585001537352854685250475673019708536049467
6042363386074826527516293871289917394576565950032779028880650322
3520938742068048210592990298733929078105259419802312979747221727
8804048834215647980070276345782993394120816923332926850464394443
3500892107687733513569865924727460593783211212865735136576824882
1703083378657442575539267242179437777840110565386709947883917832
2925855295032219386143353343351856020827832299038434714195196679
4416360077184262994039393895610031367101669401233232649866743495
8742188594541801155742204406847901038279731662556889781548586488
8518118941752434275200908072626056902139508720920416561060801154
2041981204114764918117742273971531484004488340116515243814376550
9793302900563952405137576719066726183857786665293528328091732955
2943664408430190606847254999789101145355101027587807818547652263
1838967228619422649028585178725545407296816469483948585193063210
3764518670791834254611816931557919535411085897467778303616817154
4082727082980593280185172185846102379177946700471765392593967717
0945014203149786049459452290598141198061626635185124028184221895
6956341748901869248722444348489277382915149643982073844588583662
3280532600058184987124281494369143241527314914126445691335662871
3327223980280618443360975419936139529132077665226553792557329171
2347088083535527172319326673279295362048195811820437504000000
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n | opoj nudapa | mpsux 10 mudapa | nmocaeamux 10 nudapa
10 2621 3924238612 7504000000
11 5873 2502906472 6800000000
12 12995 9463110690 0000000000
13 28476 4903106015 0000000000
14 61906 5917516104 0000000000
15 133701 4952251226 0000000000
16 287158 2745988702 0000000000
17 613803 1084962296 0000000000
18 1306551 4957174409 0000000000
19 2770965 1371464790 0000000000
20 5857621 2511607525 0000000000
21 12346589 5827010433 0000000000
22 25955835 1619859629 0000000000
23 54436940 3237829912 0000000000
24 113924376 7580677610 0000000000
25 237949698 1134644057 0000000000
26 496101234 1374005778 0000000000
27 | 1032606090 3907436718 0000000000
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Tademna 10: V,,(GL,,)

Va(GLy)

[ IS U e

2

2

10

52246
2631645209645100680144

3122420813859255942865111133846073604322601781283387320137132349
78712

1436373021963471088286228730014233953881153604941874111297310947
9380501248438614858055780777590843369729785783414473254052215660
114768266334649978477216840098011627456146315389838462070816

2999175551333938142449818345504089591339094361041780135109042435
2005935408570677281944779101252802445753936764533667633524010565
3562322784650797285198597633256714777503750173888398351210460811
4229039259930644681454151047771319290933667105204996976945379120
0180218494467009568116632390326013876296881683901560415329357329
5850802688677280174858834736056999735792939052276519396778444591
2989987739676323835462154760069036663343180949867919951897604292
0305003099624933468656

7104377018952410667814205621135656611953807712475317870702472173
5463313779082238537930282423791422098865305312425607614214836916
2514356896535038902120049684933593659424958357822840996725381419
2108600819683134717999507645294401725200098423275976849263195978
7053935391456111219583850951853095623638424601537024254343840901
8520353879210238808543854687323050504170144249214715551724721421
2490029541083315340922105275127528600315569075312038173210181641
2165165809512047781462891221267260551131403503250548741299176179
5807977230974897594087075169172237888977847849897397215039948188
1118452635585031605336506118870139931827732156937370094617453517
8947738815342755828523187256336357471379175830203200753588975503
4664799421304898247505406849956446445223367044013221381845864302
9471745951545847250936169642343869725401009559434421462848365911
2315322927610865492310388319184618156714877162704356241471596257
0666005631101843286900725074465997052535257338149139011299578185
8217340167008391915650694407078259439309697513557626149194227822
5960589546236304345856147989782218871216027934053466075619086067
3248283724362278792163545448244
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Tademna 11: V,,(GL,,)

Vn(GLy)

