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3arsasruua

BaxBaJyino oux ce mentopy npod. jap Bodbany Mapunkosuhy Ha mpey3umMarby BPJIO OJTOBOPHE
dyHKIMje MEeHTOpa U BPEMEHY KOje MU je IOCBETHO, Ha YBODEHY y TEOPHUjy €KCTPEMAaJIHUX
IpodJIeMa 1 HeCeOMIHOM aHTaXKOBaby TOKOM peasin3aliije oBe gucepraruije. OBOM MIPUIHKOM
ce 3axBajbyjeM 1 WiaHOBUMa Komucuje mpod. ap Munany JIpaxkuhy u npod. ap Anexcaunapy
Casuhy, Koju Cy MarXJ/bUBO TPETJIEIATN PYKOIINC, JTaJu KOPUCHE TTPUMEI0e U CyrecTHje U Ha,
Taj HAYUH JONPUHEIN KBaauTeTy oBe gucepraruje. [locedHo ce 3axBasbyjeM Majiiu Koja Me je

1IpBa yBeJIa y CBET MaTeMaTHUKe.

Hapagno, Besimky 3axBasiHocT jyryjem cynpy3u bojanu m hepku Hukosuju, koje cy me
OoCMecHMa U BEPOM Y MOj ycIleX DOpujie OBUX I'OJMHA U YMHOI'OME OJIAKITIaJle OCTBaperhe MOjUX
mpoeCUOHAaTHIX ITHJbeBa. XBaJia UM Ha TOJIEPUCAIbY MOJUX 0DaBe3a, MO3UTUBHOj €HEPTUjU U

0e3yCJIOBHOM pa3yMeBarby.

Y Baaguuwurnom Xawy, astycta 2021. Aytop



HacsoB auceprariuje: YcIoBH eKCTpeMyMa 3a jedHy KJacy MpodJieMa OINTUMU3AIje ca

HEIIPEKUTHUM BPEMEHOM
Pezume

[Ipodnem onTnMu3anyje ca HEMPEKUIHIM BPEMEHOM CACTOJU Ce Y MUHIUMUSAINjU NHTEI'PAJTHOT

dyHKIMOHAA, ca (Da3HUM OIPpAHUYEIHUMA, PA3TUINTAX THUIIOBA.

[Ipeamer oBe JIOKTOPCKE JEcepTaliije je Jo0ujarbe yCJIOBa eKCTpeMyMa Kao U TeopeMa
JIyaJTHOCTH 3 KJIacy KOHBEKCHUX U IVIATKUX MPOdJIeMa ONTUMU3AINje ca HENPEKUTHUM Bpe-
MeHOM, ca (ha3sHUM OrpaHmYerbUMa TUna HejegHakocTu. Hazkajgoct, Hekn odjaBJbeHU pe-

3yJTATH U3 OBE OOJIACTU Cy HeTa4dHU, mTOo je moTBpheno 2019. romune.

VY pany cy nodujeHn HOBH YCJIOBU €KCTpeMyMa 3a MOMEHYTY KJjacy mpoodsema. Jlokaszane
cy TeopeMme cyiade 1 jake JIyajaHoCTU. [J1aBHU amapat 3a n3Boherme OBUX Pe3y/ITaTa je HOBa Teo-
peMa aJTepHaTHBe 38 KOHBEKCAH CHUCTEM CTPOTMX W HECTPOTUX HejeTHAKOCTU y OECKOHAYHO-
-INMEH3WOHUM IIPOCTOPUMA. 3a MPHUMEHY IIOMEHyTe TeopeMme, oJroBapajyhum ycaoB pery-
JIADHOCTU MOpa OWTH 3a0BoJbeH. Heku ycsioBu ekcrpemMyMa Cy M3BEJIEHU Y3 JIOJATHE IIPEeT-
IIOCTABKE PEryJIAPDHOCTU OrpaHuderhba. Teopujcku pe3yaTaTu Cy MOTBPhHEHU MPAKTHIHUM

IpuUMepuMa.

KJbYYHE PEYMN: IIpodbiemu onrtuMuzaluje ca HEMPEKUHUM BpemeHoMm, Henuneapno
porpamMmparbe, YcaoBu ekcrpemyma, Heonxonnu yenosu, JloBosbau yeaosu, dyasmaoct, Teo-
peMe aJjiTepHaTUBE, BUIeKpUTEPUjyMCKA TPOOJEMU ONTUMHU3AIM]Ee Ca HEIPEKUIHUM Bpe-

MeHOM, Parmonanu mpod/ieMun onTUMU3aIje ca HETPEKUTHUM BPEMEHOM
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Dissertation title: Optimality conditions in continuous-time programming problems
Abstract

The continuous-time programming problem consists in minimizing an integral functional, with

phase constraints of different types.

The subject of this doctoral dissertation is to establish extremum conditions as well as
duality theorems for a class of convex and smooth continuous-time programming problems,
with phase constraints of the inequality type. Unfortunately, some of the results in this field

are not valid, which is confirmed in 2019.

In this paper, new optimality conditions for the aforementioned class of problems are ob-
tained. The theorems of weak and strong duality are proved. The main tool for deriving these
results is a new theorem of the alternative for a convex system of strict and nonstrict inequal-
ities in infinite dimensional spaces. In order to apply the aforementioned theorem, a suitable
regularity condition must be satisfied. Some optimality conditions are obtained with additional

constraint regularity qualification. Theoretical results are confirmed by practical examples.
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1 VYBog

[Ipeamer oBe HOKTOpCKE AucepTalidje je A00pO MO3HAT MPOOJIEM ONTHMHU3AIMje Ca Herpe-
kugauM BpeMeHoMm. (O mHTepeca cy 3HadYajHE MPUMEHE OBOI IPOOJIEMa y Pa3JInIUTHM
cdepama eKOHOMEje, OTIEPAIMOHNX UCTPaXKUBaba, MAIIMHCTBA U CUCTEMUMa KOHTPOJIE JIETA.
3aTo je 3aHUMJbUBO pa3MaTpPaTh yCJI0BE ONTUMAJIHOCTH KOjU O ITOMOTJIN ITPOHAJIAYKEHhY ITPaK-

THUYIHHUX METO/a 3a pellaBaibe€ OBUX HpOSJIeMa.

Osaj nmpobsiem tmocrasuo je 1953. rogume Puwapy Benman! y pany [7]. Tberos paj je
npompuo Turgan y pajay [83] u 10buo Teopeme ayajHOCTH 3a JIMHEAPAH IIPOOJIEM OIITHU-
Mu3aImje ca HenpekugHuM BpeMenoM. [loueB o Taja, Teopuja u3 oBe 00JACTU WHTEH3UBHO
ce passujasa. Y pagay [29] 1968. rojuue, ayTopHu Cy YOIIITHIA OBE TE€OPEME JIyaJHOCTH HA
caydaj KaJia je (pyHKImja mu/ba KOHKaBHa, a 3atuMm jgoouan Kapym-Kyn-Takepose neomnxo/ime
U J0BOJbHE yciioBe ontuMasnocTu. OHU Cy pa3zmMaTpasn HeJuHeapaH MpodJieM ONTHMU3AI]e
ca HENPEKWTHUM BPEMEHOM Ca JIMHEAPHUM OrpaHUYCHbUMa, TAKO IITO Cy 3aMEHUJIN peasiHe
marpune A u K u3 pana [28] Bpemencknu 3apucauMm marpuriama A(t) u K(s,t), auju cy ere-
MEHTH JIe0 IO Je0 HempekujHe dyHKnuje. IbuxoB /0Ka3 Teopeme IyaTHOCTH 3aCHUBA Ce
Ha TIPOINMpery HeKuX pesynarara u3 [45]. Haxkanoct, BUXOBH 10Ka3u Cy OUJIM HEKOPEKTHH,
ITO je KacHUje MoKa3aHo u ucnpasibeno 1970. romuue y pasy [84]. Hakon tora, Xancon
je vy pamy [28] mokazao Teopeme JIyasqHOCTH 3a TJajaK JIHHEAPAH IIPOOJIEM ONTHMHU3AILjEe Ca
HeNmpeKuHUM BpeMeHoM. Y paiy [21], ayTopu cy pemapaju oBaj mpodsieM yBohemeM He-
JINHEApHUX TJIATKUX orpannyema u jodommn Kapym-Kyn-Takepose yciioBe onTuMasHOCTH.
Henyro 3atum, y pasy [75], pasmarpan je onmrruju mpodieM ONTUMU3AIM]E Ca HEIIPEKUTHIM

BPEMEHOM

Fla() = [ fa(®)de = sup
0. h(z(t)) < c(t) +/O I(s,t,2(s))ds, c.c. ma [0,T],
z(t) >0, c.c. ma [0,T],

re je f(+) dynkumja nedunucana y Lo ([0, T];R™), () n X 1 peaina MepsbuBa 1 OrpaHUIEHA
BekTOp dbynknumja gedunncana na [0, 7], h(-) k x 1 Bekrop dynknmja gedunncana y

Lo([0,T];R™), I(+,+,-) k x 1 Bekrop dyuximja gedunucana na [0,t] x [0,7] x Ly ([0,T]; R"™)
3a cBako t € [0,T] u ¢(-) k x 1 Bekrop dynkuuja nedunucana ua [0,7]. Takobe, y pauy
ce IPeTIoCTaB/ba Jia Cy CBU uMHTerpasu faaru y Jlederosom cmuciy. Onu cy usseau Ppui-
-Ilonose u Kapym-Kyn-Takepose yciiose onrumasaoctu 3a mpodsem (I1) de3 mpermocraBku
maudepennujadbuanoctn. MoxKe ce TPUMETHTH Jla Cy JI0TaJl CBU IMPETXOJHU ayTOPU IpPeT-
mocTaB/baid Ja Cy (DYHKIMje KOHBEKCHe MJIM KOHKaBHe. MIax, ryiaBHU pe3yJITaTH y OBOM
pajy 3acHoBaHU cy Ha Teopemu anrepnaruse (Teopema 7 [75]). Haxkasoct, joka3 muxoBe

rJIaBHE TeopeMe aJITepHATHBE MOTPedHE 3a J00Mjarbe HEOIXOIHUX YCJIOBA OINTUMAJIHOCTH,

'Richard Bellman (1920-1984)- Amepuuru MaTtemaTmwdaap



Huje TavaH. Hawmme, ayropm ce y CBOM JI0Ka3y II03MBajy Ha TEOPEMY O pa3/iBajarmby KaKo
ou pazasojunu {(0,0)} ox ckyma R x Li([0,T];R"™) Koju Moxke a HEMa yHYTPAIIEbY TadKy.
Osze je L1([0, T]; R™) o3HagaBao mpocTop n-IMMEeH3UOHUX eCEHINjaTHo orpaHndeHux u Jleber
unrerpadmwinnx ¢yukimja #a cermenty [0, 7). Teopuja myajHOCTH HeJMHEAPHUX MPODIEMA

OIITUMU3AIM]e Ca HEIPEKUJIHUM BPEMEHOM IPOIIUpeHa je y paiy [66].

Peunjnans je 1980. romuue y pajgosuma [67,68] pasmarpao KOHBEKCHE U TJIATKe HeJIMHEAPHEe
IpoOJIeMe ONTUMHU3AIje ca HeIPeKUJIHUM BpeMeHoM. JlodujeHu cy ycjaoBH eKCTpeMyMa U
TeopeMe JIyaJTHOCTHU Y3 JIOJATHE PECTPUKTUBHE MPETIIOCTABKE. AyTOpP je KOPUCTHO YOIIITEHY
dapkaineBy JeMy, Kojy cy nperxoaHo nokasanun Kpejpen u Kosmxa 1977. ronune y pasy [17].
3a usBobherme yc1oBa ONTUMAJTHOCTH Penjian ] je TpuMeHNO TIOMEHYTY JIEMY, aJId je MOPao Jia
IPETIIOCTABH J[a je3rPO JaTor OlepaTopa MMa KOHAYHY JUMEH3H]Y, a CJAUKA UCTOT OlepaTopa
je 3aTBopenu morupocrop. OBU yCJIOBU ONTUMAJIHOCTH Cy JIOOUjEHU jOII Y3 JIOJATHU YyOII-
mred CJiejTepoB yCIOB peryJIapHOCTH orpaHuvema. Vmak, ycioBu Koje je moomo Pejunanyg y
IIOMEHYTHM PaJIOBUMa, jaKO Cy TEIIKH 3a HUCIUTUBAIHE, I1a 3alPaBO OBU PAJIOBU HUCY MHOT'O

KOPpUCTUJIN Y KaCHI/IjI/IM HCTpazKuBabUMa IIOMEHYTHUX HpO6JIeMa.

36or mperxoHO HaBesgeHor, 3aiaman je 1985. rommue objaBuo cepujy pasosa [96-101] 3a
HeJIMHeapaH IpodJIeM ONITUMU3AIIIje ca HellpeKuIHuM BpemernoM. OH je 0dpa/ino riiaiak, KOH-
BEKCaH, PAIMOHAIHU Ka0 U XOMOTEHH IIPODOJIEM KOjU je CIIelUjajIaH CIydaj IJIATKOT MpodJeMa
y3 JlojiaTHe IpernoctaBke. Jlodujenu cy meorxojanu yciaoBu orntuMasiHOCTH Ppurl-Ilonosor
n Kapym-Kyn-Takeposor tuna 3a riaagak mpobiaeMm y (98] u H0BO/BHEM YCJIOBH Y3 JIOJATHE
IPEeTIIOCTaBKe KOHBEKCHOCTH 1 reHepasm3oBane Kousekcuocru y [100]. Jlarpamxkosa Teopema
O CeJIacTOj TadyKW W TeOpHja JyaJHOCTH 3a KOHBEKCaH IpobjeM jobujena je y pauy [99]
KOpHIIhemeM 1epTypdOBaHOT MeTOo/la W OCHOBA cydiaudepennujagHor padyna. MehyTum,
HeOIIXo/laH ycJioB 3a gooujame Kapym-Kyn-Takepose Teopeme o cejiacToj Tadku, OuUJa, je
npermnocraBka crabusHoctu. OBO je MOCTUTHYTO YOIIITaBambeM HEeKUX pe3ysrara u3 [24].
Burme o omenyrom anapary Moxe ce npountatu u y [2,31]. Bamman je y pany [97], ko-
prucrehn HeONXO/HEe YCJIOBE ONTHUMATHOCTH jodoujene y [98], pemmmo m xomoereHun mpodsiem
ONITUMU3AIIFje ca HeNpPeKJIUHNM BpeMeHoM. I[loMeHyTe HeolxojiHe ycjioBe KOPHUCTHUO je U
y pazay [101] mpuinkom m3Bohema TeopeMma JIyaJJHOCTH 38 DAIMOHAJHU XOMOTEHU IIPOOJIEM
ONTUMU3AIINje ca HEIPEKUIHUM BpeMeHOM. [J1aBHU amapar 3a J00ujarbe CBUX OBUX Pe3yJI-
Tata dwia je yomurmrena ['opmanoBa TeopeMa ajTepHaTHBE y OECKOHAYHO-IUMEH3UOHUM IIPO-
cropuMa dopmyarcana u mybiaukoBana y paiy [96]. Haxkamoct, Apjyrynos, 2KykoBcku n
Mapuukosuh cy 2019. romuue y [4] nokasanu ja momenyTa rTeopema Huje tadHa. CXOmHO
TOMe BaJIMJHOCT CBHUX IIPETXOJIHO TIOMEHYTUX PaJoBa je JOBeJeHa y NuTambe. Buiire o oBoMe

Ouhe peun y HApEIHO] IJIABHU.

JIoBOJbHU ¥ HEOIXOJIHU YCJOBU OINTUMAJJHOCTH 3a HEIrJIaJaK IPOOJEM OITUMHU3AIU]Ee Ca
HEIIPEKUIHUM BPEMEHOM IpBH 1y T ¢y godujenn 1998. u 2001. roguue pejom y pajosuma [70]
u [10]. Takobe, 3a mobujame Heomxomuux ycyoBa onruMasnoctu y [10], kopumnthena je omer

Beh momenyTa HeTadHa yormTeHa [opgaHoBa TeopeMa aJITepHATUBE.



Jartu npobisiem ca ckajiapHOM (PYHKIHjOM I/ba IPBU IyT je mpormupen 1989. romuue Ha
IpodJIeM BHINEKPUTEPHjYMCKE ONTUMUI3AINje ca HENpPeKUTHUM BpeMeHoM y [74], u ucru je
KacHHje m3ydaBaH OJ] CTPaHe BeJMKOr Opoja MareMarwmdapa. J3ajiMan je, y BehumHu pajoBa
IIpU KPajy MPOILIOT BeKa, BUIIEe MaXKie MOCBETHO PAIMOHAJHUM CKAJApPHUM U IIPOOJIEMUMA
BUIIIEKPUTEPHUjyMCKE OINTUMU3AIMje Cca HempeKuIHuM BpemeHoMm. OBu mpodiiemu, ycaoBU

ONTUMAJIHOCTH U pe3yJaTaTh JyaaHoctu mory ce nahm y [103-106, 108].

Hobaxxtuan u IloypjajeBanu cy Tek 2008. romune y [59] nobusm ycaose onruMaaHocT
IIPBOT pejia 3a HErJIaTKe MPOodJieMe BUIEKPUTEPU)YMCKE ONITUMU3AIIje CA TeHePaTNn30BaAHNM
KOHBEKCHIUM (DYHKIIHjaMa [/ba W OPAHUYEHA Y3 3a710BOJbeH Jlummmuios ycios. Pemema
cy pasmarpana y cmuciay [lapero onrtumananoctu. 3a oBe mpodseme Takohe cy jgodujeru u
nyaaau Mozeaun Bosibosor u Monj-Beuposor Tuma y3 jo0/1aTHe MpeTiocTaBKe NHBEKCHOCTH.
JlokazaHe cy mopej ocTajor u Teopeme cjade u jake jyasHoctu y pamy [58]. Hakasmocr, 3a
JI00Wjarbe OBUX PE3y/ITaTa ayTOPH CYy KOPUCTUIM HEOIIXOJHE yCJIOBE OIMTHUMAJIHOCTHU JOOUjeHe
y [10].

Barum je Osmempa 2010. romuue y [61] uzBeo ycaoBe eKcTpeMyMa U JyajaHe TeOpeMe
3a IPEUHBEKCAH BUIIEKPUTEPHUjyMCKU TpodJsieM, Kopuctehu nedununmjy crojcrsene Ilapero
ONITUMAJIHOCTH pelllerha, cefleNn caumdaH TPUCTYIl 38 KOHAYHO JTMMEH3UOHU CJIydaj KOju je
yBeo [ledbpujan 1968. rogune y [25]. Kacuuje je Mapunkosuh 2012. rogune y pasy [49] moduo
HEOIIXO/HE U JIOBOJbHE yCJIOBE ONTUMAJHOCTA 33 BUIIEKPUTEPUjYMCKHU IPEUHBEKCAH TTPOOJIEM,
am 3a Kjacy llapero onTumastHux perema. Y 0da pajia je Kao IJIaBHU amapaTt, KopuirheHa

IIOMEHYTa YOIIIITCHA POp,I[aHOBa TeopeEMa aJITEpHAaTUBE y IIPEMHBEKCHOM KOHTEKCTY.

Ucrospemeno, Hobakxruan u [ToypjajeBasu cy 2012. romuue y [60] u3Besan Heomxo/iHe
7 JIOBOJbHE YCJIOBE 3a PAIMOHAJIHH HETJIaJIaK IIPOOJIEM ONTHMU3AINje ca HEIPEKUIHUM Bpe-
MenoM. Kopucrehn te ycioBe, 1oduimm cy JiBa JiyaJiHa MOJEIa Ka0 U TEOPEMe JTyaJHOCTH.
Hagenene pesysirare cy jokazasan kopuiihemem neornxogaux Kapym-Kyn-Takeposux yciosa

u3 paja [10] u ounrsesny Be3y nsmely CKaJapHOT U PAIOHAJIHOTI IPOOJIEMA.

Hakown Tora cy 2015. ronusne, y |71 uzsenenu yciosu ekcrpemyma Kapym-Kyn-Takeposor
TUIIA Y [ICEYTONHBEKCHOM KOHIIENITY, 3a HerJIaJlaK IIPO0JIeM BUITIEKPUTEPH]jYMCKE ONITUMU3AIII]e
ca HeNpeKuJIHUM BpeMmeHOM. JlokazaHe cy yjemHO TeopeMme cjade W jake JIyaJHOCTH 3a JATH
mpodsieM. Y 0BOM paJly, Kao IJIaBHU alapar kKopwuiiherna je yomimTeHa Morknnoa Teopema
antepuaruse u3 [96], unja je TauHoCT, TaKohe JMOBe/IeHA Y IUTame HA OCHOBY KOHTPAIPUMeEpa

u3 [4], jep je oHa 3ampaBo JUpEKTHA MOCENIA TIOMEHyTe yorireHe [opianoBe Teopeme.

Kao mro ce Mmoxke mpuMeTuTH U3 cBera HaBeJIEHOT, TAYHOCT MHOTHX ITOMEHYTUX Pe3YJITaTa
U3 OBe 0D0JIACTH je JIOBeJleHa Yy IUTamke MTo je noTspheno y pagosuma [4,32]. O cBemy oBome

Ouhe BuUIlle pedn y HAPEIHOj TJIABH.

Henasuo, 2020. romune, Moure u Oumuseupa cy y pauy [53] mobunu HOBe Heonxo/He
Kapym-Kyn-TakepoBe yciioBe 3a riajak mpodJieM ONTUMHU3AIje ca HEIIPEKUIHIM BPEMEHOM

ca OrpaHmYerbuMa THUIa HejeJHAKOCTU U jeJiHakocTu. [IpBo cy pemmmiu mpodJiemM ca orpaHu-



JemnMa THUIla HejeaHakocTu kopucrehu HoBy Teopemy anrepHaruBe Kojy cy mokasasm 2019.
ronure Apjyrynos, 2Kykoscku u Mapuukosuh y [4]. 3artum cy 3a mpodsiem ca orpaHudemnuMa
TUIIa, HEjeHAKOCTU U jeJIHAKOCTH JOOUJIM HEOIIXOJIHE YCJIOBe KOpHcCTehu HeoIxoJiHe yCJIOBe
JodujeHe 3a TPOOJIEM CAMO Ca OTPAHUYEHbUMA TUIA HEjeJHAKOCTH U TE€OPEMY O UMILIUITUTHO]
dyukiuju. CBe oBe pe3yjiTare Ccy J00WIN y3 JOJATAaH yCJIOB PEryJapHOCTH KOjU je Ouo

HEOIIXO/IaH 3a IpHMeHy HOBe Teopeme anrepHaTuse u3 [4].

Pesynraru y pajosuma [53,54| npescrasibajy npBy KOPEKIH]y U IPOJLYKEHbe 3aIMANjeBUX
pesymara [98] u3 1985. rommbe 3a riagak ciaydaj. Takobe, riamak ckajgapHu podiem

ONTUMHU3AIM]e Ca HEIPEKHUIHIM BPEMEHOM JeTa/bHO je odpaben y Tesu [52].

Moske ce IPpUMETUTH Jda OCTaje J0CTa HEPENIeHHX W OTBOPEHUX IIpodJeMa h3 00JIacTu
ONTHMU3AINje ca HEeMpPeKuTHUM BpeMeHoM. He mocroje BaJmaHu pe3ysITaTd U3 OBE OOJIACTH
0e3 IPeTIoCTaBKM IJIATKOCTH. Takohe, HeMa pe3y/iTara 3a KOHBEKCHE CKaJlapHe IpodJieMe 1
1IpodJIeMe BUIIEKPUTEPU]YMCKE ONTHUMU3AIMje Ca HEIIPeKUIHUM BpeMeHoM. Heku o1 mux cy

obpabenn y oBOM pajy.

Hucepraiiuja je mojie/beHa Ha ceJilaM TJIaBa, padyHajyhu u oBy y K0joj je jaTa MOTHBAIIAja

U TIperJie]], Pe3yJITarTa.

Jlpyra 1yiaBa caJipKu OCHOBHE TIO3HATE TeOpeMe AJITEPHATHBE Y KOHAYHO JTUMEH3MOHUM
IIPOCTOPUMA, Ka0 U HEKE HUXOBE IIPUMEHE Y U3BOhemy YCI0Ba eKCTPEMyMa Y MaTeMaTHIKOM
nporpamMupamy. ¥ OBOj IVIABU Cy JaTa HEKa YOIIITeHha OBUX TeopeMa Y (DyHKIIMOHAJTHUM
npocropuma. Teopuja Koja ce Tude Teopema aJTEPHATHBE y KOHAYHO JTUMEH3UOHUM ITPOCTO-
puMa je J00po To3HATa W MOXKe ce Hahu y MHOIrMM KIbUTaMa U paJioBUMa KOju ce OaBe
TEOPUjOM EKCTPEMAJIHUX MpodJIieMa M HeJMHeapHOr mporpaMupama. mak, deckoHaIHO-/11-
MEH3MOHA YOIIITEha IOMEHYTUX TeOpeMa HUCY TAKO IO3HATA U IPEJICTaB/bajy 3aHUMJHUBO
1I0J/b€ 3a HMCTpakuBambe. Takohe, HEKU PE3yJITATU KOjU Ce TUIY MOMEHYTHUX YOIIITEHha Y
DECKOHAYTHO-TUMEH3NOHNM IIPOCTOPUMA Cy HETAa4YHU, Ma Cy W OJAroBapajyhm ycJIOBH ONTH-
MaJIHOCTU Ka0 W Pe3YJITATH TeOpHje JyaJHOCTH, JIOOMjeHN IIPUMEHOM TaKBUX TEOPEMa, HEKO-
pekTHu. Y Te3u he OUTH U3ydYaBaHM TAKBU IIPOOJIEMH U IWJb je JO0OUjalbe HOBUX yCJIOBa
ONITUMAJIHOCTH KAa0 W TeopeMa JIYAJHOCTH Y3 J0/IaTHe IpeTrocTaBke peryiapuoctu. llo-
Jla3Ha TadKa Omhe HOBa TeopeMa ajTepHaTuBe y (DYyHKIIMOHAJTHUM IIPOCTOPUMA yMecTo Beh
roMeHyTe yormmTeHe ['opanoBe Teopeme. VY 0BOj IUVIaBH je TIOKA3aHO JIa IOMEHYTa TEOPEMa
HUje TavHa, a CAMUM THM W jOIII HEKe TeopeMe U3 juTeparype. JlaT je jegan KOHTparpumep

Kao I/IJ'IYCTpaIJ;I/Ija HEKOPEKTHOCTHU IIOMEHYTE TeOpeEME.