10

403529520472407545801732043045753912583847446579906763163413466
8593937255233999994380354869864734743678319160670546647022602283
1506191809026152042297164859246423497933605450870946270170260887
6215704531579781355177220439603357672011093512166175176273823698
7000446685470962682690987899526163732963143833280447957368657652
227345698685235896619917091117100379107218074059995043586 7683987
4978089813799635785997184940835086263053663990549839998675653725
9469577093505249081122290985955221309687884878676566654463499293
1511111811232327834370122889698268947008114332703834447084334631
3253299940010449012433571056742669313149553414053148450529660829
6924361349502489144704797713501804811220977977718318343273294463
6516287519781899706212675600644591655779667091031191575099438321
9529129476433767275987458176217502493717082763144986563478285044
7824634362290598149459469332690917466064798134075999501601057292
1272575775171366886463559546265703061667378764469474720876633302
9562564350722311651753301638757726343394287857604557740215763209
1515114133258750405547952572696660887330109255938297990096308433
3076442207663967702812794716501599055269629498594330992640876190
9114744243971272169220502547154200626989465645828337452852082796
0641611596175187053514923156105425376002001245661867993535923938
0586261266507325308004058221643165879171750890420325034901694804
4372880233936340369716096892106531858315837214284384637406743765
8816441174435394582501069024732500132367865672385702447348587941
5288180314422652276192096510326527003029032918556306339738320642
2591712856311482764487702008131613460626923121923088345767113574
2986697798769359593977122754026522727061725944222528213485850124
5541523985745697770151455994386159543635170459781804972772717613
2993752799094446926290651991758051725995507383256900405600720547
8205713202410275739019518484529563399974204353942099312158103817
4717945101769473997054661434781751080357361992315057790024390554
9907599795048710232604417831564801744349714550566574306843084831
2584362901618560186678388114401791354322929378505687551978785274
1715399505147436810243800954749292608158807038331977787786538421
0569526711712291863233941070906386080151575404168994749557568540
7497688084682297925343483461646479365361914893068629495044813824
3363671889613103643260309296067289468321884077380831957026479442
1625628263958019794336925418812172851020887684263381503569676406
7095571714743108891322772057677746032903155389402126794705558475
1924065271403621841173940698071953537264248255162634266290439881
6736271201288118445552677288794746208245899976658578705593892620
0147794436580815474552
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n | opoj nudapa | mpsux 10 mudapa | nmocaeamux 10 nudapa
10 2581 4035295204 556274552
11 5823 2835138562 1711309456
12 12934 8778460400 2514365872
13 28403 2731546928 5468862764
14 61820 1434914895 5093195336
15 133600 3749890897 8800780244
16 287041 4617088394 7968498528
17 613669 2858043513 4986107452
18 1306400 1433497724 9474881392
19 2770794 3031772726 6324155232
20 5857430 2939306698 6366481984
21 12346377 2487586979 5154199188
22 25955600 1730357318 6353803904
23 54436681 5911920703 2908073808
24 113924093 1610072865 3548122880
25 237949388 1901067799 0713797456
26 496100897 1227647445 9349521944
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Tadena 12: V,,(AGL,,)

(AGL,)

[ IS U e

> =
=

302
2569966041123963092

76230976900860740792605252293646252383143627390965685153124 75786
4

8766925182882513966590751525965783409919150420787805855086126391
2234504696438118649313555277121383225892125476929696389550785555
3188386908204901473878725895316404384316228470586133104

4576378709921170261306485512548964830534506776491974083113162895
5087181714737971926795622407917484200674341986898296559942643074
5792118506852412849729305470667594570165634422121146541561779731
3916484570994726010389819287752020161919094244475332436922760187
3447213962999125312178273355492317285644454540295371746399879033
8005413615981738509216600422072967645280863434558442606389215899
9987690212024912463050778962678230286830044851161778968014665909
34522276904039712