Tpeha riasa ce dbaBu ckaJapHUM KOHBEKCHUM ITPOOJIEMUMA OIITUMUA3AIIH]E Ca HEITPEKUTHUM
BpeMeHoM. JloOujeHn cy HEeOIXOJHU U JOBOJbHHU YCJIOBU €KCTPEMYMa 33 KOHBEKCAH IIPOOJIEM.
Jlokazane cy Teopeme cjiade W jake JyaJJHOCTH Ka0 U HEKE FbUXOBE JUPEKTHE ITOCJIE/IUTIC.
JlaTn cy KOHKpeTHH IIpUMepH Koju IoTBPhyjy Teopmjcke pesynrare. Pe3ysnrar oBe riiase je y

HOCTYIKY IyOsmkoBama y [37].

Y 4eTBpTOj IJIaBU ce pelraBa KOHBEKCAH IIPOOJIEM BUIIEKPUTEPUjYMCKE ONTUMU3AII]E Ca



HENPEeKUTHUM BpeMeHoM. JlodujeHu cy HEeOIXOJHU U JIOBOJHHU YCJIOBU €KCTPEMYMa HYJITOT
pe/ia 3a KOHBEKCAH IIPOOJIEM Y3 JI0JaTHE MPETIIOCTaBKe PeryJIapHOCTH. Pernema ce pa3MaTpajy
y cmuciy Ilapero ontumastaoctu. Jlobujenu cy omImTHju YCJIOBU HeTpuBHUjaHOCTH Jlarpan-
JKOBUX MHOXKmJIara. Jlatu cy KOHKpeTHH HpUMEpU KOju MOTBPhYjy TeopujcKe pesyJsirare.

Pesynrar ose riase je mybimkosan y pasuy [38].

[lera rnaBa ce HaBH IJIATKUM TTPOOJIEMUMA BUIIEKPUTEPHUjYMCKE ONTUMU3AIINjE ca Helpe-
Ky IHUM BpeMenoM. Jlobujenu cy HeomxoiHu u JOBOJHHU yCJIOBHU ekcTpemyMma. /Jlara cy nBa
JIyaJiHa MOoJIeJia U JOKa3aHe TeopeMe cjiade U jake jryajanoctu. lIpenacrasiben je mirycrpaTuBan
mpuMep Koju 1nmorsphyje Teopujcke pesynrare. Pe3ystar oBe riiaBe Ipe/CcTaB/ba MTPOITUPEIHE
paja nybaukosanor y [35]. MoruBanuja 3a pemaBame TJIATKOD BUIIEKPUTEPUjYMCKOT PO~
OiieMa OWJM Cy Pe3yJITaTh JI00UjeHr 3a cKajapaH ciay4aj [53| u g1odpo 1mo3HaTH yCI0BU OIITHU-
masaocTn nodoujenu y [50, 73|. Takobe, Heku pesysraru 3 OBe IJIaBe KOjU Ce OJHOCE HA

TEOPH]y JLyaJTHOCTH, Cy Ha pereH3uju [34].

V miectoj riiaBu je padMaTrpaH IJIAJAK PAIMOHAJHEU IPOOJIEM ONTHUMU3AIMje Cca Helpe-
KuJHUM BpemeHoM. JlobujeHa je Be3a m3mely ckajlapHOr M pallMOHAJHOI mpodjema. V3Be-
JIeHU CY HEOIIXOIHU M JIOBOJbHU YCJIOBU €KCTPEMYMAa Y3 NOJATHE IPETIOCTABKE PETryJapHOCTH.
QopmysncaHa Cy JBa JIyaJHa MoOJesa U JIOKa3aHe TeopeMe cjiade U jake JyaJHocTH. Takohe
Cy JaTH KOHKDPETHU IPUMEPHU KOju MOTBPDYjy Teopujcke pesyarare. Pesynaratn u3 oBe riase

cy npuxsahenn 3a mramiy y [36].

3akJbydaK je J1aT y TOCJIE/IH0] TTIABH.



2 Teopeme anTepHaTUBEe U IPUMEHE

Cspxa OBe IjiaBe je JaTU IPerJie/l TeopeMa aJTEePHATHUBE KOje UIPajy BaKHy yJIOTY y JIU-
HEapHOM W HeJMHEAPHOM IPpOrpaMHparby IPU JOOUjarhy YCJIOBA OINTUMAJIHOCTH W TEOpeMa
JnyasHocTH. 3a Buiite uHopmMmarmja, Bugern [48]. Takobe, rpeba HarimacuTu 1a ce TOMEHyTe
TeopeMe KOPHCTe U Yy BUIIEKPUTEPUjYMCKO] ONTHMU3AINUA 3a JOOUjalbe MOMEHYTHX yCJIOBa

ekcrpemyMa. Bumern [12,51].

Heka je gat BekTop = = (71,...,2) € R*. ¥V namem uznaramy, x < 0 ckpalieHo 3nauu j1a
je x; <0,3acBako i = 1,...,k. Ciumuno Tome x < 0 ckpaheno 3naun ja je z; < 0, 3a cBaKo
t=1,...,k. JacHO je ma 3a 00pHyTe pesaldje > U > Baxke CJUvHEe JeduHUIL]E.

Tun Teopeme o kome hemo rosopuTu y oBOj IiaBu yKJbyuuBahe jBa cucrema, [ u I1,
HEjeIHAKOCTU W /WU jeJJHAKOCTU. THUIHMYHA TeopeMa aJTepPHATHBE TBP/U JIa TAYHO jeJiaH O/l

cucreMa I u [ nma perere, aju HUKaJ 00a, a MOXKe ce (popMmysmcaT Ha caejehn Hadms:
WNnn cucrem I nma perneme,

niau cucrem 1 mMa pereme, ajan HIKAI 00a.

MaremMaTuIKu 0BO MOYKEMO 3AITUCATH:
(I & —II) nmu exkBuBasentno (— < I1).
Tunryan HaynH qOKa3MBamba TeopeMa aJTeEpHATHBE je:

I = =] wnu exsuBageurno =1 < I

=] = I] nin eksBuBaJsienTuo I <= —I1.

Hokaz [ = —II, y KOHKPETHIUM TeopeMama, OOUYHO Ce CIIPOBOJIA €JIEMEHTAPHO, aJi JOKa3

-] = [I obuuHO 3axTeBa MOCTOjarbe u JApyrux nmomohnmx teopema. Kopucrehu marpuanu

3alliuC CUTeM

a1 + a;xs + ...+ a;ppxy, S bi7 1= 1,...,/{7
J100nja 00K
Ax <b
rae je je A = (a;;) peanna Marpuia qumensuje kxn, b = (by, by, ..., by) ux = (z1,22,...,2,),

npu dyemy he y jia/beM TeKCTy ' 0O3HadaBaTh TPAHCIIOHOBAME.



2.1 Teopeme ajTepHaTUBE y KOHAYHO-JIUMEH3MOHUM HOPOCTOpPUMA

Y oBoM morJIaBIBY, ClIOMEHYheMO HeKe O/ HAJIIO3HATHjUX TeopeMa aJTepPHATUBE Y KOHATHO -

- IMMEH3UOHNM TIPOCTOPUMa, Koje he yK/byunBaTH JaBa JuHeapHa cuctema [ u 11 HejeiHaKOCTH
u/unu jenHakoctu. IIpBU KOjU je IMpeIoKUO TeopeMy OBOI THUIIA 3a JIMHeapHe ajredapcke
cucreme ouo je Topman® 1873. romune y pany [27]. 3arum je 1902. @apkam?® [20], ca onum
mTO je nanac mo3uaro kao apkariesa jiema, a0 BEJIMKH JOIMPUHOC TeOpeMaMa aJITepHATHBE,
MaKo, Ha IIPBHU IIOIJIE/] OBA JIeMa HeMa KJIaCUUHy CTPYKTYPY ajTepHaTUBe, heHa (hpopMysiamja
jacHo 1okasyje Jia je To TeopeMa asirepaatuse. [loznaro je ja oBa jeMa uMa KJbYydHY yJIOTY Y
TeOpUju MaTeMaTHIKOT ITporpamupama. Ocrase Teopeme objasum cy pegom 1915. IMltuvke?
[79], 1936. Momxun® [55], 1951. Cuejrep® |76], 1956. Taxep’ [82] u 1960. Teja® [23]. V

HaCTaBKy HABOJIMUMO JleTajbHe (hOPMYJIAIIje OBUX TEOpeMa U IbUXOBA YOIIITEHA.

Teopema 2.1. [l[opgan 1875. [27]] Hexa je gatnia matmipuua A € R¥ x R™. Onga, usu cuctiem

I: Az <0 uma pewere x € R",

uru IT: A'y = 0uma pewerwe y € R¥, waxeo ga jey > 0, y # 0,
any HuKag 00a.

Teopema 2.2. [@apxaw (1898.) 1902. [20]] Hexa je gatua matupuya A € RF x R™ u seximiop

b e R". Onga, usru cuctiem

I: Ax <0, bx >0 uma pewere x € R"

wrw IT: Ay=b, y >0 uma pewerwe y € R¥,
anu nuKag ooa.

Buamo ma ce PapkarmieBa Teopema 2.2 KOPUCTH 3a J00Hjarbe YCJIOBA ONTUMAJTHOCTH Yy

TEOPUjU JIMHEAPHOT IIporpaMupaa. 3a suiie uadopamiuja sugeru [15].

Teopema 2.3. [[wumxe 1915. [79]] 3a cearny matmipuuy A € R* x R™, usu cuciiem

I: Az > 0(Ax #0) uma pewerwe x € R",

uru IT: Aly=0, y >0 uma pewere y € RF,
any HuKag 00a.

Teopema 2.4. [Mouyxun 1956. [55]] Hexa cy A € R* x R", B e RIxR" u C € R™ x R"

?Paul Albert Gordan (1837-1912) - Hemaurkn maTemaTmaap

3 Julius Farkas (1847-1930)-Mabapcku maTemaTudap u ¢pusmgap
“Erich Stiemke (1892-1915)-Hemauku MaTeMaTudap

*Theodore Samuel Motzkin (1908 ~1970)-V3paesnckn MaTemMaTudap
®Morton Lincoln Slater (1921-2002)-Amepuuku MaTemMaTauap
TAlbert William Tucker (1905-1995)-Kananckn matemaTmaap
$David Gale (1921-2008)- Amepudky MaTeMaTAIap
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gattie matmpuye. Onga, usu cuctem

I: Ax >0, Bx >0, Cx =0 uma pewewe x € R",
waw IT: I(y1, 0, y3) ERF X R X R™, 4y >0, y1 #0, y2 >0, wWareu ga je
A'y; + B'ys + C'ys3 = 0.

Teopema 2.5. [Caejuep 1951. [76]] Hexa cy A, B, C, D gawie matupuye Koje umajy uctiu

opoj xonona. Taga, WawHo jegar 0g cucema:

(
Az >0,
; Bz >0, (Bx #0)
' Cx >0,
Dx =0,
\
u 4
Ay, + By, + C'ys + D'yy = 0,
3a
II:

y1 >0,y #0, 52 >0, y3 >0, uau

(91 20,92>0,93>0
uMa pewerve.

Teopema 2.6. [Taxep 1956. [82]] Hexa cy A, B, C gatue mampuye xKoje umajy uctiv opoj

KOAOHA. Taga, UAU CUCUEM

Az >0, (Az #0)
I: Bx > 0,

Cx = 0, uma pewere x,

UAU CuUCem

A'yr + B'ys + C'y3 = 0,
IT: <y >0, 9, >0,

UMQ pewerbey = (y1, Y2, yz),
any HuKag 0oa.

Teopema 2.7. [Ieja 1960. [23]] 3a gaty matmpuyy A € RE x R" u eextiop b € R* uau

cuctmem

I: Ax = b uma pewerwe x € R",

unu IT: Ay =0, by =1 uma pewere y € R”,



anu HuKag 0oa.

Teopema 2.8. [Ieja 1960. [23]] 3a gawy mampuuyy A € RF x R™ u eexiwmiop b € R* uau

cuctmem

I: Ax < b uma pewewe xr € R",

unu IT: Aly=0, by=—1, y >0, uma pewere y € R*,
any HuKag 0oa.
V HacraBky npecraBa/baMo (pyHIAMEHTAJHY TeOpeMy aJTepHATHBE 38 KOHBEKCHE (DYHK-
mnuje.
Teopema 2.9. [Ku @ar’ 1957. [19]] Hexa cy pynwyuge fi,. .., fm KOHGEKCHE HA KOHGEKCHOM

ckyay G y R™. Taga uau cuctuem

I: fi(z)<0,..., fn(z) <0, uma pewere z € G,

uau 11 : Gocwoju nenyaa sexwop y € R™, y = (y1, ..., ym) > 0 wWakas ga je

i=1

Cana najemo jeqny outHy Teopemy n3 KoHBekcHe aHam3e O CUCTeMY KOHBEKCHUX Heje/THa-

KOCTH.

Teopema 2.10. [9] Hexa je G meupasan xousexcarn ckyta y R™. Jawe, nexa je {fitier,
pamuauja (Konauna usu deckonaura) KOHBEKCHUT PyHKuUja TosyHeTpekugHur 0godgo na G,

{hi}tics Pamuruja (konauna uau beckonawna) auneaprur Gynruyuja na R™. Axo cuttiem

filx) <0,i€el,
I': Shi(x)=0,ieJ
Hema peuterva T € G,

waga, 3a nexe xwonaune gogdamunuge { fi, .o, fim} w {hit, ..., ha} Goctmioje p € R™ u q € R*

Waxey ga je

p=0,(p,q) #0
S pifi(®) + Y5 gihij(z) > 0 Ve € G

Axo je J =0, wj axo y cucwiemy nema jegraxoctuu h;(x) = 0, onga Gocaegroa HejegHaroC

II:

1ope (>) wocwmage cwpoia nejeguaxoct (> 0).

Tpebda nanomenyTu ja cy HalpaB/beHa MHOTA YOIIITEHa IIOMEHYTUX TeopeMa Y (pyHKITHO-

HajHuM rpocropuma. O oBome he duth pevun y HAPEIHUM OTJIAB/HUMA.

9Ky Fan (1914-2010)-Kumeckn maTemaTmaap



2.2 PemuBocT cucreMa KOHBEKCHHX Heje,Z[HaKOCTI/I 1 HOBa YOIIIIITEIba

Heka je L smmueapan npocrop u I = {1,...,k} = I; U I ryue Ll o3HauaBa JIUCJyHKTHY YHU]Y
nsa ckyna. Heka je A : L — R™ jmmeapan omeparop, b € R™, dbynkmuje f; : L — R
cy xouBekcHe, X KouBekcaH ckyn y L uw X C dom(f;) 3a cBako i € I, rue je dom(f) =
{r € L: f(x) < oo} edexrusnn nomen xousekcue dbyuknuje f. Taxobhe span(S), int(S) n
relint(S) osnauaBahe pesom JimHeapaH oMoTad, YHYTPAIIIOCT U PEJIATUBHY YHYTPAITEHOCT
mekor ckymna S. (OCHOBHE 1IOJMOBH KOHBEKCHE aHa/m3e Mory ce Hahm y MoHOrpadujama

[2,31,69].

Hedbunnnuja 2.1. [4] Cuctiem

filz) <0, i€l
Az = b, (2.1)
reX,

je cwupoto pewus axo uocwoju T € X wako ga je AT =b u f;(Z) <0 3a cearo i € I.

Teopema 2.11. [/, 69] Hexa je cuctiem (2.1) ctupoio pewus u b € relint(AX). Taga cy

caegeha wepherva aAepHaTiUGHA.

(a) Ioctioju pewerve x € L cuctuema

fz(ZL‘) S 0, 7 € ]1
< fl(l’) <0, 1€l
Ax = b,

(2.2)

\xEX.

(6) Hoctuoju nenyaa eeximop = (..., pr, i) € R¥™ maxae ga je

> fi@)pi + (Az — b, i) > 0, Vo € X,

iel

g€ je p; > 0 3a ceaxo i € I, i € span(AX —b) u p; > 0 3a nexo i € I.

Y caydajy ga cucrem (2.2) me caapxku tpehy jeanaumny Az = b, Teopema 2.11 mma

caenehu odnuk.

Teopema 2.12. [/] Hexa toctuoju T € X waxso ga je fi(T) < 0 3a ceaxo i € 1. Taga cy

caegeha wepherva alepHaiUucHa.
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(a) Ioctoju pewerwe x € L cuctiema

filz) <0, iel

filz) <0, i€l (2.3)
z € X.
(6) Hoctuoju nenyaa eeximop = (uy,. .., ur) € R¥, @arae ga easrcu
> filw)pi > 0, Va € X, (2.4)
iel

79e je ; > 0 3a ceaxo v € I u p; > 0 3a nexo 1 € Is.

Tpeba HamOMeHyTH Ja YKOJIMKO cucTeM (2.2) cajpKu caMo CTpore HejeIHaKOCTH, Teo-
pema 2.11 ce y crBapu cBoju Ha J100po no3uary Teopemy 2.9. Teopema 2.11 me Baxku 0e3
nperocraBke crpore pemusoctu (2.1). Hak u ako ce npernocrasu Ja je cucreM (2.1) pemus,
(asin He u cTporo pemus) Taga TBpherme Teopeme 2.11 we Bazku. ITokazahemo oBo y HapeHUM

IIPUMEPUMA.

IIpumep 2.13. [4] Hexa je L = X = R. 3a fi,fo : R = R, I, = {1}, I, = {2},
PABMATUPAIMO CUCTLEM:
fi(z) <0,
falz) <0, (2.5)
r € R,
ige je
0, 38a x>0

fi(z) =

2%, 3a x <0

u fo(z) = x. Bugumo ga cuctiem (2.5) uma obauk (2.3) u x = 0 je pewerve Hejeghakoctiu,
fi(z) < 0. Ouwuinegno, fi(x) <0 nema pewera, ua wephere (a) Teopeme 2.12 nuje wWaruro.
Ha ocrosy Teopeme 2.12 onga je wspherwe (6) wauno. Ioxazahemo ga u wephewe (6) uaak
nuje wavwno. Yamumo upouseomne @i > 0, @o > 0. Owuinegno toctioju x < 0 wWaxso ga

6aMNCU

e1f1() + @2 fa() = p12” + @z < 0.

Baxnpyuyjemo ga u wephere (6) Teopeme 2.12 nuje wauno.

Ipumep 2.14. [4] Hexa je L = R?, X = {x = (z1,12) € R? : 2y > 0}, fi : R? = R,

11



i=1,2,3, I, = {1,2}, I, = {3}. Pasmatupajmo cucimem:

filz) =z <0,
r)=—x1 <0,
f2(2) 1 (2.6)
fg(l‘) < 0,
|z € X,
ige je
—/T1+ 23, 3a x1>0
fs(x) =
+o00, 3a 1 < 0.
Bugumo ga cuctmiem (2.6) uma obaux (2.3) u x = (x1,22) = 0 je pewere cuctuema
filz) =21 <0,
fo(z) = —21 <0, (2.7)
r e X.

Jacro je ga (2.6) nema pewera, wj. wephere (a) Teopeme 2.12 nuje wauno. Ioxazahemo ga
u wepherwe (6) uaak Huje Wawno. Yamumo apouseonsne 1 > 0, wo >0 u @3 > 0. Owuinegho

ga 3a go8oHLHO MANAO E > Oux= (57 o) c X, 8aCU
3
> @ifi(m) = p1e — pae — p3v/E < 0.
j=1

Saxwyuyjemo ga u wephere (6) Teopeme 2.12 nuje warwno.

2.3 Heke npumeHe TeopeMa aJjiTepHATHBE. YCJIOBU ONTUMAJIHOCTU Y

MaTeMaTUYKOM IpOTrpaMupamy

Pazmarpajmo mpodsieM MaTeMaTHYIKOT IIPOrpaMuparba;

fo(.fl?) —>1Hf,
mo. fi(x) <0, iel={1,...,m}, (I11)
r e X,

rie je X momckyn ox R™ u f;; @ = 0,1,...,m dyuknuje nedunucane una ckymy X. Ckym
Q={x e X: fi(r) <0, i€ I} 3pahemo monycrusu ckym mpodsema (I11).

Hedbununuja 2.2. Jouycwusa wavwka T je ou@umarto pewerve apooaema (I11) axo saorcu
f()(.’i‘) S fo(x), Ve € Q.
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Axo je X komBekcan ckyn u f;, ¢ € I kouBekcue dyHkuuje Ha ckymy X, npodsem (I11)
mocTaje mpodJieM KOHBEKCHOT IporpamMuparka. Hapejme 1aBe Teopeme NnpBU IyT Cy JIOKa3aHe
y [39] a mory ce mahu u y monorpaduju [48]. Osme hemo omer dopmysnucaT u Joka3aT T€O-
peMe Koje J1ajy HeolxoHe ycjoBe ontumaanoctu 3a npodsiem (I11). Osaj npucryn hie yjemno
OWTKM MOTHUBAIIM]ja 32 PelllaBaihe HEKNX KOHBEKCHUX MPOOJIeMa OINTUMU3AIIje Ca HEeIIPEKUTHIM

BPEMEHOM Y (DYHKITMOHAJTHUM ITPOCTOPUMA, O YeMy he OUTH pedun y HapeHUM IOrJIaB/HUMA.

Teopema 2.15. [Ppuuy-Ilonosu neouzrognu ycaosul Hexa je & oUtiumanno peuwierve KoH-
sexcrot upodnema (I11). Taga Goctoju mmoscunray, @ = (Gg, Uy, . . -, ) € R™ pasgavvuin

0g Hyae WaKas ga cy 3ago8onHeHU CAeJeRU Yca08w:

0. @>0,
2. Ytowifi(w) = 3 wifi(®), Vo € X.

Jloxas. Ako je & ontumastto pererbe mpodsiema (I11) ounrmeano cucrem

folz) = fo(2) <0,

2.8
file) <0,iel .

Hema perteba ¢ € X. (Jep ako du cucrem (2.8) mmao Apyro onTUMAIHO pelieme T € X,
OYUIJIEIHO O TO peIlere T OWJIO JIOMYCTUBO U yjeaHo 3a10BosbaBasio fo(Z) < fo(&), mro je
CYIPOTHO TPETIIOCTABIA TeOPeMe Jia je & onTuMaJsHo perrese npodsema (I11)). Ako cucrem

(I11) mema pemrerse oHIa U CHCTEM

folz) = fo(2) <0,

(2.9)
fz(.T) < 0, 1€l
HeMa perierbe r € X, ma Ha ocHOBY Teopeme 2.9 mocToju HEHyIa MHOYKIJIAIT
@ = (Qg, Uy, - -+, ) € R™ 4 > 0 Takas 1a BaxKu
i (fo(z) — fo(2)) + Zazfz(‘r) >0V e X. (2.10)
i=1

Cramamem x = 2 y (2.10), mobujamo

Zaifi(@) > 0. (2.11)
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Kako je & € , 1o je f;(2) < 0,14 € I. U3 ycyioBa 4 > 0, 3aK/bydyjeMoO Jjia BaxKu

m

Z i f;(&) <0, (2.12)

mro 3ajeqHo ca (2.11) maje

u ycsioB kKomiieMenTapaoctu 1. 13 nperxomnor 3ak/bydka u Hejeanakoctu (2.10) modujamo

o fo(w) + Zﬂzfz(u”ﬂ) > @i fo(Z) + Zﬂzfz(@) Ve € X. (2.13)
i=1 =1
OBuM cMO J0Ka3aju U yCJI0B TPAHCBEP3AJTHOCTH 2. []

Hedbununuja 2.3. Hexa je X xoneexcar cxkyta y R"™. Kaotcemo ga otpanuverva 3ago6ona6ajy

Caejiepos ycaos perysaproctuu (CV) , axo wocoju T € X waxas ga je g;(x) <0, i € I.

Teopema 2.16. [Kyn-Taxeposu neotzoghu ycaosu] Hexa je T oUmumanno peuierve upodiema
Kousekxcnot apoipamuparea (I11). Axo je 3agosomen Caejmiepos ycaos (CV), onga toctwoju

= (U1,...,10%,) € R™ wakas ga cy sagosomeru caegehu ycrosu :
0. u>0,
1 tfi(#) =0,i€l,
2. folx) + 20 wifi(z) = fo(@) + 2000, 4:fi(2) Vo € X.

Jloxas. Ako je & ontumasito pererbe podsiema (I11) orma cucrem

folz) = fo(Z) <0,

(2.14)

Hema pemetha r € X. Kako cy cBu yciaoBu Teopeme 2.12 wuciymeHHU, IMOCTOJH HEHYJaA

MHOKIIAIL © = (Do, D1, ..., D) € R™TL 6 >0, 69 > 0, Takas 12 BaxKu
B0 (fo(z) = fo(@)) + > difilz) >0 Vz € X, (2.15)
i=1
Tj.
Bo fo(x) + Z@zfz(x) > 0o fo(2) Vo € X. (2.16)

=1

Hememem Hejearakoctu (2.16) ca 09 > 0 u craB/bamem



J1001jaMo

folz) + > aifi(x) > fo(#) Vo € X. (2.17)
i=1
Crasmamem x = 'y (2.15), nodujamo
> afi(&) > 0. (2.18)
i=1
Kako je & € Q, 1o je fi(Z) < 0,14 € I. U3 ycnosa @ > 0, ciimano Kao y goka3y Teopeme 2.15,

3aKJ/by4dyjeMO Jla BaXXU M CyIPOTHA HEjeTHAKOCT y IPETXOHOj HEjeIHAKOCTH INTO 3ajeTHO

ca (2.18) maje ycsios komiuiementapuoctu 1. U3 ycnosa 1 u Hejeanakoctu (2.17) KoHAUHO

J1001jaMo
fol@) + > aufix) > fo(@) + > aufi(d) Vo € X. (2.19)
=1 =1
OBuM cMO HOKa3ajId U yCJIO0B TPAHCBEP3AJTHOCTH 2. [

Cajia hiemo u3BecTn HeonxojHe ycaoBe onruMasiHoctu 3a mnpodsem (I11), kopucrehn mo-
JlaTHe npernocTtaske judepennujaduanoctr. OBJie /1ajeMo 3aHIMIbUB T€OMETPU]CKU TPUCTYII

3a pelraBame OBOI' IIPOOJIeMa.

Heka je y mpodnemy (II1) ckyn X mempasan, orBopen y R, dyukmmje f; : X — R, i =
0,1,...,m mudepennnjadunne u Q # (). Jeduammumo cKyn aKTHBHAX MHJIEKCA OTPAHUYCHba

ca A(z) ={iel: fi(z) =0}

Hedbuuuumja 2.4. 3a Wauky T Kaxrcemo ga je a0KkanHo oGluMmarro pewerve tpodaema (I11)

Ha ckyay () axo sasrcu

fo(@) < folx), Yo e N(2) N4,

ge je N(Z) mexa okoauna wavwke I usu Heka KYIAa Y HeKoj MeWPUyl ca UeHTUpom y .

Hedbununmja 2.5. 3a sexwwop d € R™, d # 0, xaoscemo ga je exmiop gouycwiusol upasua
y wavwku T € Q axo wocwoju € > 0 wakxas ga T + 0d € Q 3a ceaxo 0 € (0,e]. Ckyu csux

gouycmusur upasaya ckyua 2 y & osnavasahemo ca F (L2, ).

Ycaosu ontumastHocTu Kapym-Kys-Takeposor n @pur-IlonoBor tuna 3a riajak ciydaj
y HEJIMHEAPHOM IporpamMupamy j100po cy usydenu y [5,48|. Ilomenyru yciaosu, y3 mojarHe
IPETIIOCTABKE PEryJapHOCTH OrpaHmdema mory ce Hahu y [1,3,33,42,109]. Tobpo je mosHa-
TO Jia Cy TPUJIMKOM Hu3BOhema oBUX ycjoBa Kopwuiihene ['opjanoBa m MorknHoBa Teopema
anrepraruBe. Oige hemo 7aTw jelaH T€OMETPHjCKH MPUCTYI 3a U3BOhEIbe yCa0Ba ONTH-
masnoctu Ppuri-Ilonosor u Kapym-Kyn-Takeposor tuna. Kopucruhemo I'opganosy Teopemy
anrepHaruBe. OBaj mpuctyn he yjeaHo OUTH MOTHBAIMja 3a pellaBarbe HEKUX IJIATKIX
IpoOJIeMa ONITUMU3AIIjE Ca HEITPEKUTHUM BPEMEHOM Y (DYHKITMOHAJHUM ITPOCTOPUMA, O UeMy

he dutu peun y HapeJHUM IOTJIAB/HUMA.
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HeduHUIIIMO KOHYCe:

K(fo, &) ={h € R" : Vfo(2)'h < 0},
K(Q,2)={heR":Vfi(2)h<0, i€ A(z)}.

JIema 2.17. [5] Axo je & snokaano ottumanro pewerve upodaema (I11), onga je
F(Q,2)NK(fo,2) = 0. (2.20)

JIema 2.18. [5] Axo je & nokanno ottiumanro pewere upodaema (I11), onga je
K(Q,z) C F(Q,z). (2.21)

Teopema 2.19. Axo je & aokaano ottiumanro pewere upodaema (I111), onga je
K(fo,2) N K(Q,%) = 0. (2.22)
Jloxas. [okaz mupekTHo caemu u3 Jleme 2.17 u Jleme 2.18. [

Kopuctuhemo mnperxomany Teopemy ma um3Beaemo Heorxomgue yciioBe Ppur-IlonoBor un
Kapymr-Kyn-Takeposor tuna 3a npodsmem (II1). Cowmuan moka3 ce moxke nahu y [48] y3
pa3/IMvInTe MpeTnocTaBKe peryaapHoctu. [Ipuctyn npuMemen oBJie je reOMeTPHUjCKOT THTIA, &
BUIIIE O KOHYCUMA U JIyAJJHIM KOHYCHMA y T€OPHUjU eKCTPEMAJIHUX IIPodJIieMa, KA0 U CAUIHUM

PEOMETPHjCKIM IPUCTYIIIMA MOXKe ce npodnrtaru y [26].

Teopema 2.20. [Dpuy-Llonosu neotzoghu ycaosul Axo je gotyctiusa Wauka T AOKAAHO
pewerve upodaema (I11), waga Goctwoju mHostcunal,

@ = (g, U1y ..., Up) € R™ pasgaunut og nyse mWaxas ga cy 3ago60meHYU YCAOGU:

Jloxas. Ako je & jokanHo onrumasHo pererse (I11) Ha ocroBy Teopeme 2.19 je

K(fo,2) N K(Q,z) = (), onakie caenn na He nocroju @ € R™ Tako jga cucrem

fo(z)a <0,
fil@)u<0,ie A(z),

(2.23)

nMa perrerse. Caga ma ocnoBy Teopeme 2.1 mocroju memyma muoxmiarn @ € RA@HL 4 >0
TaKO JIa BaXKu
UV fo(2) i+ Y wVfi(2)a=0, Vi€ R",

1€A(Z)
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Tj. /

wVio(d)+ Y wVfi(a)]| w=0, VieR" (2.24)

i€A(%)

Kako jegnakoct (2.24) Baxku 3a cBako @ € R", 3ak/bydyjeMo na je

UV fo(2) + Y wVfi(&) =0. (2.25)
iEA(E)
CrasiamweM U = (Ug, Ui, . - . , Uy,) T7€ je
'l_,Lo, 1=0
U= Ui, 1€ A(i’)
0, i€ A),

nodujamo ja yesosu 0 u 2 Baxke. YcjoB 1 (YCI0B KOMILIEMEHTAPHOCTH) JUPEKTHO CJIEJU W3
TOra, J1a YKOJIHMKO Cy OrpaHWYera akTuBHa Tana je f;(Z) = 0 3a i € A(Z) a ako HuCY OHJA je

onrosapajyhe i; = 0 3a i € A(%). O

YesioBu oBor Tuma npsu myT cy godoujeru 1948. rommue y paxy [33]. Hemocrarak
IIPETXO/THE TeopeMe je y TOMe INTO HEMaMO TapaHIujy Ja je MHOXKUJAI iy IPUIPYKEeH
byHKIMjI U/ba Pa3IUaUT OJT HyJe. 3allpaBo, aKO je OH Hy/a, m3ryomhemo muHbOpMAITje
0 m3BOAY (YHKIMje Iu/ba, a TO he oTekaTw MoTpary 3a onruMmasjnum pemiebeM. OBo ce
y TeOpHUju eKCTPEeMAJIHUX MpodJieMa MOyKe n3dehu y3 JlofaTHe MPETIOCTABKe PeryJIapHOCTH
orpaHuvema. Buile o ycaoBuMa peryiaapHocTu Moxke ce Hahum y [5,48,109]. VY mapemnom

TeKCTy, pa3MarpaheMo je/laH 3aHUMJBUB YCJIOB PETYJIAPHOCTU OrPpAHUYIEHA.

Hedbunannmja 2.6. Kaotcemo ga je 3agosomen ycros peryaaproctiv wuia Maniacapjar-

-Dpomosuua y wawku T € ) axo tocwoju h € R™ wakso ga je

Vfi(Z)h <0,Vi e Az). (MDY)

Jodpo je mo3HaT yCJI0B PEryJIapHOCTU OBOT THUIIA 33 ITPOOJIEM HEJIMHEAPHOT ITPOTPAMUPAHA

ca OrpaHWYEHNMa TUIA HEjeTHAKOCTH U jeTHAKOCTH.

Teopema 2.21. [Kapyw-Kyn-Taxeposu neouxogru ycaosul Ako je gouyciusa wWwavwka I
aokanno pewerve upobaema (I11) u 3agosomen je ycaos perysaproctu (MDY), onga Gocwoju

muootcunay 0 = (01, ...,0,) € R™ wakxas ga cy 3agosomenu ycaiosu:
0. v >0,
1. v, fi(2) =0, 1€ I,
2. V(@) + >, oVfi(z)=0.
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Jloxas. Nz Teopeme 2.20, cieau jia OCTOjU HeHysa MHOXKMIAI U = (g, Uy, . . . , Uy,) € R™T!

TaKaB Ja BazKN
/

WV fo(@)+ Y @V fi(@) | @=0, VieR" (2.26)
i€A(%)
Hoxkazaliemo na mopa outn iy # 0. IIpermocrasumo cymporno. Heka je 4g = 0. U3 (2.26)

Jio0ujamo Jia je

> wVfi(d) | a=0, Vi eR",
I€A(Z)

Kako nperxosnu cucrem mMma peremne, Ha ocHOBY Teopeme 2.1 cucrem
Vii(@)u<0,ie Az)

HeMa pererbe @ € R™, mro je cymporro ycioBy peryiaaproctu (MOY). lakie, mopa dutu

Uy # 0. dememenm uzpasa (2.26) ca iy 1 cTaB/barmbeM

JI00MjaMo, CJIMYIHO Kao y mperxoaHoj Teopemu, na cy ycaosu (-2 3a710BOSbEHH. [

BampaBo, y3 jeaHy JOJATHY MPETIOCTABKY PEryJIapHOCTA OrPAHUYEHha OTKJIOHWIH CMO
Hejgoctatak Teopeme 2.20 u 100WIM yCJIOB J1a MHOXKUJIAI, Uy TPUIAPYKEH (DYHKIUJU MHba

MOpa OUTH PA3IUYUUT O] HYJIE.

Buamo nma y3 jgomaray npernocraBky (AXY)-perymaproctu (Bumeru [3]) moxkemo Takobhe
nodutu HeomnxojHe ycyoBe ontuMananoctn Kapymr-Kyn-TakepoBor tuma y kojuma ce ra-
paHTyje Jla je MHOXKWJIAIl TPUJIPY2KeH (PYHKIUjU I/ba PA3IuduT o Hyse. Takohe, oBo ce
MOKe ITOCTHNN y3 IPeTHocTaBKy Ja je X KOHBEKCaH, OTBOPEH U Jia Cy OI'DaHMYEHa IIPOodJIeMa

(T11) kouBekcHa u 3a70Bo/baBajy CiejTepoB yCJIOB PEryJIapHOCTH.

Jomr jeaH mO3HAT YCJIOB PEryJIapHOCTH y TEOPHjU HEJMHEeapHOI IIporpamMupama, KOju
Tpeda IOMEHYTH OBJie je JIMHeapHa HE3aBUCHOCT T'pajujeHaTa (DyHKIMja OTPAHUYEHhA aK-
TUBHUX y Tauku . Hamme, moryhe je nokazaru fa cy ycioBu 0-2 HEONIXOTHU 338 OITUMAJTHOCT
y TJIATKOM CJIy4ajy, IpH YeMy ce KOPHUCTH CIOMEHYTH YCJIOB PETyJApHOCTU T'pajirjeHaTa.

Burte o ycioBuMa perysiapHOCTH y HeJIMHEAPHOM IporpaMupary Moxke ce Hahiu y [5,48,109).

Crenehn camyan reOMeTPHjCKH IPUCTYIT Y KOHATHO- TMMEH3HOHOM CJIy9ajy, MPEJICTaB/heH
y IPETXOHUM Taparpaduma, ayropu cy y paiy 53| m1o0umium HeormxoiHe yciaoBe ONTUMAJTHOCTH
3a CKaJjapaH IIpodJieM ONTHUMH3allfje ca HenpeKuHuM BpemeHoM. [lomenyre yciioBe cy jo-
OWJIM TPUMEHOM HOBE TeOpPEMe aJITEPHATUBE 38 CUCTEM KOHBEKCHUX HEjEIHAKOCTH Y (DYHKITNO-
HAJHUM npocTopuMa (yMecro yommnreHe ['oppanoBe Teopeme), Kopucrehu yoHIITeHH yCJIOB

perynapuoctu (M®Y) y byHKIMOHATHUM IPOCTOPUMA.
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VcaoBr ONTHUMAJIHOCTH 3a IIPOOJIEME BHIIEKPUTEPHjYMCKe ONTHUMU3AIIAje MOTY ce Takobhe
W3BECTH y3 J0J/IaTHE TIPETIOCTaBKe peryaapuoctu npumersyjyhu Teopeme 2.1 u 2.4. [lomenyTu
YCJIOBH, Kao U JleTajbHU JIOKa3u Mory ce Hahu y [12,51]. 3a jomr nmpumena teopema ajaTepHa-

TUBE y BUIIEKPUTEPUjYMCKOM IIPOrPAMUPalby MOXKe ce moryegaru paj, [47].

2.4 Teopeme ajiTepHaTHBEe y O€CKOHAYHO-AMMEH3MOHUM HNPOCTOPUMA U
NpuMeHe Ha HeKe KJiace ITpodJieMa OoNTUMU3aluje ca HelpeKUuJHUM

BpPEMEHOM

[IperxomHo HaBeeHEe TeopeMme aJTEpHATABE WMA]y BeJUKE MPUMEHE Y Pa3JIuduTHM IIPO-
osiemuMa onrtuMusanuje. [lojcernnm cMo ce HEKMX OUTHUX IPUMEHA Y IIPETXOIHOM IIOTJIABIBY.
V nocsieamux TpujeceT ToJnHa, J00UjeHa Cy MHOTa yOIIITeha OBUX TeOPeMa 3a Pa3/InInTe
Kjace PYHKIHja. Y3 JI0JlaTHE MPETIOCTaBKe T'eHEepPaJIn30BaHe KOHBEKCHOCTHU JIOKa3aHe Cy
TeopeMe aJITepPHATHUBE KOje ce NMPUMEhY]Yy 3a J00Ujarbe YCJI0Ba ONTUMAJIHOCTU Y PA3TUIUTAM
obJlacTUMa oNTUMH3aIKje. Bulle o mpeTxoHo OMeHyTOM MoxKe ce Halin y [18,22,64,93,94,
102].

Teopuja koja ce Tude TeopeMa aJTEepHATUBE 3a CUCTEME Ca JIMHEAPHUM HEjeIHAKOCTHMAa,
1 jeITHAKOCTHMA je JI0OpO TMO3HaTa W MOXKe ce HahM y MHOTHUM MOHOT'padujaMa 1 pagoBUMa
Koju ce DaBe TEOpPUjOM HEJMHEAPHOT IIpOorpaMupara, ONTUMHu3aluje u npumeHama. HWnak,
DEeCKOHAYHO- TUMEH3NOHA YOIIITeHha IIOMEHYTUX TeOpeMa HIUCY TaKO MO3HATA U IIPEJICTAB/ba]y
3aHNMJBMBO TIOJbe 3a U3ydaBame. [akohe, HEKN pe3yTaTH KOjU ce THIY ITOMEHYTHX YOIIIITe-
1ba Y OECKOHAYHO-IMMEH3UOHUM ITPOCTOPUMA Cy HETAYHU, A Cy OJIroBapajyhu ycjioBH ONTH-
MaJIHOCTU U PE3YJITATU TeOpHuje yaJHOCTU, JTOOUjeHH IPUMEHOM TAaKBUX TeOPeMa, HEKO-
pekTHH. Y Te3u he OMTH M3ydaBaHU TAKBHU MPOOJEMH U Wb je JI0OMjarbe HOBUX YCJIOBA
ONITUMAJIHOCTH Ka0 W TeopeMa IyAJTHOCTH y3 JI0/aTHe IPeTIocTaBke peryiapHoctu. llo-
JIa3HA TadKa 3a JUCepTalujy je HOBa TeopeMa aJjiTepHATHBE y OEeCKOHAYHO-TUMEH3MOHUM

pocropuma ymecto Beh nomenyre yorinrene ['opiganose Teopeme.

Jom y yBomy cmMo HaBesnm ja Cy IVIaBHM pe3ysTaTH y pajy |[75| 3acHoBaHM Ha TeO-
peMu ajrepHaTuBe y (PYHKIMOHAJHUM IIPOCTOPUMA, KOja je KopuiiitheHa 3a uspohere Ppuii-
-IlonoBux m Kapym-Kyn-TakepoBux ycjioBa ONTHMAaJIHOCTH 3a HEIJIaJaK IIPOOJIEM OIITH-
Mu3aImje ca Hempeku M BpemernoMm. Mehyrum, Samvan je 1985. roguue npBU IIyT IIpUMe-
tno y pazay [99] ma mokas ose Teopeme Huje TadaH. 3aro je Pewmjmamm 1980. romume y
pagy [67] cieamo mano gpyraduju mpECTYI 3a JOOUjalbe HEOIXOJHUX YCJIOBA 3a CKAJIapHe
podJjieMe ONTUMU3AIINje Ca HEIIPEKUTHIM BPEMEHOM. Y MECTO ITOMEHYTE TeOPEME, y HHerOBOM
pajy je npumemeHa yorrnTeHa apkareBa Jjiema, Kojy cy jokasasm Kpejpen n Koanxa 1977.
ronune y [17]. Tlomenyra siema je KacHuje mpescraB/bera u 'y Monorpaduju [16]. Y HacraBky

J1ajeMo OBO TBpheme.
Hedbununuja 2.7. Hexa je X naokaano xowsexcan upoctwop. 3a K C X xaoscemo ga je
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KOHBEKCAH KOHYC aKO 6aIHCU

1.xe K, A>0 = M€K,
2.z,ye K — rz+ye K.

Hedbununuja 2.8. /lyaran xonyc K* xonsexcrnor xonyca K C X je cxyt
K*={z"e X" : (x,2") >0, Vx € K},
19e je X* wotorowky gyas og X .

Teopema 2.22. [17] [Kpejsern u Koauza 1977.] (Yommrena Papkamena jiema) Hexka
cy X u'Y aokaarno xoneexchu upoctwiopu, K C X xousexcan xonyc y X u A : X =Y
HeUPEKUGHO Auneapho Tpecauksare. Axo je A(K) ctupoto satieopen, onga cy caegehu ycaosu

3a b €Y exeusanrentinu:
I: Az =0b uma pewere x € K.

II: A*y* e K* = (b,y*) > 0.

Mebhyrum, Peujmanmg je Mopao aa gocTa Imojada IPETIOCTaBKe 3a JATU IIPOOJIEM, Koje Cy
IIPAKTUIHO BeoMa Telllke 3a IpoBepy. Kako Oum npumenno yomrreny PapkalneBy Jiemy, OH
je MOpao Jia mpermnocTaBu Ja je3rpo maror omeparopa (u3mely OeCKOHAYHO JMMEH3MOHUX
IpPOCTOpa) WMa KOHAYHY JUMEH3Hjy, a CJIMKa OBOI' OIIEPATOpAa je 3aTBOPEHU IMOTIPOCTOD,
a KaCHHje Jia OM JIOOMO W HEOIXOJIHE YCJIOBE ONTHMAJHOCTH 3a MOMEHYTHU IIPOOJIEM, IIOPE]T
IIOMEHYTOr' YCJI0BA, MOPAo je u ja mperrnoctaBu yorrnrenn CjiejTepoB yCIOB peryJapHOCTH.
Haxne, momenyTta yommreHa PapkalneBa JiemMa ce HEje MOKa3aja IIOrOJHa 3a MPUMEHY Y
JTAJbIM UCTPAKUBABIMA 33 JIOOMjarhe YCJIOBA ONITUMAJHOCTH U JIyaJTHUX Pe3YJITaTa y 00JIacTh
podjieMa ONTHUMU3AIMje Ca HEIMPEKUJIHUM BpPEeMEeHOM. 3aro je 3ajaman 1985. romune y
pazy [96], mokymao jga yorrmru 'opnanoBy Teopemy anrepratuse (Bumetu Teopemy 2.1), be3
JIOJATHUX YCJIOBa PETyJIapHOCTH, KOja OM ce TpUMemnBaJia Ha OBe Kjace mpodsema. OBre

najeMo (OpMYyJIAIjy IOMEHYTe TeopeMe.

Teopema 2.23. [96] [Baamau 1985.] (Youmrena TI'opmanoBa teopema) (Herauna
teopema) Hexa je U neupasan xousexcar ogekyt og Lo ([0, T];R™) u ¢pynryuja g : [0, T] ¥
R" — R* gepunucana ca g(t,z(t)) = y(x)(t), v : U = Loo([0, T]; R*) xoneexcra wo gpyiom

aprymeniny wa [0,T). Taga, uau
I: 3z(-) € U waxo ga je g(t,x(t)) <0 c.c. na [0,T],
UM je
T
II: / ' ()g(t,z(t))dt >0, Va(-) € U u 3a nexo ¢(-) € Loo([0,T]; R)
0
o(t) >0, p(t) #0 c.c. nal0,T].
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Besnmka BaykKHOCT HaBeleHOTI TBphema U HEIOBUX JUPEKTHUX mocseauna (Bugern [96])
3a pelaBambe Pa3InIuTUX KJaca MpodjeMa OonTUMu3armje y (QyHKIMOHATHIM IPOCTOPIMA

JIOBEJIA je JI0 PasaMduTuX yorinrema. Bugeru pajgose [16,32,49,57,61,63,71,102].

Kao neke on mocienuiia rope HaBeneHne Teopeme 2.23, nmokazaHe cy yommiTeHa Morku-
HOBa TeopeMa ajarepHaruBe (Bugeru paj [96]) u yommrena Teopema 2.10 y dyHKIHOHATHIM

TPOCTOPUMA.

Hakon Tora, y MHOTMM pajIOBUMa U3 OBE OOJIACTH, JOOUjEHE TeopeMe aJITepPHATHUBE ITPU-
MemUBaHe Cy 3a JI00Mjarbe HEeONXOJHWX U JIOBOJbHUX ycJioBa onrtumasHocTu. ¥ |98, 100,
103] mobujenn cy ycjaoBH ONTHUMAJHOCTH 3a ojpeheHe Kjace KOHBEKCHUX, (DPAKIUOHUX U
[JIATKUX EKCTPEMAJTHUX IIpodJeMa y (DyHKIHOHATHUM Tpoctopuma. Y [99] je mobujena
Teopuja ONTUMAJHOCTU U JIyaJHOCTH, yBohemeM Jlarpam:koBe pyHKIIMje 38 KOHBEKCAH IPO-
OJieM ONTHMU3alMje ca HeNpPeKuTHUM BpeMeHoM. Y pajy [98] modujene cy reopeme Ppurr-
-ITonosor u Kapym-Kyn-Takeposor Tuna 3a riajak mpodjaeM ONTUMHU3AIN]e Ca HEITPEKUTHUM
BpemeHoM. OBHU yCJIOBU IIPEJICTaB/bajy YOIIITema ycjaoBa jgooujennx y Teopemu 2.20 u
Teopemn 2.21. Yak je reoMeTpHjCKH MPUCTYI W HAYUH JIOKa3WBamba THUX TeOpeMa OO
CIUYaH JIOKA3MMa, IIOMEHYTHX TeopeMa y KOHAYHO-JIMMEH3WOHUM IIpocTopuMa. Pesymaratn
13 MOMEHYTOr pajia cy KacHuje kopuiihienu y pagosuma [97,101] 3a modujame ycsioBa onru-
MaJIHOCTU U TeopeMa JIyaJTHOCTHU 3a KJiace (PPAKIIMOHUX U XOMOTE€HHX IIPOdIeMa OITHMU3AIII]e
ca HempeKWHUM BpeMeHOM. T'peda HamOMeHyTH Jla Cy TMOMEHYTU Pe3yATaTH CJIYKUJIN Kao
WHCIIUPAIFja MHOT'UM MaTeMaTUIaprMa Yy OBOj 00JIACTH J1a JJOOUjy HOBE yCJI0BE OITUMATHOCTH
Opurr-Ilonosor n Kapym-Kyn-Takeposor Tuma y3 jojaTHe IpPETIOCTaBKE T'e€HEPAJIN30BaHE

kouBekcHoctu. OBu pedysraru ce mory nahu y pagosuma [10,56-59, 62,63, 70].

Y paxy [10] ayropu cy, cinemehin camuan npucryn kao y pasy [98], modusm HeomxomHe
yeaose onrumasnoctn Ppur-Ilonosor (Teopema 4.1) u Kapym-Kyn-Takeposor tuma (Teo-
pema 5.1) 3a CKaJapHM HENJIAJAK NPOOJIEM ONTUMU3AIUje Ca HEMPEKUJHOM BPEMEHOM Y3

nonarau Jlunmunos yeios. '1aBHu amapart 3a Jiodujambe OBUX ycJoBa je ousa Teopema 2.23.

Hazkasocr, 2013. rogune y pagy [32], mokazano je ja je npucryn y jgokasusamby Teopeme
2.23 n wenux mnocjeauia ouo norpemad. Hawmme, 71aT je jesHOCTaBaH KOHTPAIPUMED KOjU
HoKa3yje ja JoKa3 oBe Teopeme Huje TadaH. Hesmyro zarmm, 2019. romuue y pamy [4],
ayToOpHU Cy KOHCTpyHCaJM KOoHTparnpuMep 3a Teopemy 2.23, a 3aTUM J0Ka3aud HOBY TEOPEMY
ajJiTepHaTUBE Y (PYHKIIMOHAJIHUM ITPOCTOPUMA 3& CHUCTEM CTPOTMX U HECTPOIMX KOHBEKCHUX
HejegHakoctu. Takohe, y OBOM pajy je IOKa3aHO Jia HOBA TeOpeMa aJITEPHATUBE BAaXKU Y3
JIOJIATHY IMPETIOCTaBKY peryjapHocTu. Jlakie, JUPEKTHO OJaT/e CJeIN Jia HU ITTOMEHYTe
TeopeMe 0 HEOIXOJHUM YCJIOBHMA 3a Hersajak mpodsem y pajy [10], Hucy tadne Kao u HEKH

MpeTXoJHU PE3yJaTaTu.