2710104758816684977651293037847769398480914196958663128167141789
8354840766556640067264664620892113532587167859049075170217451826
5729658850301757393692035554860532249231322615746628187837746207
8898849799988988768768122728460083665924109811125174274163511649
5915960461218304145654240017644155740218515244116601659524475441
6854993392643065951745550036362858010929162692724119396867645805
8353435341339286867773118678062544311481240574644814686407902408
4270156142338423438262793302288679450645364501905751323676206917
1610588993579350020118298089460045569033453841242296619948614221
7294689175540989072931481974367030726607010312274516125162050510
7771249505860349434668960370694169809491963580864959023135510093
7897077688479091345056885561368337574922773746310253321096589609
4653562630038741637342145511762990069068720128277040317918117827
0297392708082184542696924136177354499912062787082402416950233530
6004526298922866053993599472258705810064135461178303618784837419
6807764365146810829301972475916580632995130813937183626576119780
4168381173843020485581429782258064328979166734993368978867958637
90079697382469010782524820
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Tadena 13: V,,(AGL,,)

Vi (AGL,)

10

3848357395862651308076210432488955617750620332526271468767294567
6745770027484893745235012720725390850814048392014948339677832442
7663724985372085974666260330642924289070181378087485028936966778
0072255435750783492824749370606972427473960038816215288866269099
2359606604299189402494315142881047563201368649296264241873337290
0709695690654363309852322684965169821473891645431045874287452578
5237215173717840061160897644377577429329528718470001208073174724
0730067191174021540854368075897420021895264422193209213862412387
3816602814029005378438214203818025083619254424131721945613237679
7230719947914590954147062842776005870337995663196072106644256874
9660123343491450736091591963785217392167835023101027901394791256
4432978818720814764143711096235195691868468199073711157793410510
5677885784471199760317403566527390420122935897302499422819948623
4899848578363400930971806837948965702674847929829344898712265566
3458782509875017616412514395925285737490934424820710553829706779
1782233336550733479230088159128665517814974896586400829466704543
4468771851186861674011984617925076335313516762280996374927797240
7313792054274726788724294485966554804169148717956399421664591558
9727186908443856253708358043302859568607960934000519318348453489
5961617019817681855253802764188249125040738037934365527634282516
997748732811632237237944376511523856173937900572084034 7781089156
8147105544462471746761856668946371206228315619001137361284833114
4499309700818343234513339439972943713298279375023232599734564865
8668639574487043371877637585757182282628260755207943648796114892
4433308956113534310109446321455922700093676667645579162239112766
9488986980954067276449256445988482521005577476214644192137361945
0530955880519853665445735531979424146029385693804264117507425500
3354461843247610879917156936886263795329343601768856548540024712
8164251811699684494051300244948202176349151269663540131589844049
7320662694944910212533912744425504844482225289445427335492893684
9343819829900778719197302061786496282724653510589891062339015910
6329675462533874443299761086657650348442212229333749701351571545
1160070465597071884645675510572737935691389770070592943321674670
2408326349554450899780190693436949285176492593140821683439603742
8423662088699742967847085824881268412822432671660703800269739991
6623366584577723887981790333508309048230333443464644938620151264
3200230522119948004359749449055684186135541609087423137520670630
2571477328304692134010295970516109599987481279425091715918849561
3956834276276234902460021746777965366288607903087255556500722177
9408637347252895525418636014842436270846841761304993672772302346
990195373013096
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opoj mudapa

npsux 10 nudapa

noceamux 10 nudapa

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

2575

5816
12927
28395
61811
133591
287032
613659
1306389
2770783
5857418
12346364
25955586
54436667
113924078
237949373
496100881

3848357395
6759497076
5232370138
4070322109
5345474538
3492358045
1074999662
1663600276
2086013736
1102952492
2673283869
5656117945
9835942582
8401344620
5720127892
1688487393
2725924920

5373013096
1388898128
6510709872
2019236076
0337949752
1887072228
4654857232
5129944956
6765878752
6608829104
5968073120
8673738084
8084733936
3990364880
6974739456
7418378832
7259532696

n

e

NzBopuu ko7 5.1: Tupekrao paaynamwe Uy, (S),)