Heka je Loo([0,1];R) mpocrop Jleber-mepspuBuX, €CEHIMjAJIHO OrpaHWYEHUX DYHKIM]jA
x : [0,1] = R ma cermenty [0,1]. Heka 3a xousekcan ckyn U C L ([0,1];R) u dbysxujy

g:[0,1] x R — R Baxke csezelie npermnocraske:
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(a) g(t,-) je menpekmHA U KOHBEKCHa 3a CKOpo cBako t € [0, 1],
(6) g(-,x) je Jledber-mepsbusa Vr € R,

(n) VK >0, 3M > 0 tako na je |g(t,z)| < M 3a ckopo cBako t € [0, 1], Vz, || < K.

Heka je g(t,x) =1 —toz u U = Loo([0,1]; R). Cucrem

I: 9lt,2) <0, (2.27)

z(-) €U,
HeMa pellerba, jep OunriieHo cBaka dyHKImja z(-) Koja 3a70BoJbaBa HEjeJHAKOCT
g(t,z(t)) =1 —tx(t) <0

c.c. va [0, 1] HEUje eceHNMjaTHO OrpaHIYEHA. Y3MUMO IIPOU3BOJbHY (DYHKIIN]Y
©(+) € Lo([0,1];R), TaxBy 1a je ¢(t) > 0 c.c. ua [0,7]. Crasmajyhn

0, t e 0,¢l,
wt =3, (2.28)
“
— t e (8, 1],

3a cBako ¢ € (0,1), mobujamo 1a je

/Olg(t,xg(t))go(t)dt _ /051 . go(t)dw/: <1 —tl%"(”) ot dt

_ ) (2.29)
:/0 go(t)dt—/ ©*(t)dt <0

3a 10BOJbHO MaJio € > 0. Omasrae caean ma u cureMm 11 3 Teopeme 2.23 Hema perrere, IMITO
IPOTHBpEYN TBPhermy OBe TeopeMe. 3ampaBo, odurjie Ho je ga Teopema 2.23 Huje TadHa, Kao

HH IbeHEe JUPEKTHE ITOCJIeIUIIC.

VY [63], ayTopu cy moduin onrumadtae yeiose Kapym-Kyn-Takeposor Tuma, kao u reopeme
ciade (jake) JyaaHOCTH 3a WHBEKCAH MPODJIEM ONTHUMU3AIM]e Ca HEIPEKUTHUM BPEMEHOM.
OBu ycJIOBH ONTUMAJHOCTH Cy JOOHjeHU y3 JoaTHy KapJimHOBY peryiapHOCT OrpaHuYerha
y dyuknmonasauM npocropuMa (Bugetu [48]). YV oBoM pajly, TiaBHU anapar 3a J00ujare
HEOITXO/THUX yCJOBa ONTHUMAaJHOCTH, dusta je Morkunosa Teopema anrepraruse u3 [96], koja

je Takohe HeTadHA Ha OCHOBY HPETXO/IHOT M3JIaramba.

Y paxy [56] ayropu cy, kopucrehu Besy msmely ckamapuor m gpakmuoHor mpodiema,
na 3atuM nomenyty Teopemy 5.1. u3 [10] moduam HeomXo[He yCIOBE ONTHMAIHOCTH 33
CKaJIapHU HerviaJaK (bpaKIMOHU IPOOJIeM ONTHMHU3AINje ca HEIPEKUHOM BPEMEHOM y3 3310~

BoJbeH JIumnmuios ycsios. lakie u oBu pe3yiaTaTu HUCY JOOPH.

Henyro 3atum, Teopema 2.23 u mweHe mocseuie cy KopuiiheHne 3a 100ujame KpUTEepujyMa,

ONTHMAJIHOCTU 3a ojipeheHe Kiace mpobsieMa BUIIEKPUTEPHUjYMCKe OINTUMU3aImje y (pyHK-
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nuoHaHUM mpocropuma. CimdaHO Kao y pajuy [63], ayropu cy modwim onTumasiHe ycaoBe
y pajy [62] 3a mHBeKCaH MPODIEM BHUIIEKPUTEPHjYMCKE ONTUMU3AINjE Ca HEIPEKUTHIM Bpe-

MEHOM, TPUMEHOM IIOMEHYyTe TeOpeME.

Y [58, 59| mobujern cy HEONXOMHW W JOBOJGHE YCJIOBH ONTHMATHOCTH M TeopeMe ciade
(jake) myamroctn Monna-Benposor u Bosdosor Tuma 3a Hersagak mpodieM BUIIEKPUTEPU-
jyMCKe oITHMU3aIje ca HeIpeKuHUM BpemenoM. MwuHumuzaruja je pasmarpana y Ilapero
ONITUMAJIHOM CMUCJY. Y OBUM PaJIOBUMA, TJIaBHU arapat je omiia Teopema 5.1. 0 Heomxomaum
ycaoBuMa 3a ckasapuu mpodsem u3 [10]. IIpumenom ose Teopeme m 100po mosHare cKasia-
pusalije, KOjoM ce BEKTOPCKHU ITPOOJIEM KOHBEPTYje Yy CKaJapHU, JIOOWjeHH Cy HEOIIXOIHU
yCJIOBU ONTHUMAJHOCTH. JloBO/BHU yCi0BU Cy [0OMjeHH Y3 J0JIaTHE IIPETIIOCTABKE T'eHepa-
JIn30BaHe WHBEKCHOCTU. Kako je y oBUM paJioBUMa, Kao IVIABHU anapar, KOPHUIIheHa ropibe
nomenyTa Teopema 5.1. u3 [10], umja je BasmmmuOCT Takohe moBeneHa y nurame 300r Teopeme

2.23, TO HU YCJIOBH ONTHMAJHOCTH U JyaJaHu pesyarard y [58,59] Hucy KopekTHH.

Comuano, y pagosuma [49,61] modujeru cy HEONXOJHU, JOBOJBU YCJIOBH ONTHMAJIHOCTH U
TeopeMe cyiabe (jake) JAyaqHOCTH 3a HerJiaJaK MpodJieM BUIIEKPUTEPUjyMCKe OITUMU3AIHje ca
HENPEKUTHUM BPEMEHOM, aJIu y3 JIOJAaTHE MPETIIOCTABKE IPEMHBEKCHOCTHA. Y OBUM PaJIOBUMA,
IJIABHU alapar 3a JI00Mjarmhe HEOIIXOIHUX YCJIOBa ONNTUMAJIHOCTH, OWUJIA je IIOMEHYTa yOIIITeHa
Topnanosa Teopema ajirepHaTHBE Y MPEUHBEKCHOM KOHTEKCTY. Y pajiy [61] xopumihena je
nedbunumnmja ceojcreror Ilapero omrmmasiHor pemema (Bugeru [25]), mok cy y pamy [49]
pasMaTpaHu ycjaoBu ontumasnoctu y Ilapero ontumannom cMucity. 3HAMO Ja je U3 Teopuje
BUIIEKPUTEPUjyYMCKe onTuMu3zanuje, cBako I[lapero cBojcrseno yjeano u Ilapero onrumastio

peleme.

Hakon rora, 2015. romune, y pamy [71], yBemen je mojam nceymonaekcaoctu-I1. 3arum
cy nmooujenu ycsiosu onruMmaianoctu Kapym-Kyn-Takeposor Tuma y mceyIOMHBEKCHOM KOH-
nenty. llokazano je na je BekTopcko KKT pememe yjenno n Ilapero ontumasnno perneme
BUIIEKPUTEPUjYMCKOI TIpOOJIeMa ako U caMo ako je jatu npoosiem KKT-nceymonnekcan-
—11I. JlokazaHe cy yjesHO U TeopeMe cjade (jake) ayajaHOCTH 3a Jaru mpodsieM. Kao riaBHI
anapar, kopumiliena je yommrena Monkuaosa Teopema anrepunaruse u3 [96], umja je Ba-

JIMJIHOCT, Takohe JoBejieHa y MUTame Ha OCHOBY KOHTpanpumepa u3 [4].

Hapapno, Kao mTo ce MOXKe BUJIETH Yy IPETXOHUM Taparpadpuma, yorrrrena ['opaanosa
Teopema ce mokasaJia JI0cTa IPAKTUYIHA 33 IPUMEHE y 0BOj 00JACTU UCTPAKUBaIba, TAKO A
je BeJuKu OPOj MCTAKHYTHX MaTeMaThudapa HUCTy W KopucTtuo. Mmak, mako Ha MPBU MOTJIE
“Ma jeJHOCTABAH JIOKA3, BUJIEJM CMO J@ OBa TeOpeMa HUje TadHa. J3allpPaBO, CBE TeopeMe
aJITepHATHBE Y OECKOHAYHO-IMMEH3NOHUM TPOCTOPUMA 3aXTEeBajy HEKH YCJIOB PEryIapHOCTH,

o KoMme he duTH BUIlE pedn y HAPEIHOM IOIJIABIbY.
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2.5 HosBa Teopema ajsrepHaTuBe Y (PYHKIITMOHAJTHUM ITPOCTOPUMA 34

CHUCTEeM CTPOIrmX M HEeCTPOrmx KOHBEKCHMNX Heje,Z[HaKOCTI/I

N3 mperxojHOr TOTJIaB/ba CMO BUJEIU Ja MHOTUM PE3YJITATA U3 JIATEPAType, y 0O0JacTh
ONTHUMU3AIIje Ca HENPEKUTHUM BPEMEHOM, HUCY TadHHU jep Cy KOPUCTWJIN HETa4dyHY Teo-
peMy ajTepHaTuBe. Y OBOM INOIJIaBJ/BY, (hopMmysimcaheMO HOBY TEOPEMY aJITePHATUBE KOjy

cy nmokazanu ApjyryHos, 2Kykoscku n Mapunkosuh y [4].

Hexka je (E, || -||) Banaxos mpoctop ca matum dyrkmmjama g; : [0,1]x E =R, i=1,....k
u X C E. 3a Bektop = € F u nuneapan orpanndes ¢yHknuonaa ¢ € E*, ozuadaBahemo ca
(¢, x) Bpemuoct P y x. Ca Ly ([0,T]; X) osnauaBahemo npoctop n-numensnonux Jleder-mep-

JbUBHX, eceHImja Ho orpanndennx ¢yukmuja x : [0, 7] — X na cermenty [0, 7.

[IpermiocraBuMO J1a Cy 3a0BOJHEHU CJIe/Iehn YCJIOBU:

(a) X je 3aTBOpEH M KOHBEKCAH;

(6) 3a cBako i = 1,...,k dyukuuja g;(t,-) je KOHBEKCHa, HEIPEKHUHA HA X U
X Cint(dom(g;(t,-))) 3a ckopo cBaxko t € [0, 1];

() Ba cBako i = 1,...,k, dyukuuja g;(-, z) je Jledber-mepspusa 3a cBako T € X;

(1) 3a cBako K > 0 nocroju M = M(K) > 0 TakBO Ja Baxu
|z|]| < K = |gi(t,x)| < M,3acc. te€[0,1],Ve e X,Vi=1,... k.

Heka cy Z; u 7, npa nucjyHKTHa CKyla nHAEKca Tako ga je 7y UZ, = {1,..., k}. Osnaunmo
ca
Z(t,x) = {z cgi(t,x) = {naxkgj(t,x)}, te|0,1], z € X,

it AAE]

CKYIl aKTUBHUX HH/IEKCa CUCTEMa

gl(th) S 07 (S Ila
9i(t,z) < 0,1 € Iy, (2.30)
r e X.

Pemmeme cucrema (2.30) je dyuxmmja z(-) € Lo ([0,1]; X) Taksa na 3a ckopo cBako t € [0, 1],

BaKM:
gi(t,x(t)) <0,i €,

gi(t,x(t)) <0, i€ Iy,
x(t) € X.

Hedbununuja 2.9. [2,31,69] Ba konsexcny gynkyujy g : E — R oznavasahemo ca
dg(x) ={z* € E* : g(x + h) > (", h) + g(x), Vh € E}
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cybgugeperyujan pyrwryuje g Yy WaNKY T .

3a dbynkmmjy ¢ : [0,7] x E — R u tauxy t € [0,T] Taxsy na je g(t,-) KOHBeKcHa,
ozragaBahemo ca 0,9(t, x) cydmudepennujan g(t, ) y Tauku x € F.

Hedbununuja 2.10. [14] Hexa je (E, ||-||) nopmupar apoctiop u X C E. Tanienwnu konyc
Tx(x) exytua X y wawku © € X, cagporcu cee wauke h € FE koje ce moty Upegcluasuiiiv, Yy

0oAuKY
. T — T
h = lim
k—o0 Ozk ’

ge je {xr} nus y X woju xoneepiupa xa x, u {ay} je Hu3 Go3uTUESHUT Hpojesa Koju KoneepTupa

xa 0.

Hedbunnunuja 2.11. [4] Cucwem (2.30) je petyaapar akxo Gocwoju Pyrryuja

Z() € Loo([0, 1], X), wosutmuseru peasnu dpojesu R u o waksu ga 3a ckopo ceako t € [0,1]

Ve e X\ B(z(t),R) Je=ce(t,z) € (—Tx(x))NSE:

(2.31)
(x",e) > a Vz* € 0,9;(t,x) Viel(t ),

19e Sg u B(x, R) pegom o3nauasajy jeqgunuswny chepy y E u owWeopeny 10Uy ca uenmpom y

x € E toayupeunura R.

Pasmorpumo cienehe npumepe.

Ipumep 2.24. [{] Hexa je E =X =R, gi(t,z) = —z, g2(t,2) = —sgn(t — 3)z, t € [0,1].
Pasmotupumo caegehu cuctiem :
g1(t,z) <0,
g2(t,z) <0, (2.32)
x € R.

Osze je ounrmenno 7, = {1} u Z, = {2}. Tlokazahemo sa je oBaj cucrem perysapaH.

Buaumo na je

{1,2}, vt>1,
I(t,x) = {1}, Vt<i, vz<o, (2.33)
{2}, Vi < 1, Vo > 0.
Y3mumo
-1, 3at>%mm(t<%nx<0),
e(t,z) = (2.34)
1, zat< % n x>0,

a=1 R >0wuz(t) = 0. 3a oBako m3abpane «, R, T(-) u e(t,z) BuaAuMO 1a je ycJOB

perynaproctu (2.31) 3a cucrem (2.32) 33/10BOJbEH.
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IIpumep 2.25. Hexaje E=X =R* u sat € [0,1],

gl(tax) =T + Tg, 92(757@ = 2x1 + 519, 93(75;90) = T — 2x9,
9a(t, ) = —x1 — 229, g5(t, ) = —21 + 2.

Pasmatipajmo cuctiem:

(2.35)

Lepunuwumo caegehe ckyuose:

1 3

AQ = {(IEl,IQ) c ]R2 : ?ZL‘l + X9 2 0, lel + x5 Z ()}7
1

Az = {(.1?1,1172) € R? : ?.%’1 + 129 <0, 21 > O},

Ay = {(%1,%2) c R?: 1 <0, 9 < 0},

3
As = {(21,22) € R?: Vi + x5 <0, x5 > 0}.

Jlaxo ce sugu ga je 3a (x1,x2) € int(A;), Z(t,x) = {i} c.c. na [0,1] 3a i = 2,3,4,5. Huje

_ _ _ . 5 .
wewrko tokasawu ga je \J;_, A; = R?. Jawe jow saorcu:

1. 2 ¢ Z(t,x) 3a (z1,x2) € int (A3 U Ay U A3), c.c. na [0,1],
2. Z(t,x) = {2,5} 3a (z1,x2) € int(A2 U A;), c.c. na [0,1],

3. Z(t,x) = {2,3} 3a (z1,x2) € int(As U A3), c.c. na [0,1].

Vamumo z(t) = (0,0), R >0 u a = 55. Yeaos peryaaproctiv (2.31) je sagosonen 3a:

(a) e =e(t,x) = (—%,— ) 3a (x1,22) € int (A3 U Ay U Ag),

(6) e=e(t,x) =(0,1) 3a (x1,22) € int (A2 U As) uau (z1,x2) € int(As), u

ulw

(u) e =e(t,x) = (82, L2) 3a (z1,25) € int (A U As),

3a c.c. t €[0,1].

Cnenehu pesysitar je HOBa TeopeMa ajTepHATHBE, KOja he dutn byHIAMEHTAJIAH anapar
y OBOj T€3U U JIa/beM U3BOhEIby HEOIXOHUX YCJI0BA ONTHMAJJHOCTU 33 HEKe KJace IpodsemMa

OHTHMH3&HI/Ije Ca HEIIPpeKnJIHUM BPEMEHOM.
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Teopema 2.26. [}/ (Teopema anrepuatuse) [Apjyrynos, 2Kykoscku, Mapunkosuli]
Hexa je Banazos upoctiop E cetuapadburan, cucwmem (2.30) petyaaparn u 3a cKopo c6ako
t € 10,1], wocmoju u = u(t) € X wako ga je g;(t,u(t)) < 0 3a ceaxo i € ;. Taga, jegno u

camo jegro og caegeha gea wWepherva je WauHo.
I: Hocwoju pewerve X(+) cuctiema (2.30).
I1: Ilocwoju nenyaa dyrruyuja ¢(-) = (@1(-), ..., pr(+)) € L([0, 1],]Rﬁ)

waxea ga je vi(t) Z 0 3a nexo © € Iy u 3a ckopo ceaxo t € [0, 1]

Z gi(t, x)ps(t) > 0 Y € X. (2.36)

Jacuo je ma Teopema 2.26 Bayku ako cerment [0, 1] 3aMeHUMO HEKHM JPYIHM CEIMEHTOM

[0, 7).

[Tpumerumo, ma je Teopema 2.26 anasioron Teopeme 2.12. 3a npuMeHy u jeJiHe U ApyTe TEO-
peme HeomnxoaH je CrejTepos yciioB. Jeanna pasinka n3Mmely oBe JBe TeopeMe je ¥ OJCYyCTBY
ycaoBa peryinapuHoctu y Teopemu 2.12. To je 30or ummenurie ja je ycjaoB peryJapHOCTH
norpebaH 3a ucnuruBame periemna (t) cucrema (2.30) y 3aBucHocTu ox napamerpa t. Ako
ce 1yoJbe aHaau3upa Joka3 Teopeme 2.26, BUu ce Ja yCJIOB PeryJapHOCTH MOIpa3yMeBa, Jia
aKo Cy 3a cBako t HejegHakoctu cucrema (2.30) 3a/10Bo/beHe 32 HEKO & = x(t), Taja ce MOXKe

n3abpaTi MepJbUBO OrpaHnveHo perrerse z(-) cucrema (2.30).

BampaBo, BehuHa TeopeMa ajTepHaTHBE y (DYHKIIMOHAJTHUM IIPOCTOPUMA 3aXTE€BA HEKU
ycaoB perynapHocTu. Beh cMo momenysm ja cy y HaBeJIeHOj JUTEpaTypH, Kopuiihene
pa3/IMvInuTe TeopeMe aJITePHATHUBE MPUIMKOM H3BODEerma HEOIXOMHUX U JIOBOJHHUX YCJIOBA
ONITUMAJIHOCTH 3a ojpeheHe KJiace MpodJieMa ONTUMU3AIUje CA HEIMPEKUJIHUM BPEMEHOM.
[TomenyTte Teopeme cy Takohe IUpeKTHO OmJie amapar 3a J00Ujarbe CJIadUX U JaKUX Teo-
peMa JIyaJHOCTH, 3a Te KJiace mpobiema. Ha npumep, Pejunans je y [67] kopucruo yorrmmreny
QDapxkarresy JieMy 3a JUHEAPHE CUCTEME y DECKOHAYHO-IUMEH3NOHUM ITPOCTOPUMa. 300T TOora
je Mopao Jia HAIIPaBU BEOMa jaKe IPETIIOCTAaBKe Koje Cy Telike 3a mposepy. Hesmayro sarum,
Baamaun u apyru ayropu [10, 62] kopucruiau cy yommreny [opgaHoBy Teopemy asTepHa-
tuse. Ha cimuan waqws, y pajgosuma [57,71] kopunihena je yommrena MonknaoBa Teopema
aJITepHATHBE, KAao JUPEKTHA Iocjeauna yorirrene ['op/ianoBe TeopeMe ajTepHaTUBe, KOja je

nMaJla IIorpenialH JT0Ka3.

Y 0Bo0j Te3u, KopucTHheMO HOBY TeOpeMy aJITePHATHBE Y3 YCJIOB PEryJiapHOCTHU, KOjy CY

dopmysncanmu u qokazaan Apjyrynos, 2KykoBcku nu Mapunkosuh.
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3 VYcijioBU ONTUMAJIHOCTU U AYAJHOCT Y KOHBEKCHUM
npodJjieMuMa ONTUMU3AaIlje ca HeNPEeKUTHUM

BpeMEeHOM

Y oBoj rnaBu paszmarpahemo ciejsiehu ckajapHu podaeM ONTUMHU3BAIM]E Ca HEPEKUTHUM

BPEMEHOM:

x )):/0 folt, z(t))dt — inf;

m.o. fi(t,z(t)) <0, iel={1,...,m}, cc. ma [0,7],
() € Leo([0, T R"),

(CIIHB)

rmecy f; 1 [0,T] xR" - R,i=0,1,...,m, nare dyukuuje. Opze je 3a cBako t € [0,T], x;(t)
i-ta Kommonenta of x(t) = (z1(t),...,z,(t)) € R u cBu unrerpanu cy garu y Jlederosom

cvuciy. Ca Qp hemo oznauasaru gomycrus ckyn npobiaema (CITHB):
Qp ={z(:) € Lo ([0, T]; R™) : fi(t,z(t)) <0, i €1, c.c. ma [0,T]}.

Ba cako i = 0,...,m dyuknuja f;(¢,-) je KouBekcHa u HenpekugaHa Ha R", 3a c.c. t € [0,T].
Bacsakoi = 0,...,m dyuruuja f;(-,x) je Jleder mepspuBa 3a cBako x € R™ u 3a cBako K > 0

nocroju M = M(K) > 0 takBo Ja BayKu

||| < K = |fi(t,z)| < M 3acc. t€[0,T], Ve €R", YVi=0,...,m

Hedbuuuuuja 3.1. Pynxyuja z(-) € Q je owmiumarno pewere tpodrema (CITHB) axo je
Jo(2(+)) < Jo(z(:)), Va(-) € Qp.

3.1 JlarpaH>koB OPUHIIUI MUHUMYMAa

YV MaTeMaTUIKOM IIpOorpaMuparby, Be3a u3Mehy perierma rJI1aBHOT IIPOOJIeMa Ca OrPAHTYEHHIMa,
U perermna mpodjieMa Koje 33/10B0JbaBa yCJIOBE O CE/JIaCTO] TAYKU JI0OPO je To3HaTa. Y OBOM
[IOIVIABJBY, YOIIITHNeMO Te pe3yJiTare Ha KOHBEKCAH IIPOOJIeM ONTUMU3AIIN]e Ca HEIIPEKHTHUM
BpeMenoM. [loummemo ca HOBOM Jedunuiiujom Jlarpamxkose pyHKIMje ¥y DYHKITMOHAJTHIM

ITPOCTOPUMA.

Hedunrummmo Jlarpanxkosy bysrimjy L : Lo ([0, T]; R™ x R™) — R koja ogrosapa
upodsemy (CITHB) na cienehn naunn:

E(m(-),A(-)):/O (fotx )+ SN filh 2t )) dt.

el
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Hedbununuja 3.2. 3a (Z(-),\(+)) € Lo([0,T]; R*xR™) kaoicemo ga je Kapyw-Kyn-Taxeposa
cegracttia wavwka Jlatpanorcose gynryuje L upodaema (CITHB) axo je S\(t) >0 c.c. mal0,T]

L@E()AC) < LEC),AC) < L), M), (3.1)

3a ceako x(-) € Loo([0,T];R™) uw cee A\(+) € Loo([0, T];R™), A(t) > 0 c.c. na [0,T].

Hedbuuuuuja 3.3. Kaorcemo ga je 3agosonmer Caejiiepos ycaos peryaaprociv (CY1) axo

Jy(-) € Lo([0,T};R™) @mawsa ga je fi(t,y(t)) <0,i€l c.c. nal0,T]. (CY1)

Heka je Z(-) € Qp onrumasnno pememe npodiaema (CITHB). Cnenehu cucrem he durm

KopuiitheH y Hape IHOM TBpherby:

xﬁw%=é(ﬁ@@—ﬂﬁ@@hﬁ<a

xi(t,x) :== fi(t,x) <0, i€l
rz € R"™

(3.2)

Heka je Ip = {0} Ul n

Z(t,x) = {j € In: x;(t,x) =max {xo(t,x), x1(t,x), ..., Xm(t, x)}}, te [0, 7], x € R".

Hedbununuja 3.4. Veaos peryaaprociu (YP1) je 3agosonen, axo toctwoju dyrruyuja
Z(-) € Loo([0,T];R™), peaanu bpojesu R > 0 u a > 0 waksu ga 3a c.c. t € [0,1] u 3a ceaxo
x € R", 3a xoje je ||z — Z(t)|| > R, Gocwoju jegurnuunu sextop e = e(t,z) € R" (|le|]| = 1),
KOJU 30g06806a8G YCA08

(Opx(t,x),e) > a0 Vj e I(t,x). (VP1)

VY cnenehoj Teopemu s1ajemo HeomxoiHe yeaose Kapym-Kyn-Takeposor Tumna.

Teopema 3.1. Hexa je Z(-) oumumanro pewerve upobaema (CIIHB). Ilpewuoctasumo
ga cy 3agosoneru ycaos peryaaproctiv (YP1) u Caejmiepos yeaos (CY1). Taga uwoctmoje

A~

Ai(-) € Loo([0,T);R), i € I, marse ga je (i(-),A(-)) Kapyw-Kyn-Taxeposa cegractia wawra
apobaema (CITHB) wu saorcu

N fi(t, (1)) =0,iel, cc ma [0,T).

Jloxa3s. TlpernocraBumo na je Z(-) onrumasao peremse npodsema (CITHB). Tana we mocroju

dyurmmja x(-) € Ly([0,T]; R™) TakBa na je caenehn cucrem carmacan:

A(ﬁ@dm—ﬁﬂﬁwﬂﬁ<&

fi(t,x(t)) <0, i €I, cc. ma [0,7T].

(3.3)
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JacHo je ma cy cBe mpermoctaBke Teopeme 2.26 3amoBosbene. (Crora, mocroje (byHKIHje
(00(), 91(:)5 -+, 0 (+)) € Loo([0, T];R™) rae je 0o(t) > 0, 95(t) > 0,7 € I, t € [0,T], u
vo(t) # 0, TakBe na je

) / ot O+ 38010 2(0) =

/ Folt, 2(0)) dt, Ya() € Loo([0, TI: R") c.c. mal0,T).

(3.4)

CrappameM x(-) = Z(+) y Tropiby HejeTHAKOCT, T00MjaMo Ja je

m

> o) fi(t, 2(t) = 0 c.c. ma [0,T].

=1

Amn, xako je v;(t) > 0,4 € I, c.c. wa [0,T] u Z(-) € Qp, TO je U CynpoTHA HEjeTHAKOCT

3a/I0BOJbEHA Y TPETXO/IHOj (POPMYJIN. 3aTO, UMAMO JIa je
0;(t) fi(t,z(t)) =0, i € I, c.c. ma [0,T]. (3.5)

Wnrerpammjom uejeanarkoctu (3.4) ox 0 qo T, modbujamo

/fotx dt+/ vz )V fi(t, z(t)) dt>w/ fo(t, 2(t)) dt, (3.6)

Va(-) € Loo([0, T]; R™), rme je

3aMeHOM

y (3.5) u (3.6) mobujamo

=/ fo(t,@(t))dtZ/O <fo(t,i‘(t))+Z/\i(t)fi(t7i°(t))> dt

i=1

Va () € (Loo[0, T R™), YA() € (Loc0, T R™), A(£) > 0 c.c. ma [0, 7.

Onasze caemu 1a je (&(-), A(-)) € Loo([0, T]; R x R™) Kapym-Kyn-Takeposa ceiacta Taduka
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upodiiema (CITHB). Tlopes Tora, 3a70B0/beH je U yCJIOB KOMILIEMEHTAPHOCTI

N fi(t,2(t)) =0, i € T c.c. ma [0,T).

O
Yenosu Teopeme 3.1 cy u 10BOJBHE 3a ONITHMAHOCT QyHKIHjE Z(-).
Teopema 3.2. Axo je (z(+), 5\()) Kapyw-Kyn-Taxeposa cegaacttia wavwka, onga je x(+)
oumumarno pewerve upobaema (CITHB).
Jloxas. Axko je \; =0, i € I, nejemnakocr (3.1) mocraje
T m
/ folt, dt</ folt, z(t Z £ fi(t,x(t)) | dt, Va(-) € Loo([0, T];R").
0 :
3a cBe jonycruse dyHKuje x(-) Baxku
T T mo
| steayie= [ aita) + S A a() ) d
0 0 i=1
T
> / Jo(t, 2(t
0
TaKo J1a OJaBJIe CJIeIn
T T
/ fo(t, (1)) dt §/ fo(t,x(t)) dt, Va(-) € Qp.
0 0
Onasje 3aksbydyjemo Ja je Z(-) onrumasso perrerse npodsema (CITHB). O
Ba wirycrpanmjy mpeTxoaHor, aajeMo ciaeiaehin npumep:
IIpumep 3.3.
1
/ (|(t) — t| + 2*(t) — 2tx(t) + ¢* + 1) dt — inf;
0
—z(t) <0 cc. nma [0,1], (1I)

W=t _1<0 cc. nHa [0, 1],
z(-) € Lo([0,1]; R),

tie cy fo(t,z(t)) := |o(t) — t| + 22(t) — 2tx(t) + > + 1, fi(t,z(t)) := —z(t), folt, z(t)) :=
erW=t 1,

Jlako ce mpoBepaBa ja je 3a c.c. t na [0,1], Z(t) = ¢t onTUMAaJIHO DeIIee TPETXOTHOT

npodiema. Ciejrepos yeaos (CY1) je samosomen 3a y(t) = £.
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r—t

Yamumo z € R u 3a c.c. t va [0, 1] HeKa je x1(t,2) = —x, x2(t,x) =e* " —1mn

x2—2x+%, z3ax <0,
Xo(t,z) = {22 =2z + 3, saze(0,1),

, 3a x> 1.

Yamnmo Z(t) =2, R=3una = % Jacuo je nma je

{0}, saxz<—1,t€]0,1],
{2}, saxz>5, te]0,1].

I(t,x) =

Yeqos perynaproctu (YP1) je 3amoBosben 3a € = e(t,x) = 1, 3a c.c. t € [0,1], 3a = > 5, Tj.
<8$X2(t7 IL‘), €> Z .

Ha wcru vaunn 3akibydyjemo Ja je yciaos peryaaproctu (YP1) 3amoBosmben 3a e = (t,z) = —1,
3a c.c. t €[0,1],3a x < —1, Tj.

(Oxxo(t,x),e) =1 > a.
Bancra, 3a x € R\ (—1,5), umamo 1a je

o (O:x0,e)=(2x—2,-1)>a,3ax<-1l,e=—-1utel0,1],

o (Oyxo,e)=(e""1)>a,3ax>b,e=1utel0l]

Y HacTaBKy, U3 HejeTHAKOCTU

L(z(), ) (lz(t) —t| + 22(t) — 2ta(t) + 2 + "D 71) dt

(Jz(t) —t| + (z(t) —t)> + 1+ z(t) — t) dt

Va(-) € Lo([0,1];R), () (A(5), A2(4)) € Loo([0,1];R?), A(t) > 0 c.c. ma [0, 1], 1axo ce
saksbyayje ma je ((t), \(t),\2(t)) = (£,0,1) 3a c.c. t ma [0,1] Kapym-Kyn-Taxeposa
ceqacra tadka mpodsema (IT). Jlako ce mpoBepaBa na Cy 3a/I0BOJbEHH YCJIOBU KOMILITE-

MEHTapHOCTHU

N fit,2(t) =0,i=1,2, cc. mal0,1].
Hedbuuuuuja 3.5. Kaowcemo ga je gynxuyuja f(t,x) : [0,T] x R" = R auneapra o = axo
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3a ceaxo y, z € R" u c.c. t € 10,7, saorcu
[ty +2) = flty) + f(t2) u f(t,ay) = af(t,y), Va € R.

Hexka je L moxckyn mamekca ckymna I 3a koju je dpyHKImja f;, ¢ € [ muHeapHa 1Mo JIPyrom
aprymenty. CiamdHo oBoMe, odesiexkumo ca N MOJICKYyT cKyna nHjekca I 3a Koju je dpyHKInja

fi, © € I nenuneapna o apyrom aprymenty. Hapasuo na je I = LU N.

Cnenehu cimyan npucTyI, ca JI0JaTHOM ITPETIIOCTABKOM PEryJIapHOCTH OI'PAHUYIEHa JTI00U-
jaMO HOBe yCJIOBe eKCTPeMyMa 3a HAIll IPOOJIeM, TJie HajMambe jeJJaH MHOXKUJIAT] KOjH OJroBapa

HeJITHEAPHUM (DYHKIMjaMa OTPaHUYeha, MOPa OUTHU PA3JIMIUT OJI HYJIE.

Teopema 3.4. Hexa je dynryuja fo(t,:) auneapha u neka je T(+) 0UTMUMAAHO DPEUWEHE TPO-
baema (CIIHB). Ipewuocmasumo ga je 3agosomen ycaos peryaaprocmu (YP1), Caejmepos
ycaos (CY1) u nexa toctwoju z(+) € Loo([0,T]; R™) maksa ga je fo(t, z(t)) < 0 u fi(t, z(t)) <0
sai €L ce nal0,T]. Taga wocmoje \i(-) € Loo([0,T);R), i € I, maxese ga je (2(-), A(+))
Kapyw-Kyn-Taxeposa cegractua wawka upodbaema (CIIHB), ige je 5\1(15) % 0 3a nexo i € N,
t €[0,7T], u saorcu

N fi(t, (1)) =0,i€I, cc uma [0,T).

Jokas. Kao y noxasy Teopeme 3.1, ((-),A(+)) je Kapym-Kyn-Takeposa cemacra Tauxa

npobiiema (CITHB) u Baxkn ycioB KOMIIZIEMEHTAPHOCTH
N fi(t,2(t)) =0,i eI, cc. ma [0,7T].

Caga hiemo jom momaTHo mokaszarm fa mocToju ¢ € N TakBo ma je 5\2(15) # 0 uma [0,7].
[IpernocraBumo J1a oBo Huje Tauno. Heka je N\ = 0, Vi € N. edunumumo OyHKIMOHAT
®: L([0,T];R") — R na caenehn naqum:

D(a(-)) = / (fotx )+ S MO fE20) — folt, x<>>) dt.

i€l

Kaxko je (Z(-), A(+)) Kapym-Kyn-Takeposa cenmacra tauka npodsema (CITHB), nvamo na je
®(z(-)) 2 0, Va(-) € Lo ([0, T[; R").
Ba z(:) = z(+), u3 ycjoBa KOMIJIEMEHTAPHOCTH
N fi(t,2(t) =0, i el cc. ma [0,T],

nmobujamo ja Baxku P(z(-)) = 0. Kako je ®(z(-)) muneapan, neHeraTusan u aHyiupa ce y Z(-),

3aKJbYUIyjeMo J1a ce 0Baj (bYHKIMOHAJ aHyJupa Ha 1esoM mpoctopy L. ([0,7]; R™). IIpema
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TOME, JOOHMjaMo 11a je

‘1’(50(')+Z(')):/0 (fo(tﬂf +Z)\ ) fi(t, 2(t)) — folt, ())) dt
:/T<f0tz )+ > MOA () )dt—O

IITO je y CypOTHOCTH ca mpernoctaBkoM f;(t, z(t)) < 03ai € Lu fo(t,2(t)) < 0c.c. ma[0,T].
Jep, u3 mperxomuor 1 yesosa ga je A(t) > 0 c.c. na [0, 7], du caemuno ®((-) +2(-)) < 0. O

Kao nnycrparmujy nperxoane Teopeme pazmarpahemo caenehu mpumep.

IIpumep 3.5.
1
/ (21(t) — 22(t)) dt — inf;
0
—z1(t) —1 <0 c.c. ma [0,1],
3z (t) + 222(t) < 0 c.c. ma [0, 1],

Bummvo na je #(t) = (&:1(t),22(t)) = (—1,3) c.c. ma [0,1] onTumanno pemerse Harrer

poodJIeMa, Tie je

folt,x(t)) = 21(t) — wa(t), fr(t,x(t)) = —a1(t) = 1, fo(t, 2(t)) = 321 (t) + 22(1).

Caejrepos yeaos (CY1) je samosomen 3a y(t) = (5, —51) c.c. ma [0,1] n nocroju z(t) =
(=t —1,t) c.c. ma [0,1], Tako ma je fo(t,2(t)) < 0 m fao(t,2(t)) < 0 c.c. ma [0,1]. ¥Y3amumo

= (z1,72) € R? m3a ca c.c. t €[0,1], nexa je

5
Xo(t,x) =21 —z2 + >

xi(t,x) = —x1 — 1,
X2(t, x) = 31 + 2.

Hedunuimmmo cKyIose

2 5 1
A:{(xlaxz)GRQ;—$1+$2—620’ 2$1+$2+§>0}

3
1
B:{(xl,x2)€R2:2x1+x2+§§0 —2x1+x2——>0},
, 7 2 3
C={(zr1,72) e R": —2~’B1+$2—§§0 §$1+$2—6§0}-

Ounrnenno je O.xo(t,z) = (1,—1), Oux1(t,z) = (=1,0) u Oux2(t,z) = (3,2). Jlako ce
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nposepasa ga je ANBNC ={(-1,3)}, AUBUC =R*n

Z(t,x) = {2} y int(A),
I(t,z) = {1} y int(B),
Z(t,z) ={0} y int(C),
I(t,z) ={1,2} y (AN B)\ (ANBNCQC),
I(t,x) ={0,2} y (ANC)\ (ANBNCQC),
Z(t,x) ={0,1} y (BNC)\ (ANBNC)

Yeqos perynapuoctu (YP1) cucrema

5}
Xo(t,x) :ﬂ31—$2+§ <0,
Xl(tvx) = —T1 — 1< 07
x2(t,x) = 3z1 + 225 <0,

x = (x1,22) € R?,

je zanoBosmen 3a I(t) = (—1,2), R=2,a = uszacc. te0,1],

(t,z)
o e(t,x) = (—%,—3) 3a x € int(B),
(t, )

o c(t,x)=(1,0)3ax e (ANC)\ (ANBNC),
o e(t,z)=(-%,-3)sazec(BNC)\ (ANBNO),

22 sa e (ANB)\ (ANBNC).

o e(t,x) = (—3,%y

W=

Hasbe, Bugumo J1a je (21(t), 2o(t ,5\1 t ,5\2 1) = (-1,2,2, 1) cc. ma [0,1] Kapym-Kyn-Ta-
27272

KepoBa cejijlacTa Tadyka Halller IpodJjeMa U YCIOBH KOMILJIEMEHTAPHOCTH Cy 3a/I0BOJBEHH jep
je Ni(t) fi(t, () =0, i = 1,2 c.c. ma [0,1]. Taxobe, u3 Teopeme 3.4 IUPEKTHO BUAEMO Ja je

A1 (t) pasmuauTa ox myse ma [0, 1].

3.2 Teopeme gyasHocTH

Y oBOM mOIVIaBJBY, HAI Wb he OuTH j1a 100UjeMO TeopeMe cjiade U jake JIyaJIJHOCTH U3MeDy

upodsiema (CITHB) u memy omrosapajyher gyasnsor npodsema (JIITHB), naror ca:

F(A(+)) — sup;
(t) >0, cc. ma [0,7], (JIITHB)
(-) € Loo([0, T R™).

>

II.0

A
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Osnze je

F(A()) = x(.)eLir(l[(f),T};Rn)E(x(')a AG)),

u ()p o3HAYABA CKYII JIOIyCTUBUX pemiewa npodsema (IITHB) Tj.,
Qp ={A() € Loo([0, T];R™) : A(t) > 0, c.c. mna [0,T]}.

[IpBu pesyarar je ciada Teopema IyaJHOCTH, W OHA je AMPEKTHA IOCTeInIa AeUHUAII]jE
upodsema (JIITHB). Yocrasom, oHa nMa u HeKe 3HaYajHE mOcjeauIe Koje iemo medunncaTu

y HaCTaBKY.

Teopema 3.6. (Teopema caabe gyasnociu) Hexa cy pegom x(-) € Loo([0,T]);R™) u A(+) €
Lo ([0,T];R™) gouycmusa pewersa upobaema (CITHB) w (AITHB). Taga sasrcu

FAG)) < Jola(-)-

Zloxas. N3 nedunumuje pyukmuje F, modujamo

Fo) =, e (fo@,.f:(t))+ZA<t>fi<t,az=<t>>>dt

#(-)€Loo ([0, T];R™ il

< [ ntawyis [ nmnaa

iel
Kaxko je A(-) € Qp u z(-) € Qp, 1j. A(t) > 0u fi(t,z(t)) <0,i€ I cc. mal0,T], onna je
T
/ SN fi(t 1) dt < 0.
0 ier
Haisbe, cireqn
T T T
FOO) < [ fltade+ [ S M@t < [ fultat)d = ()
0 0 er 0
IITO KOMILJIETHPA HAII JIOKA3. [
Kao nocnenurie mperxoanor TBphema nmMamo ciiesiche pesysrrare.
ITocaeauia 3.7.
sup F(A(-) < inf  Jy(z(+)).

M)EQD z(-)eQp

BupuMmo u3 mperxojiHe mocsieauiie, Ja je ONTHMAJHA BPEIHOCT TJIaBHOT IpodJieMa Beha

WIN jeJIHaKa OJ OIITUMAJIHE BPEJIHOCTH ojiroBapajyher jyasHor mpodsema.
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ITocnemuna 3.8. Axo je
F(A()) = Jo(z(4))

3a buno xoja gea gouyctusa pewersa x(-) u A(+) upobaema (CIITHB) u (AITHB), onga cy x(+)
u A(+) pegom ottiumanra pewersa upodaema (CITHB) w (AITHB).

Jlokas. N3 Teopeme 3.6, mmamo ja 3a cBe pomycruse tadke Z(-) npodsiema (CIIHB), Baxu
FA()) < Jo(z(-))-

Axo je
FAG) = Jo(z(+))

OHJIa je
Jo(2(-)) = Jo(z(-)) VZ(-) € Qp.

BampaBo 0BO rapantyje Ja je x(-) ontuMaiso pereme npodsema (CITHB).

C apyre crpane je,

F(A() = Jo(2()) = F(A(-)) YA() € Qp.

To je A(+) onrumasno pememe npodsema (IITHB). O

IMTocneguma 3.9. Axo je oo oumumanrna epegroctti uapodaema (JIAITHB) onga je oo outuu-

maana epegrocti upodsema (CITHB).
Jokas. 3Ba cako x(-) € Qp, A(-) € Qp, Baxku Jo(z(-)) > F(A(-)) u omna je

Jo(z(-)) = sup F(A()) = o0.
A()EQD

Onasne ciemn na je Jo(z(+)) = oo, Va(-) € Qp. O

IMocaenuna 3.10. Axo je —oo oumumanna epegroctt upooaema (CITHB) onga je —oo ottiu-

maana epegroctt upobaema (JIITHB).

Hapenuu pesynrar je nosnar kao Teopema crpore myannocru. Ilokaszahemo ja, y3 mnpet-
IOCTaBKY KOHBEKCHOCTH U ofpelene yciose peryrmaproctu, Baxku Teopema cTpore [LyaIHocTH
u3meDhy npodiema (CITHB) u (IITHB).

Teopema 3.11. (Teopema citipoie gyasnoctuu) Heka je Z(-) oGuumanro pewerse Upodiema
(CIIHB). IIpewmtoctuasumo ga cy sagosoweru ycaos perysaprociv (YP1) u Caejmepos
yeaos (CY1). Taga octmoju A(-) € Loo([0,T];R™), A(£) > 0 c.c. na [0,T], maxsa ga je A(-)

outumanrro pewere upobaema (JAITHB) u saorcu

FAC) = Jo(&())- (3.8)
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/loxas. Heka je

Jo= inf {Jo(z()): () € Loo([0, T|; R™)}.
( EQP
Axko je jo = —o0 MoxkeMo 3akspyunTtu u3 Ilocnenume 3.10 ma je

F= sup {FOA(): A() € Lo([0, T R™)} = —o0,

z(-)€QD

na ozatie ciaeau ga (3.8) Baxku. IlpermocraBumo cajia jia je ,70 koHadaH. Kako je Z(-) onru-
MasHO permemse npobiaema (CITHB), u3 Teopeme 3.1 ciaemu ga nocroje Ai(-) € Loo([0, T]; R),
1 € I, TakBe J1a je

N fi(t, (1)) =0, i eI, cc. ma[0,T]

u (2(-),A\(-)) je Kapym-Kyu-Taxeposa ceacra tauxa npoduema (CITHB), 1j
L(@(),A()) < LE(),A)) < L(2(),AC)), (3.9)

3a cBaky Z(-) € Loo([0,T];R™) u cBaky A(-) € Lo([0,T]; R™), takBy ma je A(t) > 0 c.c. na
[0, 7).

Heka je A(+) € Lo ([0,T]; R™) mexo momycruso pemierse npobiema (JITHB). Mmamo ga je

T
FOG) :xc)eLf(l[g,T];R")/o (fo (t(t) + ZA Jilt ol ) «

<[ (s Saonese ) o
S/O (fo(tvi"(t)) +Zj‘i(t)fi(t7§7(t))> dt
=L(&(-), M)

Kako oBo Baxku 3a d6usio kojy gomycruBy GyHKIHjy A(-), OHIa je
FAG)) < L(E(),A(0))-
C nmpyre crpane, kako u3 (3.9), umamo Ja je
L(3(),A() < L@(-),AC), Va() € Loo([0, TR,
OH/Ia BaXK! W CYIPOTHA HEJeJTHAKOCT, I1a CJIeIN
FAC) = L@&(), AC)).-

Naamo 1a je )
FAC) < F(AC) VAC) € Qp



1 A(+) je ontumanmo pemreme npodiema (JITHB). Kaxo je \i(t)fi(t, #(t)) =0, i € I, c.c. na

[0, T], koHAYHO mOOMjaMO Ja BazKu

F@o>=[;<ﬁtx )+ 3 A A () )dt To(@().

el

OBUM CMO KOMILIETHPAJIN HAIII JI0KA3. 0

IIpumep 3.12. Pazmatupajmo apumanar tpodsem (I1) us Ilpumepa 3.3 u wemy ogiosapajyhiu

gyaaan apodaem (I):
F(A()) — sup;

A(t) >0 c.c ma [0,1],

(1)
A2(t) >0 cc. ma [0,1],
Ai() € Loo([0,1;R), i =1,2,
19¢e je
FO() =
1
inf 2(t) — t] + 22(t) — 2tx(t
r(')eLoo([o,l];Rn)/O (| (t) | (t) (t)
M) + M) (€O 1) 12 4 1)
Kako je #(t) = t c.c. ma [0,1] onrumamuo pememe npodiema (II), mocroju A(-) €

Loo(]0, 1; R2), A(t) = (M1(£), A2(t)) = (0,1) c.c. ma [0,1], raxo ma je (2(-), M(+), Aa(+)) Kapym-
-Kyn-Takeposa cemracra tauka npodiaema (I1) u j\i(t)fi(t,:ic(t)) =0,7=1,2, c.c. ma|0,1].
Taxobe, 3an0Bosmenn cy ycaosu perymapuocrn (YP1) u (CV1). To je A(t) = (0,1) c.c. na
[0,1] onrumanmo pemrerse npodaema (1) u F(A(-)) = 1. Ounrieso je ga ¢y onrTHMasHe

BpesHoCTH AyasHor mpodiema (/1) n npumassor npobdiema (I1) jennake.
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4 YcaoBU ONTUMAJJIHOCTH Yy KOHBEKCHUM ITPOdJieMuMa
BUIIEKPUTEPHjYMCKE OIITUMMU3AINje ca HEIIPEKUIHUM

BpeMEeHOM

300r BesMKe Ba)XXHOCTU Y MOJIEIOBAY Pa3IUdATHX MIPOIeca y O0JIACTHMa MAIUHCTBA U
Jn3ajHa cucTeMa KOHTpoJie Jera (BujeTu [72,77]), npodieMuMa BUIIEKPUTEPH]YMCKe OITH-
MH3allfje ca HEeIPEeKUIHUM BPEMEHOM, yV IIPOTEKJIMX JIBajieceT TOJANHA ITocBeheHa je 3HaYajHA
maxkKma. 10 je pe3y/ITHpaJio OOMMHOM JIUTEPATYPOM Koja ce OaBU HUXOBUM PA3JTUIUTUM
TEOPUjCKUM W padyHCKuM acrektuma. [Ipsu pag [74] u3 obiaactu BUIIEKPUTEPUjYMCKE OIITH-
MU3allfje ca HEelPEeKUIHUM BpeMeHOM o0jaBsbeH je 1989. romumue. 3a HejaBHA HUCTPaKUBAIHA
y 0BOj odJiacTu, yurajar Moxe noriaenaru [35,49,58,59,62,71,104-106,108]. Mehyrum, Heku
O] TJIABHUX Pe3y/ITaTa y MPEeTXOHO MOMEHYTHM PaJIOBUMa HUCY Bajauaau. Y pagouma [10,
58,59,61,62|, ka0 ryIaBHE amapar 3a JI00Hjarke yCJIoBa eKCTpeMyMa KopuliiheHa je morperrHa

Teopema 2.23 u weHe JTUPEKTHE IMOCIEIUIE, O YeMy je OUJIO BUIINE Pedu y YBOJLY.

Y oBOj ri1aBu pa3mMaTpamMoO KOHBEKCAH IIPOOJIEM BHUIIEKPUTEPHUjYMCKE OITHUMHU3AIIN]e Ca

HEIIpEeKUJIHNM BPEMCHOM:

/OT ft,z(t)dt = </0T fl(t,x(t))dt,...,/OT fk(t,x(t))dt) — inf;

m.o. g(t,z(t)) <0, c.c. mna [0,7],
2(-) € Leo([0, T]; R"),

(BITHB)

raecy f:[0,T] x R* = R*¥ u g:[0,T] x R* — R™ nare sexkTopcke dbyHKIHje u

ﬂmw>=A £t 2(t)dt, 2() € Loo((0. TR, j € J = {1,....k},

rae fi(t,z(t)) osnauasa j-ry kommnonenty on f(t,z(t)) € R*. Hame je 3a ceaxo t € [0,7], kao
y IPETXO/HO] ry1aBu z;(t) i-Ta Kommonenta of x(t) = (x1(t),...,x,(t)) € R™ u cBu naTerpaun

cy maru y Jlederopom cmuciy. OsnagaBahemo ca
Q= {a() € Loo((0, T R") : gi(t, (1) <0, i€ [={1,...,m}, cc. ua [0,T]}

monycrus ckyn npodsema (BITHB). Takobe, cBu BekTOpm y OBOM moryiaBiby Oulie KOJIOHE.

Munnmuzaruja he outn y cmucsay [lapero onTumaJHOCTH.

Hedbunnnuja 4.1. Jlouyctiuco pewere 3(-) je Iapewio'® outiumarno pewerse tupobrema

(BITHB) axo ne woctuoju gpyio gouyctwueo pewerve x(-) uapodnema (BITHB) waxso ga je

Fy(a() < F(2()), Vj € J,

0Vilfredo Federico Pareto (1848-1923) Uranujancku eKoHOMUCTA
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Ca HAJMATE JEGHOM CTLPOTOM HejegHaKouthy.