Do[DD = Divisors[k];

el[lk]] =

npp = Length[PP]; (#the list of partitions of n*)

20; (*the wvalue of n is chosen herex)
Table[2, {n}]; (¥the sequence ex*)

(2°k - Sum[DD[[j1] e[[DDC[j1111, {j,
k, {k, 2, n}]
PP = IntegerPartitions[n];

1, Length[DD]

(¥decompositions of m corresponding to partitions*)

P = Table[0, {i, npp}, {j, n}l;

Do[Do[P[[ipp, PP[lipp, i]11]++, {i, Length[PP[[ipp]]1]}], {ipp, nppl}]

Un = 0;

Do[ (#the main loop through all partitions of m*)PPP = PP[[pl];

np = Length[PPP];

(¥current partitionx*)

divsets =

nd = 1; br = 0;

Dol[(*k is the indexz of the current Partition element*)

DD = Divisors[PPP[[k]]];
AppendTo [divsets, DDI;
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nd *= Length[DD], {k, 1, npl}];

(¥divsets is the list of the sets of divisors of cycle lengths in |\
sigmax)

Descartes = Tuples[divsets];

(¥*nd is the length of Descartes#*)

Do[(#loop through Descartes product#*)product = Descartes[[id]];

npr Length [product];

lcm = 1; prx = 1; pry = 1;

Do[lcm = LCM[lcm, product[[iprll];

prx *= product[[ipr]];

pry *= e[[product[[ipr]]1]1], {ipr, npr}]l;

br += prx*pry/lcm, {id, nd}];

denominatorr = Product[i~P[[p, il] P[[p, 111!, {i, n}]l;
Un += (2"br)/denominatorr,

{p, nppl}l;

Print [{"U_n=", Unl}];

NzBopHau KOA 5.2: [upekTo padyHamme Vi, (S!)

n = 20; (* the wvalue of n %s chosen here %)
e = Table[2, {nl}]; (*the sequence ex)
Do [

DD = Divisors[k];

e[[k]] = (2°k - Sum[DD[[j]] e[[DD[[j111], {j, 1, Length[DD] - 13}1)/
k, {k, 2, n}]

PP = IntegerPartitions[n];

npp = Length[PP]; (#the list of partitions of n*)

(¥the mazimum length of a cycle in sigma’*)

mlcm = Apply[Max, Table[Apply[LCM, PP[[pll], {p, npp}]l;
(¥decompositions of nm corresponding to partitions*)

P = Table[0, {i, npp}, {j, n}l;

Do[Do[P[[ipp, PP[[ipp, 11111++, {i, Length[PP[[ippll11}], {ipp, npp}]
EmptyList = Table[0, {j, mlcm}]; (*used to initialize spec(sigma’)*)
Vn = 0; Dol[(*the main loop through all partitions of n*)

PPP = PP[[pl]; np = Length[PPP]; (*current partition*)

Spec = EmptyList; (#*initialization of spec(sigma’)*)

divsets = {};

nd = 1;

Dol[(#k is the indexz of the current Partition elementx*)
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DD = Divisors[PPP[[k]]];

AppendTo [divsets, DDI];

nd *= Length[DD], {k, 1, np}l;

(¥divsets is the list of the sets of divisors of cycle lengths in |\
sigma*)

Descartes = Tuples[divsets]; (* nd is the length of Descartes #*)
Do[ (*loop through Descartes product *)

product = Descartes[[id]];

npr Length [product];

lcm = 1; prx = 1; pry = 1;

(* Theorem 2 *)

Do [

lcm = LCM[lcm, product[[ipr]]l];

prx *= product[[iprl]l;

pry *= ellproduct[[ipr]]l]l], {ipr, nprl}l;

Specl[[lcm]] += prx*pry/lcm, {id, nd}];

(¥ Theorem 1 *)

numerator = Product[i~Spec[[i]] Spec[[i]]!, {i, Length[Specl}];
denominatorr = Product[i~P[[p, i]] P[[p, 111!, {i, n}];
sum = numerator/denominatorr~2;

Vn += sum, {p, nppl}]

Print [{"V_n=", Vn}]
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Mpunor 1.