4.1 Kapym-Kyn-TakepoBu ycjoBH eKCTpeMyMa

Y oBom mornasiby, pasmarpahemo yciose onrumasnoctu 3a npodsiem (BITHB). Cuoenehu
pe3yJITaTu jOIll HUCY JOOWjeHu y Jmreparypu Kaj je npodsiem jedbunucan y Lo ([0, T]; R™).
Hanasse hemo npernocrasparu ga cy dyukuuje ¢;(t,-), 1 € [ u f;(t,-), j € J, xouBekcue y R”
3a c.c. t € [0,7]. Takobe, neka cy dyukmuje f;(-,x), j € J u g;(-,z), i € I Jleder-mepspuse
3a cBako £ € R w3a cee M >0, N > 0 nocroje L = L(M) >0u K = K(N) > 0 TrakBu jga
BasK1

|z|| < M = |f;(t,z)| <L, Ve e R", Vje€J, cc. nal0,T],

|lz|| < N = |gi(t,z)| < K, Vx € R", Vie I, cc. mal0,T].

Cueneha siema mokasyje sesy usmehy mpodsiema (BIIHB) u omrosapajyher ckamapaor mpo-

0J1eMa M Urpa KJ/bydHy yJIOTY y JTOKA3WBaIby IVIABHUX PE3YJITATa y OBOM IIOTJIABJbY.

JIema 4.1. @ynxyuja z(-) € Q je IHapetwo oumumanrno pewere upobaema (BITHB) axo u

camo axo je T(-) ouwumanro pewerve upodaema (CII;) sa ceaxo | € J, gedpunucanor ca

F(z(+)) — inf;
m.o. g;(t,x(t)) <0, i € I, c.c. ma [0,7T], (CIL,)
Fy(a () < B3(2()), g€ J\A{l}

Jlokas. (=) Hexka je Z(-) € Q2 Ilapero ontumasso pererse npodsema (BIIHB) u npermnocra-
BuMO Jia Z(-) Huje omrumaJHO perere mpodiema (CI;) 3a meko [. Ownga mocroju z(-) € €2
rakBa 12 je Fi(z(-)) < Fi(z(-)) u Fj(x(-)) < F;(Z(-)) xazn je j € J \ {{}. To je y cynporHocTH
ca npernocraBkoM ja je Z(-) [lapero onrumaiHo perieme.

(<) Kaxko je Z(-) onrmmanno pememe mnpodsema (CII;) 3a csako [ € J, 10 He mocToju
z(-) € Q rakBa na je Fj(x(-)) < F;(Z(+)), j € J ca dap jeanoM cTporom HejemHakomrhy 3a
Heko j. Onmasne, n u3 Hedbununuje 4.1 ciemu ma je Z(-) [apero onrumasizo pereme mpodiema
(BITHB). O

Hedbunuuuja 4.2. Kaorcemo ga je Caejiiepos ycaos peryaaproctuiu (CY2) zagosoner ako

Jy(-) € Loo([0,T); R™) waxea ga je gi(t,y(t)) <0,i€ I c.c. na [0,T]. (CV2)

Heka je Z(-) € Q Ilapero ontumasnno perretse npodsema (BITHB). Cucrem

o;(t,x) == f;(t,x) — f;(t,2(t)) <0, j€J,
oi(t,z) == gi(t,x) <0, i €1, (4.1)
xr eR",
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hemo pasmarpaTu y HapeIHO] TEOPEMHU.

Hedunnnmja 4.3. Yeaos peryaaprociu (YP2) je 3agosomen, axo aoctuoju dynkuyuja T(-) €
Lo ([0,T]; R™), pearnu bpojesu R > 0 u o > 0 waksu ga 3a c.c. t € [0,1] u 3a céaxo x € R",
3a xoje je ||z — z(t)|| > R, woctoju jequrnuunu sextuop e = e(t,x) € R™ (|le]| = 1), xoju
340605464 YCN06

(0:¢1(t,x),e) > VI eIt x), (YP2)

19€e
I(t,z) = {z &t x) = max d,(t, x)}, te 0,7,

peJUI

03HAYABA CKYT AKTUSHUT UHgekca cuctuema (4.1).

Cana hiemo mssectu Kapymi-Kyn-Takepose yciose 3a npodsiem (BITHB), rue je najmame

jenna dyHKIUja (MHOXKMUIIAIY) Koja ofroBapa (DYHKIMjU [Ujba HeHy/1a byHKIHTja.

Teopema 4.2. Hexa je (-) Iapetwio oumiumanrno pewere tpodaema (BITHB). Ipewuoctua-
eumo ga cy sagosomenu yeaosu (YP2) u (CV2). Taga wocwmoju (p(-),a(-)) € Loo([0, T]; RF x

R™) waxas ga cy 3agosomeny caegehu ycaosu:

0. ¢(t) #0, ma [0,T],

1. ¢(t) >0, u(t) >0, cc. ma [0,7],

NS
=g

"(t)g(t,z(t)) =0, c.c. ma [0,T],

3. @)t x(t)) + a'(D)g(t, x(t) = @ () (£, 2(t)) + &' (t)g(t, £(t)),
Va(-) € Loo([0,T);R™), c.c. ma [0,T].

Jloxas. TlpernocraBumo ma je Z(-) Ilapero omrumasnno pememe npobiaema (BITHB). Ha
ocuoBy Jleme 4.1, umamo jza 3a meko | € J He nocroju z(-) € Ly ([0,T];R™) Taksa 1a je

Cﬂeﬂehl/l CHUCTEM CalJlaCaH:

Ei(x(-) - Fi(2(:) <0,
(t,x(t)) <0, i €1, cc. ma[0,T],
(

gi
Fy(a() ~ Fy@()) <0, j=1,....k, j#L

Baksbydyjemo jga He nocroju dyukmmja x(-) € Ly ([0,T];R™) Taksa ja je ciaenehu cucrem
caryiacaH:

Fy(z(-) — F3(2(-)) <0, jeJ, (4.2)
gi(t,x(t)) <0, i€, cc. nma0,7]. (4.3)

Bampaso, He nocroju dyskimja (-) € Lo ([0,T]; R"™) TakBa ma je
fi(t,z(t)) — f;(t,2(t)) <0, jeJ, cc. nmal0,T], (4.4)
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gi(t,x(t)) <0, i €1, cc. ma [0,7T].

Baucra, ako Ou eBeHTyasHO x(-) Owio perieme mperxogHOr cucreMa, 1ok je Z(-) ITapero

ONTHUMAJIHO Delierhe, nHTerparujom Hejearakoctu (4.4) ua [0, 7], modbujamo

z ))Z/O fj(t,x(t))dt</0 fi(t, &())dt = F(2(), Vj € J. (4.5)

Mebyrtum, (4.5) ummmunupa ga 2(-) muje [lapero onrumasnHo permeme npodaema (BITHB),
a To mporuspeun HejeaHakoctu (4.2). lakise, u3 Teopeme 2.26 3akbydyjeMo Ja MOCTOjU

HeHyJs1a PyHKIHja

D et (1) = fi(t2(2))) + Zai(t)gi(t7$(t)) > 0, (4.6)

Va(-) € Loo([0,T];R™), c.c. na [0,T].

CrasmpameM x(-) = Z(-) godujamo na je
Zu, )gi(t,z(t)) >0 c.c. ma [0,7].

Kako je Z(+) € €, Buaumo Jia je CynpoTHA HEjeTHAKOCT OYHUIVIETHO 3a0BO/BEHA. 3aTO BaXKH

m

@ (D)g(t,2(1) = Y wu(t)gi(t, () = 0 c.c. ma [0,7],

i=1

a ojlarie je
@t gi(t, 2(t) = 0, i € I, c.c. ma [0,T). (4.7)

U3 uejennaxoctu (4.6) u (4.7) nodbujamo 1a je

IIM?
b
W
E~3
<

1M
§>
<
~
8

IIM?r

B(t) + ) wi(t)gi(t, 2(1))
i=1
Va(-) € Loo([0,T];R™) c.c. ma [0, 7], mTo je 3ampaBo HEjeHAKOCT

PO f(tx@) + ' (t)g(t, x(t) = &) f(t, 2(1) + U (t)g(t, 2(2)),

Va(-) € Loo([0, T];R™), c.c. ma [0,T]. Hakme, 3a ¢(t) u u(t), 3amoBosbern cy ycaosu 0-3. [
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4.2 JloBOJbHU yCJIOBU

Hamomena 4.3. Ycaoe 3 y Upetiroghom Uoiaas.ny MOACE ce 3aMERUTLY YCAOBOM:

=

() f(t,(t) +a()g(t, z(t) = &'() f (L,

(1)) + @' (t)g(t, &(1))
P, '

(4.8)
(1)) +u'(t)g(t, 2()),

AV
>

Va(-) € Loo([0, T]; R™), Vu(:) € Loo([0, T]; R™), u(t) >0 c.c. na [0,T].

Sauctua, xao y goxady Teopeme 4.2, sastce ycaosu 0-2. Caequ ga u3 ycrosa 2 u 3 us Teopeme

4.2, saoicu
P(O) [t 2(1) +u'(t)g(t, 2(1)) < G(8) f (¢ 2(t)) =
() f(t,2(t) + @ (t)g(t, 2(t)) < p(t) f(t,2(t)) + @' (t)g(t, =(1)),
Va(:) € Loo([0, T];R™), Yu(-) € Loo([0,T]; R™), u(t) >0 c.c. na [0,T],

aa eavicu u (4.8).

Y mapennoj Teopemu jajemo noBosbHe ycaoBe Kapym-Kyn-Takeposor Tuma 3a mpodiem
(BITHB). Buguehemo ma cy ycnosu u3z Teopeme 4.2 m noBosbam 3a Ilapero onrumassocT

dyuknuje (-), y3 I0JATHY MPETIOCTABKY.

Teopema 4.4. Hexa je i(-) gouyctiuso pewere upodaema (BITHB). Axo woctoju (¢, u(-)) €

R* x Loo([0,T]; R™) wakae ga cy 3agosonenu yciosu:

0. >0,
1. a(t) >0 c.c. ma (0,71,
2. W(t)g(t,z(t)) =0 c.c. ma[0,T],

3. Pf(t,x(t) + @ (t)g(t, x(t) = @'f (X, &(t)) + &' (t)g(t, &(t)),
Va(-) € Loo([0,T];R™) c.c. ma [0,T],

onga je x(-) Iapewo outumanno pewerve apodorema (BITHB).
Jloxas. Axko crasumo u = 0 y Hejeanakoct (4.8), qodujaMo 1a BaKu
P, (t) < @f(E2(t) + @ (t)g(t x(t)), Vo(-) € Loo([0,T];R") c.c. ma [0,T].
Ownjyia 3a cBe jronycruse x(-) BaxKu

P ft, () <@ f(t,x(t)) c.c. ma [0,T].
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Nurerpamnmo nperxoiny HejeanakocT Ha 0 1o 1" m modujamo j1a je

/0 Q' f(t,z(t))dt < /0 Q' f(t,x(t))dt, Va(-) € Q. (4.9)

Hoxkazkumo jorr na je z(-) ITapero onrumanno pemieme npodsiema (BITHB). Ipermocrasumo
cynporro, ja () uuje Ilapero ontumasnuo pememe npobiema (BIIHB). Ownma mocroju

z(-) € Q rako 1a je

T T
/ fi(t,z(t))dt < / fi(t,z(t))dt 3acsejeJ,
0 0

7 3a HajMambe jeJIaH WHJIEKC ¢ BayKHu

/Ofi(t,a‘:(t))dt</0 fi(t,z(t)) dt.

N3 ycaosa 0, 3ak/bydyjemMo jaa je

/O Ot (t)) di < / o (.2 (t)) dt.

Joduym cMO KOHTPAIUKIIA]Y, jep je MIPeTX0/IHa Heje THAKOCT Y CYIPOTHOCTH Ca IIPETIIOCTABKOM

(4.9). Hakune, Z(-) mopa dutu ITapero onrumasno perese npodsema (BITHB). O

Kao ninycrparujy, pasmarpahemo ciienehu npumep.

[pumep 4.5.
( /0 L) + ) dt, /0 (2 - 4a(t) + 5) dt) s inf:
—a(t) < 0 co. ma [0,1],
() € Lou((0,1]: R).

Ouursiesiso je 3a c.c. t € [0,1], Z(¢) = 0 ITapero onTuMaHO peliemhe OBOr IPODIeMa, Tie
je
fit,z(t)) = x(t) + t, fot,z(t)) = 22(t) — 4z (t) + 5 u gi(t,z(t)) = —x(t).

Hasme nmanmo ja je 3agososben Ciejrepos ycnos (CY2) za z(t) = £. Baz € Ru3a c.c. ¢ na
[0, 1], Heka je
¢1(t,$) =, ¢2(t,$) = ‘7:2 —4dx u ¢3(tax) = —Z.
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Perynapuoct cucrema

o1(t,x) =2 <0,
t,x)=a>—4z <0,
oalt, ) w0
¢3(t7$> =—z < 07
x € R?,
je sanoBomena 3a Z(t) =2, R=3, a =3 u3acc te0,1], e(t,z) =—-13az<—-1n

e(t,z) =13ax > 5.
Bamucra, 3a x € R\ (—1,5), umamo ga je Z(t,z) = {2} u Baxu:

1. (Oppo,e) >a,3a < —1lue=—1,

2. (Opp2,€e) > a,3ax>bue=1.

OmaB/ie JUPEKTHO 3aK/bydyjeMo fa je 3amoBosben yeios (YP2). Jlako ce mposepasa ja cy

(
YCJIOBH ONTHMAJIHOCTH 3a40BOJbeHN 38 @1 (1) = 4, ¢o(t) = 2 n 4y (t) = 2 3a c.c. ¢ Ha [0,1].

4.3 VcioBu ekcrpemyma 3a npodsiem (BIITHB) y3 nmomarue

IIpeTIIoCTaBKe PEeryjJapHOCTHA OrpaHMUYemba

Heka je A monkcyn ckyna nsjekca I 3a Koju Cy orpaHuderha ¢; HeJIMHeapHa 110 T 1 Heka je A =
I'\ A nmoackyn ckyna uniekca I 3a koju cy dbyHkuje g; suseapse 1o x. CIMdHO, 03HAYUMO
ca B mojckyn unjaekca ckKyna J 3a Koju cy ¢gyHKnuje nusba f; HemmuneapHe o x. Takobe, ca
B = J\ B osnagasamo HojicKyn unjiekca ckyna J 3a xoju cy f; muneapue o x. Ca fp 1 ga,
peloM O3HavYaBaMO CBe KOMIIOHEeHTe o f u ¢ ca mHAekcuMa n3 ckymoBa B um A. Takobe, ca
¢p(t) 1 ta(t), pemom hemo o3nauaBaTu ckymose MHOXKMIAA @;(t) u 4;(t) u3 ¢p(t) u 4(t) xoju
oJ/iroBapajy HeJnHeapHUM (QYHKIMjaMa IM/ba U HEJINHEeAPHUM (PYHKIMjaMa OrpaHuvena. ¥
CKJIQJy Ca MPETXOJHUM O3HAKaMa, 0e3 I'yd/beiba OMIITOCTU, IEPMYTOBAEM KOMIIOHEHTH HAa
TakaB HAYMH Ja Cy HeJuHeapHe npse, moxemo mmcatu f(t,x(t)) = (fu(t, z(t)), fa(t, x(t))),
g9(t,x(t)) = (gat, z(t)), ga(t, 2(1))), @(t) = (@a(t), wa(t)) m o(t) = (25(t), P5(t))-
Kopucrehn cimyan npuctym, ca JI0JaTHOM IIPETIOCTABKOM PEryJIapHOCTH, W3BEITNeMO
HoBe ycJioBe ontumasnoctu Kapym-Kyn-TakepoBor turia 3a jgatu mpodsiem, rie je HajMarmbe
je/laH MHOYKMJIAI] KOjU OJroBapa HeJnHeapHUM (DyHKIHjaMa [NJba U OTPAHUYEha, PA3IUIAT

oJ1, HyJI€.

Teopema 4.6. Hexa je (-) Iapetio oumiumanrno pewere tpodaema (BITHB). Ipewuoctua-
suMmo ga cy sagosonenu ycaosu (YP2), (CY2) u ga woctwoju dynryuja y(-) € Loo([0,T]; R™)
waxea ga je gai(t,y(t)) < 0 u fa(t,y(t)) < 0 c.c. na [0,T]. Onga wocwoju (@(+),u(-)) €

Loo([0,T]; R* x R™) twaxae ga cy sagosomenu caegehu ycrosu:
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0. ¢(t) #0, (¢p(t), wa(t)) #0 na [0,T],
1. ¢p(t) >0, u(t) >0, cc. uma [0,7T],
2. 4/ (t)g(t,z(t)) =0, c.c. ma [0,7],

3. @)t x(t)) + a'(D)g(t, x(t) = &' (6) (£, 2(t)) + @' (t)g(t, £(t)),
Vz(-) € Lo([0,T]; R™), c.c. ma [0,T].

Zloxas. Kao y mokazy Teopeme 4.2, numamo 1a cy 3amoBosbenn yeaoBu 0-3. Cama jorr Tpeba

HOKa3aTh Jia je 33/0BobeH u yciioB (¢p(t),ua(t)) # 0. IIpermocraBumo ja 0BO HHje TATHO.
Heka je (¢p(t), @a(t)) = 0.

Hedbunummmo dynkuujy L : Lo ([0, T];R") — Loo([0,T];R) na caenehn naann

) =D @i f;(tx() + Y w)git,x(t)) = Y @5(0) fi(t, 2(t))

jeB icA jeB

c.c. Ha [0,T]. U3 ycnoBa 2 u 3 3akibydyjemo Ja je

Z@j(t)fj(tvx + Zul gz t 1' ZSO (t)fj(tvj(t)) > 0,

jEB icA jEB

Va(-) € Loo([0, T];R™), c.c. ma [0,T].

3a gomycrusy z(-) = &(-) u3 ycioBa 2 umamo Ja je

L) =D @0t a0)+ > wu(t)git, 2(t) — Y @) f(t, () =0,

€ i€A jeB

<.
Uj\

c.c. ma [0,T].
Kaxko je dynkunja L£(x(-)) muneapna 1o z(-), HeHeraTuBHa U anyaupa ce y Z(-) c.c. ma [0,7],
3aKJbydyjeMo Ja ce jara (pyHKIMja aHyaupa Ha 1eiaoM npoctopy L. ([0, T];R™). Taxobe,

BazKn

LEC) +y() =)@ 2) + ) @) fty) + Y wit)gi(t, o (t

jEB jEB i€A

+ D wigilty(®) = Y @0t a(1))

icA jeB
_Z% (t)f(t,y(t) —I—X:uZ (t)gi(t,y(t)) =0 c.c. ma [0,T],
jEB i€A

TO je y cympoTHocTH ca mpernocraskama ¢4(t,y(t)) < 0 u fg(t,y(t)) < 0 c.c. ma [0,T],
nomro u3 ycuosa gz(t,y(t)) < 0, fz(t,y(t)) < 0 c.c. wa [0,7] u u(t) > 0 c.c. ma [0,T],
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o(t) £ 0, caean

L) +y()) = Z Pi(6)f5(t y (1)) + Z’&i(t)gi(t, y(t)) <0 cc. nmal0,T].

Hakie mopa dutn (¢p(t),0a(t)) 0 wa [0,T]. OBuM je JOKa3 KOMILJIETUPAH. O

Paszmarpamo, kao miycrparujy, cienehn npumep.

IIpumep 4.7. , )
(/0 (2t + |21 (t)| + 41 (t) — 229(8)) dt, /0 (x1(t) — zo(t)) dt) — inf;

xo(t) — x1(t) —t <0 c.c. ma [0,1],
—x1(t) <0 c.c. ma [0,1],
z(-) € Loo([0,1]; R?).

Ouurneno je 3a c.c. t € [0,1], 2(t) = (21(t), Z2(t)) = (0,t) [Tapero onTUMaIHO peIlerbe
zaror npodiema, e je fp(t, x(t)) = x1(t) —x2(t). Yemos (CY2) je samosomen 3a z(t) = (%, 5)
u mocroju y(t) = (£, %) raksa ga je fz(t,y(t)) <0 c.c. ma [0,1].

Ba x = (z1,79) € R? m c.c. t ma [0,1], neka je

o1(t, ) = 2t + |xy| + 4xy — 229,
$a(t,x) = 21 — 12 + 1,

¢p3(t,r) = —x1 + 29 — 1,

P4t x) = —x1.

JeduHUIITIMO CKYIIOBE

Ay = {(z1,70) € R* : =22 + 15 — t < 0},
Az = {(w1,m2) ER*: =22, + 29—t >0, 35 —t > 0},
Ay ={(x1,29) ER*: =23y + 19—t >0, 29 —t < 0},

rae je t € [0, 1].
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Owgursenno je

(57 _2)7 Ty > 07
Out1(t,xz) = Q (o, =2), € [3,5] 1 =0,
(37 _2)7 T < 0.

Jlako ce mpoBepasa Jia je
A1UA3UA4 :RQ,

{1} ¢ Z(t,x) 3a (x1,22) € int(A3U Ay) c.c. ma [0,1]. Ba (z1,22) € int(4;), Z(t,z) = {i},
i = 1,3,4, c.e. ma [0,1]. 3Ba (z1,22) € (A1 N A3), Z(t,z) = {1,3} cc. ma [0,1]. 3a
(11317582) € (Al N A4), I(t,x) = {1, 2,4} C.C. Ha [0, 1] 3a (Il,lli‘g) € (Ag ﬂA4), I(t,ac) = {3,4}
c.c. ma [0,1].

Yci10B peryiapHOCTH CHCTEMa,

O1(t,x) = 2t + |x1| + 4z — 229 < 0,
Pa(t,x) =t + 21 — 29 <0,
¢3(t,x) = —t — 1 + 29 <0, (4.11)
Gu(t,x) = —x1 <0,
z € R?
je sazoBomen 3a Z(t) =0, R =2, o = & u 3a:

a) e(t,x) = (—1,0) ako je x € int(Az U Ay),
0) e(t,x) = (1,0) ako je z € int(A;),
m) e(t,x) = (4,1) axo je z € (4; N Ay),

1) elt,r) = (—1,—208) axo je z € (A4, N Ay),

3a c.c. t € [0,1].

13 Teopeme 4.6 mupexTtHo cienn fga mopa outn (¢p(t),ua(t)) # 0 ma [0,1]. Jlako ce
nposepaBa Ja cy ycsosn Ilapero ekcrpemyma 3a0Bosbern 3a ¢y (t) = t, @o(t) =t, Gy (t) = 3t

u Ug(t) =t 3a c.c. t ma [0,1].

Kopucrehu ciugan npuctym, Kaj cy cBe dyHKIHje ¢; JUHEapHE, JTOOMjaMO CJIUIHE He-
onxojiHe ycjoBe onrtuMasianoctu 3a npodsiem (BITHB), rue HajMame jeJjaH MHOMKUJIAIL KOjU

ojiroBapa byHKIIIjaMa IU/ba MOPa OUTU PA3IUYIUT OJ1 HYJIE.
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IMocnenuna 4.8. Hexa je z(-) Hapewio ottumanrro pewere upobaema (BITHB) u nexa cy
dynryuge g;(t,-) auneapre 3a ceaxo i € I. Ilpeliioctuasumo ga cy 3agoOB0MHEHU YCAOBU
peryaaprocmy, (YP2), (CY2) u nexa toctwoju gouycwiusa gpynryuja y(-) € Lo([0,T]; R™)
waxea ga je fg(t,y(t)) <0 c.c. na[0,T]. Onga Goctmoju (p(-),a(-)) € Loo([0,T]; RF x R™)
WaKas ga cy 3ago6OMHEHU YCAOBU:

0. ¢p(t) #0 mna [0,T7,

1. ¢(t) >0, u(t) >0, cc. ma [0,7],

2. W(t)g(t,z(t)) =0, c.c. ma [0,T],

3. @) f(t,x(t) + ' (t)g(t, (t)) = ¢'(t)f(t, (1)) + @ (t)g(t, 2(1)),

Va(-) € Loo([0, T];R™), c.c. ma [0,T].

Jloxas. Kako cy cBe dyHKIIje orpanmyema ¢; JnHeapHe 110 =, oHna je A = I. Ha ocHoBy
Teopeme 4.2, 3anoBospenn cy ycaosu 1-3. Jlokaxkumo 7@ je 3a70BoJbeH U ycaoB 0.

[TpermocTaBuMO CyIpOTHO, J1a OBO HUje TadHO, Tj. Ja je ¢p(t) = 0. U3 ycrosa 2 u 3

Ji00ujamo Jia je
L(x(-)) >0, Va(-) € Loo([0,T];R™) c.c. na [0,T].

3a jonycruBy dyukuujy x(-) = Z(+) u3 yciaosa 2 ciaean
L(z(-)) =0 c.c. ma [0,T].

Kaxko je dyuximja L(z(-)) auneapua mo x(-), HeHeraTwBHa W aHyiamupa ce y Z(-) c.c. Ha
[0,T], To ce ona anyaupa Ha mejoM ckymy L. ([0,T];R"). Takobe, kao y mokazy Teopeme
4.6, nodujamo ma Baxku L(Z(-) +y(-)) = 0, c.c. ma [0,7T], mTO je CymPOTHO HPETIOCTABKAMA
g(t,y(t)) <0m fz(t,y(t)) <0 c.c. ma [0,7]. O

IMocnenunia 4.9. Hexka je 3(-) Ilapewio oumumanno pewerve upodaema (BITHB) u mexa cy
pynruuge f;(t,-) auneapre 3a ceako j € J. Ipeluocmasumo ga cy 3ago80.seHY YCA08U PETY-
aaprocwiu, (YP2), (CY2) u goctioju dynryuja y(-) € Loo([0, T]; R™) waksa ga je ga(t,y(t)) <
0 u f(t,y(t)) <0 c.c. na [0,T]. Onga wocmoju (P(-), () € Loo([0, T]; RF x R™) wakas ga

CY 3ag0BONEHU CAEGENU YCAOBU:
0. (t) Z0, ua(t) 20 na [0,7],
1. p(t) >0, u(t) >0, cc. ma [0,7T],
2. W(t)g(t,z(t)) =0, c.c. ma [0,T],

3. @) f(Ex(t) + a'(D)g(t,2(t) = &' () f(E,2(t)) + @' ()g(t, £(t)),

V() € Loo([0,T); R™), c.c. ma [0,T].
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3aHUMJ/BUBO je BUJETH KAKO C€ CJAUYAH HMPUCTYII MOXKE IPUMEHUTH 33 J00Ujarbe JIyAJTHIX
pesynrara 3a npodsiem (BITHB). Jobujame TakBux pedynrara 3a JaTu Ipodsem dulie b

Oynyhux mcTpaKuBamba.
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5 YcJiIoBU ONTUMAJIHOCTA U AYAJHOCT y INIATKUM
npodjieMuMa BUINEKPUTEPHUjYMCKE ONTHMMHU3AIlHje ca

HelIpeKNnJI1H1MM BpeEMEHOM

Y pany [53], cy mobujern HOBH Kapym-Kyn-TakepoBu HEOIXOJHHU YCJIOBH €KCTpEMyMa 3a
IJIa/IaK CKaJIApHU MIPOOJIEM ca OTpDaHMYEehbUMa TUIlA HejeTHAKOCTU M jeTHAKOCTU, TPUMEHOM
HOBe Teopeme 2.26, y3 1o/IaTHY IPETIIOCTABKY PEryJIapHOCTH OrpaHnderma Tuna MaHracapjan-
-®pomosutia. OBU yCjI0BA Cy TPBO JIO0OUjEHU 33 MPOOJIEM Ca OrPAHUYCILUMA TUIIA HEjeTHA-
KOCTH, & OHJIa W 3a IPOOJIEM ca OTPAHUYCIbUMAa THUIA HEjeTHAKOCTU U jeJTHAKOCTH. Y OBOj
raBu, pasmarpaliemMo riagak TpodJieM BUIIEKPUTEPHjyMCKE ONTUMU3AIN]e Ca HEITPEKTHUM

BPEMEHOM CaMO Ca OrpaHMYehUMa THUIIA HejeJHAKOCTH, cejelin cindan npuctyn kao y [53].
5.1 Popmysnanuja mpodjseMa u OCHOBHe AedUHUIIHje
Hexka je mat mpobiem:

/OT ft,z(t)) dt = (/OT filt,z(t)) dt, .. .,/OT fk(t,fll(t))dt) s sup:

mo. g;(t,xz(t)) >0, I ={1,...,m} cc. ma [0,T],
2(-) € Loo([0, T R"),

(BITHBI)

rnecy fi [0, T]xR*" =R, jeJ={1,....,k} nug :[0,7] xR" - R, i € I, nare byumuje
u f;(t,z(t)) osmauasa j-ty xommonenry of f(t,z(t)) € R¥. 3a ceaxo t € [0,T], z;(t) je i-Ta
koMmoHeHTa o x(t) = (z1(t), ..., z,(t)) € R". Cu unrerpanu cy gatu y Jlederosom cmuciy.
Heka B o3nadaBa OTBOpEHy jeIMHUYHY JIONTY y R™ ca MEHTPOM y KOOPAMHATHOM MOYETKY.

Osznauumo ca
Q={z(:) € Loo([0, T]; R") : g;(t,z(t)) > 0, i € I, c.c. ma [0,T]}

JrorycTuB cKyT periema mpodiema (BIIHBIY). Heka je e > 0 u Z(-) € ). Heka Baxke cienehe

IIPpETIIOCTaBKeE:
(a) 3a cBako j € J, byukimja f;(t,-) je nenpexuuno nucdepentujadunua y &(t) + B c.c.
Ha [0,7]. Ba cBaxo j € J, dyuxuuja f;(-,x) je Jleber mepspuBa 3a cBaKo T, U MOCTOjH

K¢ > 0 Takas Ja je

IV fi(t,2)|| < Ky, j € J, cc. na[0,T];

(6) 3a cpako i € I, bynxmuja g;(t,-) je Hempekmano mudepernujadumna y 2(t) + B c.c.

na [0,7]. 3a cBako i € I, dyukuuja g;(-, z(+)) je ecenrujanno orpanndena na [0,7] 3a
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cBako z(-) € Lo([0,T],R™) u nocroju peasnan dpoj K, > 0 takas na je
\Vagi(t,z(t)|| < Ky, i€ 1, cc. nal0,T].

Hedbununuja 5.1. Jouycwuso pewere x(-) apodbaema (BITHBI') je Ilapewio outumanto
3a (BITHBT') axo we wocmwoju gpyto gouyctuuso pewere z(-) 3a upodbsem (BITHBT') waxeo
ga je
T T
/ £t (b)) dt 2/ Fi(t,2(0) dt, V) € T,
0 0

ca 6ap jegHoM CTPOTOM HeJegHarouLhy.

Hedunummja 5.2. Jlouycwuiuso pewere z(-) upobaema (BIIHBI) je caado Iapetwo outuu-
maano 3a (BIIHBT') axo me toctoju gpyio gouycmuso pewere x(-) 3a upobaem (BITHBT)

WaKeo ga je

/0 fi(t,z(t)) dt > /0 fi(t,z(t)) dt, Vg € J.

Hedbununuja 5.3. Hexa jee > 0. Jouycmueso peweroe () upodoaema (BITHBT) je norxanro

Iapewio pewerve upobaema (BITHBI') axo woctuoju okosruna
N(&(-),e) = {z(-) € Leo([0, T|;R™) : x(t) € &(t) + €B, c.c. ma [0,7]}
waxea ga je () Hapetwio outiumarno pewere na QNN (Z(+),¢).

Hedbunuuuja 5.4. Hexa je ¢ > 0. Jlouycwmuso pewerve I(-) upodaema (BITHBI) je caabo
noxaano Ilapeitio pewerse upobaema (BITHBT) axo @ocwmioju oxosuna N(Z(+), €) waxsa ga je

z(+) cnado Iapetio outwumanro pewerse na QNN (&(-),e).

3a Burrie nHGOpPMAIHja y KOHATHO-TIMEH3NOHOM CIIydajy, Moxe ce norieaaru [50,73]. Ouurite-
o na je llapero omrumanno pemnreme yjeano m Jjokanano Ilapero ontmmasnno. Takobe
je Ilapero onTumaJiHO perneme yjeaHo n jokajaHo IlapeTro onTuMaJiHO perierbe U JIOKAJTHO
[Tapero onTuMaJ IHO periemne je JoKaJHo ciado Ilapero onrumastno pemieme. O oBUM Kjiacama

pererba Moxke ce Buine Hahu y [46].
Heka je b > 0 u z(-) € Q. Osumaunmo ca I(t) = {i € I : 0 < g;(t,2(t)) < b}, uuexcan

CKyTI b-aKTUBHUX OIpaHUYera y BpeMeny ¢ ca 3a csako t € [0,T]. 3a cee i € I, nedpurummmo

bynkmujy 6% : [0, 7] — R na caegehn nauun

5b(t> _ 1,4 € Ib(t)

0, naaye.

Hedbunuuuja 5.5. [53] Kaowcemo ga je y z(-) € Q 3agosomen yowwilienu ycaos pety-

aaproctau otpanuversa (MOYP) wuta Maniacapjan-Ppomosuna, axo Goctwoju
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() € Loo([0, T); R™) w b > 0 waxsa ga je, 3a c.c. t € [0,T),
Vai(t, 2())3(t) = B, 1 € (1), (MOYP)
3a nexo B> 0.

Hedbununuja 5.6. [53] Hexa je g;(t,-) wonrxasna dynxyuja cxopo ceyga y [0,T], 3a ceaxo
i € I. Kaowcemo ga je youwmernu Caejiepos ycaos peryaapnociu (CYP) sagosomen, aro

aoctioju y(-) € Q u b > 0 waxsa ga je
Gi(t,y(1) > B, i € Ijt) cc. ma [0,7] (CYP)
3a nexo 3 > 0.

Ayropu cy y pazay [53| nokazamu na je (CYP) mososwan ycsos 3a (MO®YP) y3 nperno-

CTaBKYy KOHKaBHOCTH.

5.2 HeonxomHm ycjoBu

VY oBom morytaBsby pasmarpahemo koryce y Lo, ([0, T]; R™) koju fie Ham KopucTuTn 3a KapakTe-

puzarnujy jgokaaHor [lapero perema.

Heka je Z(-) € 2 TakBa ma cy 3aj0Bosbere npernocraBke (a) u (5) 3a Heko £ > 0. Heka je

b > 0. Hedbunumumo cienehe Konyce:
To(a() :{hc) € Luo((0, T R) : 3{a()} € 0, o} C Ry L0, Jim () = (),

h(-) = lim () ~ () }

h(-) € Loo([0, T]; R") - /OT Vfi(t & () h(t) dt > 0 } je

h() € Loo([0, T R™) = git, &(t)) + 67 () Vg(t, (1)) 'h(t) > 0, i € 1

Ny
»
Il
—N— ——

c.c. Ha [0, T]}

3a Buie jeraba 0 KOHYyCHMa, JYAJTHUM KOHYCHMa U FbUXOBUM HM3DATyHABAHBUIMA, MOYKE Ce
puine Hahu y kwusu [26]. Cnenehu comvan npucryi, kao y pagosuma [50,73|, y3 morusaimjy
u3 [53], mahemo pBO HEOIXOMAH TE€OMETPHjCKH YCJIOB, a oHya hemo kopucrehn Teopemy 2.26,

M3BECTH Heonxo/He ycyose 3a npoosem (BITHBI).

JIema 5.1. [53] Hexa je z(-) € Q. Axo cy (6) u ycaos pewyaaproctiv (MDPYP) zagosomeru
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3a nexo € > 0 onga je Fp(2(-)) C Ta(z(-)).

Ilocnemuua 5.2. Heka je z(-) € Q aokaano Ilapetio oGTUMANO Pewerse TPOOAEMA
(BIIHBI'). Axo cy upewmuoctmaske (a), (6) u ycaos pewyaraproctuu (MDYP) sagosomenu y
z(+), onga je Fo(2(-)) N AL (Z(-)) N ... N Ax(2()) = 0.

Heka je Z(-) nokanno Ilapero ontumanto pememe npodiema (BITHBI') u Baxke mpermno-
craBke (a), (0). IIpernocraBumo ma je 3a/10BoJbeH yornTeH yciaoB perynaprHoctu (MOVP) y

z(+). Pasmarpajmo cucrem

T
by(t.h) = — / Vf(t () hdt < 0, j € J,

$it,h) = — gi(t,@(1)) — S (1)Vgilt, 2(£))'h < 0, i€ I,
h € R",

(5.1)

koju ozrosapa mpodsemy (BITHBI'). Heka je K = JU T u
Z(t,h) = {i: ¢i(t,h) = max 6,(t, h)}, t€[0,T], h €R".

Hedunnnmja 5.7. Veaos peryaaproctiu (YPT') je sagosomen, axo toctwoju dyrruyuja z(-) €
Lo ([0, T]; R™), pearnu dpojesu R > 0 u a > 0 waksu ga 3a c.c. t € [0,1] u 3a céaxo h € R",
3a xoje je ||h — Z(t)|| > R, woctoju jequrnuunu sextuop e = e(t,h) € R™ (|le]| = 1), xoju
3440605464 YCA06

(Ondilt, h),€) > a Vi€ I(t,h). (YPT)

Y HapeaHOj TeopeMu JlajeMo HeolxomHe ycsose 3a [lapeTo onrumaanocT mmpodsema

(BITHBT).

Teopema 5.3. Hexa je z(-) € Q Iapewo oumumanrno pewere upodaema (BITHBI) wu
apewtocmasumo ga cy (a), (6) u ycaoe (MDYP) sagosowenu y &(-). Axo je zagosomen
yeaos petyaapnoctiv (YPT) cuctiema (5.1), onga toctmoje A € RF u (-) € Loo([0, T];R™)

WaK8U ga, CY 3ag080.HeHYU caeqehu Ycaosu:

J

ijv fi(t, (1) + Z@i(t)Vgi(t,:%(t)) =0 cc. na [0,7T], (5.2)
Di(8)g; (1, 2(t)) = 0, 0;(t) >0, i € I, cc. ma [0,7T], (5.3)
A=1, A\ >0. (5.4)

1

Jlokas. Ha ocnosy Ilocenune 5.2, 3akspydyjemo na He nocroju h(-) € Lo ([0,T]; R™) raksa
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na je 3a c.c. t € [0,T] cucrem

— / ' Vfi(t, 2(t)) h(t) dt < 0,

carnacan. V13 Teopeme 2.26, 3ak/bydyjeMo j1a OCTOjU HEHY/a (DYHKIIN]a
(@1(')7 SERE) @k()hal()a S nam()) € Loo([oa T];Rk+m)7 rie je

@;(t) >0, je J, t€[0,T] (u dap jexna ¢;(t) #0) (5.6)

u 1;(t) >0,i€I,te€0,T], rakBa Ja BaxKn

ait) (- [ vataorna)

+

4
+@r(t) (— /OT Vfu(t,2(t)'h dt)

+in(t) (= (92(8,2() + 0} Ve (t,3())'h) )
+

+
Fitn(t) (= (9 (8 2(0) + 6,V g (1. 2(0))R) ) 2 0

Vh € R™ c.c. ua [0,T]. Muoxemem IpeTxo/He HEjeJHAKOCTH ca —1 u craBbambeM h = 0,

J00ujamo Ja je

Zﬂi(t)gi(t,ﬁc(t)) <0 c.c. ma [0,7T].

Kako je z(-) monycruBa dbyHKIMja, BUAAMO JIa je U CYIPOTHA HejeTHAKOCT 3a/10BoJbeHa. Ha

OCHOBY TOTa, IMaMO JIa je

fi(t)gi(t,z(t)) =0, i € I, c.c. ma [0,T]. (5.7)
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Cnenn na je

/ Vit dt+2uz DOV (LEEVRH <0 (5.8)

Vh(:) € Loo([0, T]; R™) c.c. ma [0,T].

Wurerparmujom uejeanarkoctu (5.8) va [0, 7], qodbujamo na Baxku

/(Z% /ij ())h(t)dt)dt

(5.9)
T .
+ (Z m<t>5§’<t>v%<t,az~<t>>'h<t>) dt <0, Vh() € Lof[0, T} RY)
0 i=1
3anpaso, U3 IPeTXOIHOr UMAMO 13 je
k T T
> [ ema [ viawyne
— Jo 0
=t . (5.10)
+ | (Z ﬂi<t>5f<t>v9i<t,ﬁ:<t>>'h<t>) dt <0, Vh() € Luf[0, T ")
0 i=1
CraBipameMm .
W :/ @;(t)dt >0, j € J,
0
rjie dap jesHa HejeHAKOCT Mopa ouTu crpora (Ha ocHoBy (5.6)), mobujamo Ja je
T ko
/ (2 &y V£ (. 2(0)'( >) d
0 —
. ! (5.11)
+ [ (Z Ba(6)8 () Vg8, (1)) D )) dt <0, Vh() € Lo([0, T R")
0 i=1
Hememem cBux mspaza y (5.11) ca > _, ¢; > 0 u nedunncamem
. P
Aj = k% —, @i(t):w, jed, iel, tel0,T], (5.12)
Zj:lw' j=1+J
JI00MjaMo J1a BaxKu
T k ) m !
/ (Z AV fi(t, 3 (1)) + Z@i(t)vgi(t,w))) h(t)dt <0, (5.13)
0 j=1 i=1

Vh(:) € Loo([0, T]; R™).

Kaxko mocsienma Hejeaaxoct Baxu 3a cse h(-) € Lo ([0, T];R™), u3 (5.13) caenu na Baxku
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(5.2). Takobe, u3 jennakocru (5.7) u (5.12) aupekTHo coean na Baxke yciaosnu (5.3) u (5.4).

]

[IpeTrxomau pe3ynTaT mpejicTaB/ba YOIIITEeHme HEKUX pPe3y/iTaTa W3 BUITEKPUTEPHU]YMCKe

ONTUMU3AINje Y KOHAYHO-IMMEH3UOHUM TTpocTopuMa. Buiiie nndopmaiija o oBoMe MOXKe ce
nahu y [50,73,95].

IMocnenuna 5.4. Hexa je z(-) € Q Iapewio outiumanrno pewere upodaema (BITHBI) wu
upewnocmaske (a) u (6) cy sagosomene y z(-). Hexa je ycaos perysaproctiu cuctuema (5.1)
3agosomen u g;(t,) je wonkasna c.c. na [0,T], 3a ceaxo i € I. Axo je s3agosomen youw ey
Caejiiepos ycaos petyaapnoctiu (CYP), onga toctioje A € R* u 6(-) € Loo([0, T]; R™) wakeu
ga cy 3agosomeny yceaosu (5.2)-(5.4).

lpuvep 5.5. 1
(/O (1- i:cf(t) - é:@(t))dt, /O (144 — 1(t) — 225(0)) dt) s sup;
4o () — 22(8) — 225() — 3+ 4t > 0 c.c. ma [0, 1],
(BIIHBI') Az (t) — 22(t) + 235(t) — 3 — 4t > 0 c.c. ma [0,1],

5
xf(t)—§x1(t)—2x2(t)+ +4t >0 c.c. ma [0,1],

z(-) € Loo([0,1]; R?).

Ounrnenuo ja je 3a c.c. t € [0,1], (t) = (Z1(t),22(t)) = (1,2t) Ilapero onrumasno

pererse mperxofuor upodiema u Ij(t) = {1,2,3} 3a b= % Jlako ce m3spauyna 1a je 3a c.c.

t € [0,1],
N | U
) V() = (_2> Vot (1) = (_2 ) ,
R 2 R -3
Vos(t, (1)) = (2> Vgs(t, i (t)) = (_2> .

) cc. ma [0,1] u f = +. Cuemn na je Vgi(t,z(t))3(t) > B, i =1,2,3,

VIt E(t)) = (

0l NI

Yamumo (t) =

SIS

c.c. Ha [0,1]. To 3nauym na je ycios perynapuoctu (MDPVP) zamosomsen. Ilokaxkumo na je
W ycJIOB peryjapHocTH ojrosapajyher cucrema sajososben. Heka je (hy, ho) € R? u 3a c.c.
t €10,1],

1 1
¢1(t, h) = §h1 + ghm Ga(t, h) = hy + 2hg, ¢3(t, h) = —2hy + 2hs, Gu(t, h) = —2hy — 2ho,

¢5(t, h) - %hl ‘l‘ 2h2
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JeduHUIITIMO CKYIIOBE :

20 4
A = {(hlth) € R? : 1_7hl + ho > 0, 1—5h1 + hy < O},

4
Ay = {(h1,hs) € R?: 5+ he >0, by >0},

A3 - {(hl,hg) S RQ : hl S O, h2 Z O},
20

Ay ={(h1,hy) €R?*: 1—7h1 + hy <0, hy <0}.

Jlako ce mposepasa na je 3a (hy, hy) € int(A;), Z(t,h) = {i} c.c. na [0,1], i = 1,2,3,4,
u U, A = R% 3Ba (hy, hy) € int (A, U Ay), Z(t,h) = {1,2} c.c. ma [0,1]. 3a (hy,hy) €
int (A2 U As), Z(t,h) = {2,3,5} c.c. ma [0,1]. 3a (hy,he) € int (A3 U Ay), Z(t,h) = {3,4}
c.c. Ha [0,1]. Ba (hy, hy) € int (A; U Ay), Z(t,h) = {1,4} c.c. ma [0,1]. Ycaos perymaprocTn

cucreMa

B1(t, ) =g + Sha <0,
¢2(t,h) =hy + 2hy <0,
¢3(t,h) = — 2hy 4+ 2hy <0, (5.14)
da(t,h) = — 2hy — 2hy < 0,
¢5(t,h) =zhy + 2hy <0,
h € R?,

je sazoomen 3a Z(t) = (0,0), R >0, « = iz m3a c.c. t € [0,1],

1. e= €<t, h) = (—%, %) 3a (hl,hz) € int (A2 UAg U A4),

2. e=ec(t,h) = (&, —2) 3a (hy, hy) € int (A; U Ay) mmm (hy, hy) € int(A;), n

’ 5

&~

3. e=e(t,h) = (3,2) 3a (h, he) € int (A1 U Ay).

Kona4yno, BUIUMO Jla Cy HEOIXOJHH YCJIOBH 33JI0BOJbEHU 3a A1 = 1, Ay = 0, 01(t) =

@Q(t) = % n @3(t> = %2 C.C. Ha [0, 1]

5.3 doBoJbHU yCJIOBU

Y oBoM mnortaBiby, pejcraBuhemo joBosbHe yesiaose Kapym-Kyn-Takeposor Tuna 3a mpodsiem
(BITHBT"). [lokasu rinaBHuX Teopema Ouhe u3BeJE€HU y3 JIOJATHE IIPETIOCTABKE T'eHepaJIu-
3oBaHe KoHKaBHOCTH (1 Hehe Outu HeorxofaH ycyioB perymapHocts). IIpermocrasiba ce ma
cy neduHUIMje KBA3MKOHKABHUX, ICEYIOKOHKABHUX U CTPOrO ICEYJTOKOHKABHUX (DYHKIIN]a

J100po mno3uare. Burte nndopmanuja o oBuM (yHKIMjaMa ce Moxke BujeTn y [48, 65].
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Teopema 5.6. Hexa uoctoju gouycwiuso pewerve T(-) upodsaema (BITHBI') u (5\,6()) €
R* x Lo ([0, T); R™) waxae ga 3a c.c. t € [0,T] sasrce ycaosu

k m
Z AVt &) + Z (1) Vgi(t, (1)) = 0, (5.15)
Di(t)gs (L, (1)) = 0, 0;(t) >0, i €1, (5.16)
S AN=1,5>0 jel (5.17)

Ao je dynryuja d e ; ;\f] (t,-) aceygoxonkasHa o gpytom apiymeniuy y i(t) ckopo ceyga y
[0, T] w dynxyuga Y. 0i(t)gi(t, -) weasuxonxasha o gpyiom apiymentiy y T(t) cxopo ceyga
na [0,T], onga je Z(-) IHapewo oumumanrno pewerse tpodaema (BITHBT).

Jloxas. Kaxko je z(-) € Q u Baxu (5.16), umamo 1a je

[Tocsie cymuparba, U3 MpeTXoIHe HEjeTHAKOCTH J00UjaMo Jia je

Z i(0)gi(t, x(t)) > sz g:(t,z(t)), Yx(-) € Q c.c. ma [0,T]. (5.18)
i€l i€l
Kako je ) .., 0i(t)g:(t, ) xBasuxonkasna y z(t) = &(t) c.c. na [0, 77,

(5.18) mmmutupa na je

> i) Vgilt, 2(t) (x(t) — 2(t)) > 0, Va(-) € Q, c.c. na[0,T]. (5.19)

i€l

U3 (5.15) u (5.19), umamo na je

> NVt E) (x(t) - 2(t) <0, Va(-) € Q, cc. na[0,T].

jeJ

Kako je > ., A, f(t,-) mceynokonkasna y i(t) c.c. ma [0,T], ciemmn

SNt E®) =) N fita(t), Vo) €Q, ce. nal0,T).

jedJ JjeJ

Nurerpanumo nperxoany Hejeanaxkoct ox 0 go T u qodujamo ja je

/Z)\fjtx dt>/z>\f]tm ))dt, V() € Q. (5.20)

jeJ jeJ

[Tpermocrasumo Ja Z(-) auje [Tapero ontumanso pereme npodsiema (BITHBI'). Onga mocroju
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z() € Q raksa sa je
T T
/ [, z(t))dt > / fi(t, &(t))dt Vi € J,
0 0

" 3a 0ap jeJlaH WHJEKC 1 BaXKU

T T
/ fi(t,a‘c(t))dt>/ filt, &(t))dt
0 0

Kaxo je 3a cBaxo j € J, \; Ha OCHOBY IIPETIOCTaBKe MO3UTUBHO, TO MOpPa OUTH

/ZAthx dt>/ > Nt &

JjeJ JjeJ

Jodum cMO KOHTPaTUKIIN]Y, jep je MPeTX0/IHa Heje THAKOCT Y CYIPOTHOCTH Ca IPETIIOCTABKOM

(5.20). dakde, Z(-) mopa durtu [Tapero ontumamnso periemse npodiema (BITHBI). O

Teopema 5.7. Heka Goctuoju gouyctuso pewerve () upobaema
(BITHBI) u (A, 6(-)) € R¥ x Loo([0, T; R™) @makas ga 3a c.c. t € [0,T)] savice yeaosu

DAV EE) + Y86 Valt,#(t) =0, (5.21)

b:()gi(t, 2(t)) = 0, 9;(t) >0, i eI, (5.22)
ZX 1, \;>0,jeJ (5.23)
eJ

Axo je dynryuja Y ; 5\j fi(t,-) weasuxonkaera Go gpyiom aprymentiy I(t) cxopo ceyga Ha
[0, ] w . 0i(t)gi(t,-) ctporo tceygoronkaera to gpyiom aprymentiy y (t) cxopo ceyga y
[0,T7], onga je Z(-) Hapetwo oumumanro pewerve upobaema (BITHBT).
Jlokas. Kaxko je z(-) € Q u Baxku ycios (5.22), nmamo j1a je

0;(t)gi(t, z(t)) > 0;(t)gi(t, z(t)) =0, i € I, VYz(-) € Q c.c. ma [0,T].

[Tocsie cymuparma, ciiequ ja je

Z@i(t)gi(t,x(t)) > Z@i(t)gi(t, (1)), V() € Q c.c. ma[0,T). (5.24)

Kako je dpyukimja
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CTpOro IceytokoHKaBHa y Z(t) c.c. Ha [0,7], (5.24) nmmiurmpa

N 0 Vailt, #(1)) (2(t) — &(1)) > 0, Va(-) € Q, (5.25)

icl

Tako na je x(t) # &(t) c.c. ma [0,T]. 3 nejennakocru (5.21) u (5.25), umamo za je

YNV ) (2(t) — 2(1) <0, Va() € 2,

jeJ

Tako Ja je z(t ) # &(t) c.c. ma [0,7T].