MUsjaBa o ayTopcTBy

MoTnucanu-a Mapko Llapuh
6poj uHgekca 2021/2015
UsjaBrbyjem

[la je 4OKTOpCKa aucepTaumja nog HacnosoM

lNpebpojaBate knaca eksrBaneHuvje Bynosux dhyHkumja

® pes3ynTar CONnCTBEeHOr UCTpaXXnBadkor paga,

e [a npeanoxeHa guceprauuja y LennHW HY Y AernoBuma Huje buna npeanoxeHa
3a pobujarbe O6uno koje AuniomMe npema CTyAWjCKUM nporpamumMa apyrux
BUCOKOLLIKOMCKUX YCTaHOBA,

e [a Cy pe3yntaTtu KOPpeKTHO HaBeaeHu 1

° [a Hucam Kplumo/na aytopcka npaBa M KOPUCTUO WHTENEKTyasiHy CBOjUHY
Apyrux nuua.

MoTnuc gokropaHaa

Y beorpagy, 24.3.2023.




Mpunor 2.

U3jaBa 0 MCTOBETHOCTHU LWITaMMaHe U eNeKTPOHCKe
Bep3uje OOKTOPCKOr paga

Vime 1 npesume ayTtopa Mapko Liapuh
bpoj nHaekca 2021/2015
Cryavjckv nporpam WudopmaTuka
Hacros paga MpebpojaBare knaca eksusaneHyuje bynosux dyHkUmja
MenTop ap Muogpar >Kuskosuh
MoTtnucanu/a | Mapko Liapuh

WsjaBroyjem fa je wtamnaHa Bepsuja MOr AOKTOPCKOr paja UCTOBETHA €NEeKTPOHCKO]
BEpsuju Kojy cam npepao/na 3a objaBbuMBare Ha noprtany Adurutandor
penosutopujyma YHusepauteta y beorpaay.

HossorbaBam fa ce o6jaBe Moju NMMYHU Nogauy BesaHW 3a gobujarkbe akagemckor
3BaH-a [OKTOpa Hayka, Kao LWTO Cy ume 1 npesume, roguHa u Mecto pohera u gatym
onbpaHe paga.

OB/ nMYHWM nogaus mory ce o06jaBuTM Ha MPEXHUM CTpaHuuaMa AurktanHe
6ubnunoTeke, y enekTpoHcKkoM KaTtarnory vy nybnukauvjama YHusepsuteTa y beorpagy.

MNotnuc pgokTopaHaa

Y Beorpagy, 24.3.2023.

Ry
Meafud— M
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Mpwunor 3.

MUsjaBa o kopuiherwy

Osnawhyjem YHusepauteTcky 6Gubnuoteky ,CseTosap Mapkosuh® ga y [urutanyu
penosuTopujyMm YHusepsuteta y beorpagy yHece Mojy AOKTOPCKy AucepTauujy noa
HacrnoBoMm:

MpebpojaBarbe knaca eksvsaneHumnje bynosux dyHkLmja

Koja je Moje ayTopCKo feno.

[JvicepTauujy ca cBUM NpunosvuMa npegao/na cam y enekTpoHckom ¢hopmary norogHom
3a TpajHO apXuBUpa-e.

Mojy JOKTOpCKy AncepTaumjy noxpakeHy y [IurutanHiu penosutopujym YHuBepsuteTa y
Beorpagy mory Aa KopucTe CBM KOju MOLITYjy oapeabe cagpxxaHe y ogabpaHom Tuny
nuueHue KpeatusHe 3ajeaHuue (Creative Commons) 3a kojy cam ce oany4uo/na.

@iAyTopCTBo
2. AyTOpCTBO - HEKOMEpPLMjarHo
3. AyTopcTBO — HekoMepuumjanHo — 6e3 npepage
4. AyTOpCTBO — HEKOMEpPUMjanHo — AeNUTU Mo UCTUM YCIrioBUMa
5. AytopcTBo — 6e3 npepage
6. AyTOopCTBO — AenuTn nog UCTUM ycriosmma

(MonvMo fa 3aokpyxuTe camo jefHy of LIecT MoHyheHuX NULEeHUW, KpaTak onuc
nMUeHUM aaT je Ha nonefhuHu nucta).

Motnuc gokropaHaa

Y beorpagay, 24.3.2023.
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1. AytopcTBo - [losBorbaBaTe yMHOXaBake, LUCTPUBYUM)y U jaBHO caorniiTaBar-e
[ena, u npepage, ako ce HaBefe UMe ayTopa Ha HauvH ofpefeH of cTpaHe ayTopa
WNM gaeaoua NWUEHLE, Yak Uy KomepumjanHe capxe. OBo je HajcrioboaHuja of CBUX
TIALIEHLN.

2. AyTopcTBO — HekomepuwjanHo. [losBorbaBaTte ymHOXaBame, OUCTpUbyumjy 1 jaBHO
caonwTaBake Aena, U npepage, ako ce HaBede UMe ayTopa Ha HaduH ofpefeH oA
CTpaHe ayTopa unu fAasaolia nuueHue. OBa NWLEeHUa He [03BOrbaBa KoMepLujanHy
ynoTpeby nena.

3. AytopcTBo - HekomepuujarHo — 6e3 npepape. [losBorbaBaTte yMHOXaBate,
amcTpubyumjy M jaBHO caonwTaBake fena, 6es npomeHa, npeobnnkosara wm
ynotpebe aenay cBOM Aerny, ako Ce HaBeAe MMe ayTopa Ha HauuH oapeheH o cTpaHe
ayTopa unu fasaoua nuueHue. OBa nuLUeHLa He 103BorbaBa KoMepLmjanHy yrnotpeby
fena. Y ogHocy Ha cBe ocTarne nuleHue, OBOM nuLeHLIOM ce orpaHu4aBa Hajsehu
obum npasa kopuwhera gena.

4. AyTOpCTBO - HeKoMepuMjarHo — AenUTU nof UcTum ycnosuma. [Jo3Borbasarte
YyMHOXaBakbe, AUCTPUOYLIMjy 1 jaBHO caoniiTaBake fena, v npepane, ako ce HaBeae
“Me ayTopa Ha HauuH ofpefeH oA cTpaHe ayTopa uiu faBaoua nuueHue 1 ako ce
npepaga AucTpubympa noa WCTOM WM CRWYHOM nuvueHuom. OBa nuvueHua He
[03Borbasa koMepuujanHy ynotpeby agena v npepaaa.

5. AyTopcTBo — 6e3 npepage. [o3BorbaBaTe yMHOXaBarbe, AUCTpUOYLMjy W jaBHO
caonwTaBawe gena, 6e3 npomeHa, npeobnukoBara unu ynotpebe fena 'y CBOM Aeny,
aKo ce HaBede uMMme ayTopa Ha HauuH ofpefeH of cTpaHe ayTopa unu Aasaoua
nuueHue. OBa nuUeHLa J03BorbaBa KoMepuujandy ynotpedy aena.

6. AyTopcTBO - [MAenuTu Moj WCTUM ycnosuma. [lossorbaBate yMHOXaBat€,
ANcTpUBYLIMY 1 jaBHO caoniiTaBake Aena, u npepaje, ako ce HaBeAe nve ayTopa Ha
HauMuH ogpefeH op CTpaHe ayTopa WM Jasaoua nuueHue W ako ce npepaja
avcTpubympa nog WUCTOM WM CriMdHOM  nuueHuom. Osa nuleHua [03B0IbaBa
komepumjanHy ynoTpeGy gena v npepaga. CnuuHa je coTBEpCKM nuleHuama,
OAHOCHO NuLIeHLaMa 0TBOPEHOr Koda.
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