Kaxko je Z]GJ ;fi(t, ) xkBasukonkasna y Z(t) c.c. ma [0,T], onga je

S ONfi ) > ) Nfi(ta(t), Va() € Q,

jeJ JjeJ

Tako Ja je x(t) # &(t) c.c. ma [0,T]. Jakie, Ha OCHOBY MPETXOIHOI MOpa OUTH

S ONfit ) =) N it a(t), Vo) €Q, cc. na[0,T].

jeJ jeJ

Wurerpamujom nperxose Hejennakocru Ha [0, T, nobujamo

/ZA]} dt>/ZAme; ))dt Va(-) € Q.

jed jeJ

Baro, ka0 y mokady Teopeme 6.6, 3akspydayjemo fa je Z(-) Ilapero onrumasHo perrnerme 1aTor
npodsiema (BITHBI). O

Kopucrehn ciamaan npuctyn MoxKeMo J00UTH JI0BOJbHE ycsaose 3a npodsem (BITHBIY) Ges

ycj10Ba KOMIIJIEMEHTapHOCTH.

Teopema 5.8. Hexa je &(-) gouyctuuso pewerve upodaema (BITHBI) u
A={iel: g(t,z(t))=0 c.c. na[0,7]}

03HA™A6G CKYU C6UT axmiueHuT olparuuera y T(t). Hexa je s3a ceaxo i € A, dynryuja g;(t,-)
KB8A3UKONKA6HA TO gpyilom apiymeny y T(t) ckopo ceyga y [0,T] uw wocmoju (5\,@()) €

R* x Loo([0,T); R™) wakas ga cy 3a c.c. t € [0,T] sagosomeru ycaosu

SNV E®) + > 0i(t)Vailt, 2(t) =0, (5.26)

jeJ iel
%:(t) >0, i € A, (5.27)

Bi(t) =0, ieT\ A, (5.28)
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25\:1)\>0 jed (5.29)
eJ

Axo je dynwyuja Y, ; 5\j fi(t,-) aceygoxonkaswa Go gpyiom aprymenty T(t) ckopo ceyga y
[0,T], onga je &(-) Hapetwo otmumanrro pewerve upobaema (BITHBI).

Jloxas. 3a duio Koje J0IyCcTUBO pereme (-) je
gi(t,x(t)) > gi(t,z(t)) =0, i € A, c.c. ma [0,T].
36or kBazukonkaBHocTu byHkiwmje g;(t,-) y Z(t) 3a i € A c.c. ma [0,T], umamo 1a je
Vgi(t,z(t)) (z(t) — 2(t)) >0, i € A, c.c. ma [0,T].
Kako je 0;(t) >0, i € A, c.c. na [0,T], nobujamo na je

> 6i(t)Vagilt, 2(t) (x(t) — 2(t)) > 0, Va(-) € Q, c.c. na[0,T]. (5.30)

€A

U3 (5.26) u (5.30) ciemu ga je

> NV E) (x(t) - 2(t) <0, Va(-) € Q, cc. ma[0,T]. (5.31)

jeJ

Kako je pynknuja . ; 5\j f;(t,-) mceymokoHKaBHa IO IPyroM apryMeHTy y Z(t) CKOpo cByza

y [0, T], umamo na je

D ONfit ) =) N fi(tx(t), Ya(-) €Q, cc. na[0,T].

jeT jed
Cnenn na je
/foj dt>/z/\f]tac ))dt Va(-) € Q.
jed jeJ
Haxue, z(-) je [lapero ontumanso pemteme npodsiema (BITHBIL). ]

Takobe, o BeJMKOr 3HaYaja je pasMaTpaTd W U3BECTU JIyaJHe TeopeMe 3a IOCMaTpaHu
podsieM. HeonxoiHu 1 JOBOJBHM YCJIOBH ONITUMAJIHOCTH JTOOWjEHH Y TIPETXOIHIM IIOTJIaB/bIMa,
cy J00pe Tojia3He TadkKe 3a TaKBO mcTparkubame. O oBome he Outu BuIlle pedn y HapeIHOM

TIOTJIABJBY.
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5.4 JlyamHocT y mpodjieMnMa BUINIEKPUTEPUjYMCKE ONTHMHU3AIlAje ca

HENpeKuJIHUM BpPEMEHOM

Teopuja ayasHocTH 3a MpOOIEME BUIIEKPUTEPHUjYMCKE OINTUMHU3AINje Ca HEIPEKUJIHUM Bpe-

MEHOM je m3ydaBaHa y pajoBuma [58,61,71,74,104,106,108|.

Y paxy [74], ayrop je mao aBa JyanaHa MoOJesa 3a IVIaJaK CJIydaj y3 J0JaTHe IPEeTIO-
CTaBKe reHepaJin3oBane KoHBeKcHOCTH. OBe jiyaJsiHe pe3ysrare je 10010 0e3 m3Boherba ycaoBa
ONTUMAJIHOCTH 3a JaTu 1mpodjeM. Jagman je y [104,106,108] odpaliusao u usseo onrumase
YCJIOBE U JIyaJiHe pa3y/TaTe 3a KJace TVIATKUX U HeTJIATKUX (DPAKITMOHUX TPOOJIeMa BUTIIEKPH-
TepHjyMCKe ONTHMU3AIje ca HenpeKuaHuM BpeMeroM. Kao mro cmo Beh momenysnu, y [58],
ayTopu Cy U3BeJu JiBa jayasHa mojena Mouga-Beuposor nu Bosdosor Tuna 3a Heryiarke mpo-
OJieMe y3 IPeTIOCTaBKe MHBEKCHOCTH, aJI Bel CMO HAITOMEHYJIH Y MPETXOJHUM ITOTJIaB/bUMA
na tu pesyararu wucy goopu. Oumsempa je 2010. rojamHe J0Ka3a0 Teopeme cjade u
jake JIyaJITHOCTH 3a HEIVIQ[aK MPOOJIEM ONTHUMHU3AIMje Ca HEIPEKUJIHUM BPEMEHOM, aji je
IIPUTOM KOPUCTHUO IOTPEITHY yOIIITeHy [OpIaHOBy TeopeMy aJITepHATHBE Y IMPENHBEKCHOM
KOHTeKCTy. HayKaJsiocT, JMPeKTHY MOCJIE/HILy OBe TeOpeMe KOPUCTHUIIN Cy U ayTopu y pajy [71]
3a U3BOhembe JyaJTHUX Pe3yJsiTara 3a OBe Kjace mpodsieMa. 300T cBera HaBEJIEHOT, TEOPUja J1y-

aJIHOCTU HUje Yy MOTIIYHOCTH IOKPUBEHA y JUTEPATyPH.

Y 0BOM TIOIJIaB/bY JIajeMo HOBe jyajiHe pesysrare 3a npodsiem (BIIHBTY), npumemyjyhu

yCJIOBE OIITHMAJIHOCTHU JIOOMjeHe y IIPETXOHOM IIOTJIaBIbY.

5.5 Moua-BeupoB ayas

Mou-Beupos jryas 3a npodsiem (BITHBTY) je dopmysncan na cienehu naunn (MB/I):

/OT ft u(t)dt = </0T f1(t,u(t))dt,...,/oT fk(t7u(t))dt) — inf;

mo. > NVfitult) + > wi(t)Vgi(t,u(t) =0, cc. ma[0,T], (5.32)
jeJ iel
wi(t)gi(t,u(t)) <0, wi(t) >0, i€, cc ual0,T], (5.33)
Z)\j =1, \; >0, j€J, cc. nal0,T], (5.34)
JjeJ

u(-) € Loo([0, T]; R™).

Y oBoM noryiaBiby iemo sokazaTu Teopeme ciade u jake gyasnoctu udmely nmpodiema (BITHBT)

u (MBJI).

Teopema 5.9. (Teopema caabe myannoctn) Heka je 3a cee gouyctuuse gynkyuje x(-) upo-
baema (BITHBT) u cee gouyctmuse (u(-), A, w(-)) upobaema (MBI), dynryuja ", wi(t)g;(t,-)
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keasukonkasna y u(t) ckopo ceyga na [0,T]. Axo je sagosomen jegan og caegehur ycrosa:

(1) A\j>0,Vied u Y . Afi(t,-) je uceygoxonrasna y u(t) cxopo ceyga na [0,T7,
(i) > es Aifi(t,-) je ctupoio uceygoronkasna y u(l) crxopo ceyga na [0, 7],
0Hga He BadHCU:
T T
| sttt = [ g umde vie (5.35)
0 0

HU

/OT fr(t, x(t))dt > /OT it u(t))dt sa nexo k € J. (5.36)

Joxas. 3a ceako x(-) € Q npodmema (BIIHBI') u caky momycruBy Tpojry (u(:), A, w(-))
npodiema (MB/I) umanmo ma je

w;i(t)g;(t,x(t)) > 0> w;(t)g;(t,u(t)), i € I, c.c. na[0,T].
[Tocne cymupama cieau j1a je

> wit)gi(t,x(t) > > wit)gi(t,u(t)) c.c. ma [0,7].

iel i€l

Kako je dynxmuja ) .., w;(t)g;(t,-) kpasukonkasna y u(t) c.c. na [0,7], onga je

Z Vw;(t)g;(t,u(t)) (x(t) — u(t)) >0, c.c. ma [0,T]. (5.37)

el

U3 yenosa (5.37) u (5.32), caequ na je

ZV)\jfj(t,u(t))’(x(t) —u(t)) <0, c.c. ma[0,T]. (5.38)

jedJ

Nurerparnujom nperxoire nejepnakocru ua [0, 7] qodujaMo jga Bazku

/ D VNSt u(t)) (x(t) — ult))dt < 0. (5.39)

0 jes

CaJia mpeTrocTaBuMoO CyIpoOTHO, Jia 3aIpaBo Bazke ucropeMeno ycjosu (5.35) u (5.36). Axo

je A; > 03acse j € J, onga ycnosu (5.35) u (5.36) AUPEKTHO UMILIAIEPA]Y Ja je

/OT )\kfk(t,ac(t))dt > /OT /\kfk(t,u(t))dt 3a HEKO k € J. (541)
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Hejennakocru (5.40) u (5.41) rakohe nupekTHO Jajy ja je

/O Z)\jfj(t,x(t))dt> /0 Z)\jfj(t,u(t))dt. (5.42)

s npernocraske (i), ( Y, Aifi(t, ) je nceymokonkasna y u(t) c.c. na [0,77), (5.42)

UMILIATIAPA

/Zw £t u(t)) (z(t) — u(t))dt > 0, (5.43)

JjeJ

IITO je y CympoTHOCTH ca npernocraBkoM (5.39). Cazma u3 npermocraske (ii), ( A; >0, j € J)

/Z)\fjtx dt>/ > At u(t) (5.44)

jeJ jeJ

Jooujamo Jia je

U M3 CTpore nceyoKoHKasHoCTH Y ey A f(¢,) v u(t) c.c. na [0,T], ycnos (5.44) nmmimpa

(5.43), mro je omer y CympoTHOCTH ca mnperrnocTaBkoM (5.38). O

Ilocnemuna 5.10. IIpetwitoctiasumo ga sasicu Teopema 5.9 crabe gyanroctiu usmehy gatwiux
apobaema (BITHBT) u (MBII). Axo je (u°(+), A% w°(+)) gouycmiuea wpojra upodbrema (MBJI)
waxea ga je u’(-) gouyctiusa sa upobaem (BIIHBT), onga je u°(:) Iapettio outumanrio

pewere upodrema (BITHBL) u (u®(), A%, w(+)) je Hapetio otumiumanro pewere upobaema
(MBJ).
Jloxas. Tlokazkumo 1pso ja je u’(-) ITapero ontumasnso pemmerse nmpodiaema (BITHBT).

[Tpermocrasumo Jia oBo Huje Tadno. Tanxa he mocrojarn momycrusa dynknuja (-)
npobsiema (BITHBI) raksa jna Baxe ycyiosu (5.35) u (5.36). Asu, tpojra (u’(-), A%, w°(+)) je
nonycruia 3a nupodsiem (MBJ/L). Omasze aupekTHO ciefu na pesyiararu Teopeme 5.9 ciade

JayajHocTu He Baxke. Jlodmin ¢cMO KOHTPAIUKITHA]Y.

OBo jupexTHO y3pokyje ga u’(-) mopa outu Ilapero onTUMasHO pelleme Mpod/aeMa

(BITHBI).

Hawe, npernocrasumo ga Tpojka (u’(+), A%, w’(+)) nuje [TapeTo onTuMaaHO pelierme JaTor
npobmema (MBJT). Cmaro Kao y HPeTXOHOM, TToCTojasta ou gomyctusa Tpojka (U(-), A, w(-))

3a (MB/I) rakBa 1a je

/OT fi(t,u(t))dt < /OT fi(t,ul(t))dt Vi € J, (5.45)

/0 fr(t,u(t))dt < /0 fu(t,u’(t))dt 3a nexo k € J. (5.46)

Ogo je y cymnpornoctu ca Teopemom ciade gayamnocru. Jaxie, caequ jga je (u®(+), A% w?(+))

[Tapero onrumasno perese podsema (MB/T). ]
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Cazia hemo y3 J10/1aTHE IIPETIIOCTAaBKE PEryJIapHOCTH OrPAHUYErha JOKA3aTh jaKy TeopeMy

JIYAJTHOCTH 3a HAIIl TIPOOJIEM.

Teopema 5.11. (Teopema jake jgyannoctu) Axo je u°(-) Iapetio outumanno pewerse Upo-
bnema (BITHBT') w yeaosu peryaaproctiu (MPYP) u (VPI') sagosomenu, waga woctmoju
(A%, wP(+)) € RF x Lo ([0, T); R™) @maxas ga je (u°(-), \°, w°(+)) gouyctiueo pewerve sa (MB]I).
Axo, wmaxobhe, sascu Teopema 5.9 caabe gyarnoctuu usmehy apodaema (BITHBIY) v (MB/),

onga je (u(-), A2, w®(+)) Iapewio outiumanrno pewere upodaema (MBII).

Jloxas. Kaxo je u’(-) Ilapero ontumasno pememe npodiaema (BITHBI') u sajoBosbenu cy
ycosu peryiaapaoctu orpanndesa (MOYP) u (YPT'), na ocaoBy Teopeme 5.3 u3 mperxomHor
IIOTJIaBJba, IIOCTOJU

(A, w?(+)) € RF x Lo ([0,T];R™) takas ma 3a c.c. t € [0, T] Baxke cienehu yciosu

D ONIVEEUO#) + ) wl () Vit u’(t) =0, (5.47)
jedJ el
wy (H)gi(t,u’(t)) = 0, wi(t) 20, i€l (5.48)
DA =1, A>0 jel (5.49)
jeJ

Haxkne, uz ycaosa (5.47) u (5.48), zakmyuyjemo ma je (u’(+), \° w°(-)) momycruso perere
npodsema (MB/I). ITapero onrumanmoct tpojke (u’(-), A%, w’(+)) mpodaema (MB/I) caga nu-

pekTHO caequ u3 [locaemume 5.10. O

5.6 Bouados myan

Boudos myan 3a npodiem (BITHBI') je dopmysnucan ua cienehin naaun (B/):

(/0 (fl(t, u(t)) +w(t) g(t, u(t)))dt, e ,/0 (fk(t, u(t)) +w(t) g(t, u(t)))dt) — inf;

SNVt ut) + > wit) Vit ut) =0, c.c. a0, T, (5.50)
jeJ iel
w;(t) >0, i €1, c.c. ma [0,7], (5.51)
> N=1, A>0, j€J, cc nmal0,T] (5.52)
jeJ

u(+) € Loo([0, T]; R™).

Y oBom noryiasiby hemo jlokazaru reopeme caabe u jake jyasnoctu usmely npodsiema (BITHBI')

u (B). Teopema ciabe jryajHocT BayKu y3 J0JaTHE MPETIIOCTABKE KOHKABHOCTH.
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Teopema 5.12. (Teopema ciabe pyannocrn) [pemitioctiasumo ga cy 3a c6e GoUYCTUGE
dynrxyuje x(-) apodnema (BITHBT') u cee gouycmuse (u(-), A, w(-)) apobaema (BA), dynryuje
fit,) wagit,:), i €I, j€ J, konkasne y u(t) ckopo ceyga na [0,T]. Axo sasrcu jegan og
caegehuz yeaosa:

(a) \; >0, VjeJ, uw

(6) > icr Mifi(t ) + X i wit)gi(t, ) je ctupoio xonkasna y u(t) c.c. na [0,T],

oOHgGa HE 6adHcu.

T
/ fi(t, x(t))dt Z/ (fi(t,u(t)) + sz gi(t, u(t)))dt Vj € J, (5.53)
0 0 icl
HU

T
/ fr(t,x(t))dt > / (fu(t, u(t) + sz gi(t,u(t)))dt sa mexo k € J. (5.54)
0 0

el

Hamnomena 5.13. Axo ne saoice ycaosu (5.53) wu (5.54) onga e eaorcu:

it x(t) > fi(t,u(t +sz gi(t,u(t)) Vj e J, cc. nal0,T], (5.55)
iel
HU
fr(t,x(t)) > fi(t,u(t)) + sz gi(t,u(t)) sa mexo k € J, c.c. na [0,T). (5.56)
icl

Jlokas. Ilpernocrasumo cynporno. Heka Baxe yciosu (5.55) u (5.56). Kako je z(-) mo-

nycrusa 3a (BIIHBI') u w;(t) >0, ¢ € I, c.c. na [0,T], umamo 1a je
w;(t)gi(t,z(t)) >0, i € I, c.c. ma [0,T].

[Tocne cymupama, umamo J1a je
Z wi(t)gi(tv x(t)) > 07
iel

a (5.55) u (5.56) mmmnnupajy ciesehe HejeHAKOCTH

(f]ta: +Zwl (t)gi(t, z(t )

el

(5.57)
(f]tu +Zwl )gi(t, u(t) ), Vj e J, cc. na 0,7

el
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(fk(t, z(t)) + ) wi(t)glt, w@)))

i€l

(5.58)
> (fk(t,u(t)) + Zwi(t)gi(t,u(t))) , 3aHeko k € J c.c. ma [0,T].
Us npernocrasku (a) u ) ; Aj =1, cieu na je
(Z At () + ) wit)gilt, ﬂﬁ(t)))
jeJ i€l (5.59)
> (Z A ) + Y wib)at u<t>>> .

Kaxko cy fi(t,-), j € J, u gi(t,-), i € I, xouxasue y u(t) c.c. ma [0,7] u XA = (Ar,...,\g) >0,
w(t) > 0 c.c. ma [0,T], cienn u3 (5.59) ma je

(S AVhtum) + 3wt Ve, u(t))l(a:(t) —u(t) >0, ce. ma [0,T].  (5.60)

jeJ iel

Osgo je y cynporroctu ca (5.50), ma (u(-), A\, w(-)) Huje momycrusa taduka mpodsema (BII).
CoIMvHO TPETXOHOM 3aKJByUKY, aKO Baxku mpernocraBka (0), kako je A > 0 u jesNi =1
c.c. Ha [0,T], u3 (5.57) u (5.58) caenu

Do NSt a(®) + ) wit)gilt,x(h)) (5.61)

jeJ i€l

> S f G u®) + 3 wit)gilt u(®)), c.e. wal0,T].

jeJ iel

U3 crpore korkapuocru (mpermnocraBka (0)) u Hejemnaxkoctu (5.61) ciemau

(Z NV F(Eu() + 3 wilt) Vgt u(t))'(a;@) —u(t)) >0, c.c mal0,T], (5.62)

j€J icl
ITo je oner y cynporHoctu ca ycaoBoM (5.50). OBUM ¢MO KOMILIETHPAJIN JTOKA3. [

JupekTHa 1mocjeiuia IpeTxoaHor je ciejiehe TBpheme.

ITocnegumna 5.14. Hexa saotcu Teopema 5.12 caabe gyanroctiu usmehy apodaema (BITHBI)
u (BI). Axo je (u°(+), \°, w°(-)) gouycmusa wpojra upodaema (BI), za wojy easicu

w?(t)g;(t,u’(t)) =0, i € I c.c. ma [0,T], (5.63)

u axo je u°(+) gouycmuea Pynruuja upodaema (BITHBT), onga je u®(+) Ilapetmio outumanto
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pewerve upodbaema (BITHBT) wu (ul(-), \°, w(:)) je Ilapetio otutiumanra wWpojra Upobrema
(BZ).
Jloxas. Tlokazkumo mpso ja je u’(-) Ilapero ontumasso permemse nmpodiaema (BITHBT).

I[Tpernocrasumo cynporHo, ga u’(-) nuje [Tapero onTumasHo permense npobsiema (BITHBT).

Tazma du nocrojasa gomnycrusa dyukiuja x(-) npodsema (BITHBI') taksa jna Baxku

/0 U b (L) > /O (a0t V) e (5.64)

/0 Ut ()t > /O U (00t mexo k€ . (5.65)

U3 npernocraske (5.63), ycaosu (5.64) u (5.65) mory ce manucarn Ha ciegehn HadwH

/OTfj(t,x(t))dt > /OT (fj (£ u(t) + > wl(t)gi(t, u’ ))) dt Vj e J, (5.66)

el

el

/OT fo(t, z(t))dt > /OT (fk (tu() + > wl(t)gi(t,u° ))) dt sameko k€ J.  (5.67)

A oBo je y cynpornoctu ca Teopemom 5.12. Taxie, (u’(+), A%, w°(-)) je ITapero onrumasmo

peremse mpodstema (B/I).

[Tokaxkumo caga ga je (u’(-), A%, w’(-)) ITapero ontumanno pememe mpodsaema (BJT).
[Ipernocrasuhiemo cymporuo, maa (u’(-), \° w’(-)) mmje [TapeTo onTmMasHO perneme IATOT

npobiema (BJI), Tj. ma mocroju momycrusa Tpojka (U(-), A, w(-)) mpodaema (BJI) Taksa ma je

/OT< t) + > wi(t)gi(t, ult ))dt

el

T
§/ (fjtu +Zw (t) g (t, u( )))dt,VjEJ,
0

el

(5.68)

/T<fktu )+ > wilt)gi(t, ult ))dt
0

el

T
</ (fktu +Zw )gi(t, u’( )))dt, 3a HeKO k € J.
0

el

(5.69)

U3 npernocraske (5.63), caenn ga ce yeaosu (5.68) u (5.69) cama mory 3anmcaru Ha cieaehn
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Ha4dMH:

/T<f]tu )+ > wilt)gi(t, ult ))dt
0

. icl (5.70)
< [ () a vie s
/T(fktu )+ > wilt)gi(t, ult ))dt
0 i€l (5.71)

T
</ (fu(t,u’(t))) dt, 3a neko k € J.
0

Kaxo je u’(-) momycrusa, oso nperxojno nporuspedn tephemy Teopeme 5.12. Oape 3aKby-

ayjemo na je (u’(+), A% w(-)) Iapero onTumanuo pememse mpodaema (BII). O

Teopema 5.15. (Teopema jake myasnnoctu) Axo je u°(-) Ilapetio outiumanrio peuwerse upo-
oaema (BITHBI) u ycaosu pewyaaprociu (MDYP), (VPT') cy sagosomenu, waga aoctmoju
(A0, wP(+)) € RF x Loo([0, T]; R™) @wakas ga je (u°(-), \°, w(+)) gouyctiueo pewerse upobaema
(BA) w 3a c.c. t €0,T] sascu

w(t)gi(t,u’(t)) =0, i€ 1. (5.72)

Iopeg wora, axo easrcu Teopema 5.12 caabe gyarnoctuiu usmehy apodaema (BITHBT) w (BO),

onga je (u°(-), \°,w°(+)) Iapetwio oumumanro pewere upodaema (BI).

Jloxas. Kako je u’(-) ITapero ontumasno permeme npobsiema (BITHBI), u yciosu pery-

J y y
ngapHoctu orpanndema (MOPYP) u (VPI') samoBosbenn, omma 3dor Teopeme 5.3 mocroju
(A0, w0(+)) € RF x Loo([0,T];R™) Takas ja 3a c.c. t € [0, T] Baxke yciosu

SNV 1) + Y wl(t) Vit u’(t) =0, (5.73)
jeJ iel
w; (£)gi(t, u’(8)) = 0, wi(t) 20, i €1, (5.74)
AN =1M>0 jel (5.75)
jeJ

Onasne zaxspyayjemo ma je (u’(-), A% w’(-)) momycruso pememe mpodmema (BJI). Takobe
je w?(t)gi(t,u’(t)) = 0, c.c. ma [0,T], i € I, u Bazku Teopema ciade ayamuoctu msmely
npodaema (BITHBI') u (BI). ITapero ontumanuoct Tpojke (u’(-), A% w(+)) npodmema (BIT)

cajza nupekTHO ciaean u3 Ilocaemnie 5.14. ]
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6 YcJioBU ONTUMAJIHOCTA U AYAJHOCT y INIATKUM
pPaMOHAJIHUM MpoOJjieMuMa OIITUMMU3AaIije ca

HelIpeKNnJI1H1MM BpeEMEHOM

V pasHuM npHMeHaMa HeJWHeapHOr IporpaMuparba, KOJUYIHHK JBe (PyHKIMje Tpeda 1a ce
MUHMMHA3Yje Wi Makcumusyje. OBakaB TUI ONTUMH3AIUE Ce y JIMTEPATYPHU OOMYHO HA3UBA
paruoHaHo (ppakiuoHo) nporpaMupame. JeaaH oj IPBUX MPODIeMa PAIMOHAHOL TIPOrpa-
Mupama (y KOHAYHO -JIMMEH3MOHUM [IPOCTOPUMA) jeé PABHOTEXKHU €KOHOMCKHU MOJIEJI KOjH je
upeioxkno Pon Hojman 1937. rogune y pasny [86]. OBaj momen 3ampaso je oapehusao crorry

pacTta TIpuUBpEJIE.

Kacuuje cy Yaprec m Kynep y [13| nokazamum na je moryhe smHeapHH panuoHaTHA
mpodJIeM CBECTH Ha IPOOJIeM JIMHeapHOr IporpaMupama Kopucrehu onpeleny nenmneapry
rparcdopmannjy. CKaaapHO PaUOHAJIHO IPOIPAMUpAbe je J00PO M3Yy9eHO Y IPETXOIHOM
BEKy, 0 4eMy cBejlode MHOIU pajoBu u MoHorpaduje. KacHuje cy nsyuaBaHu BUIIEKPUTEPU-
JYMCKU 1TpOOJIEMU Y KOHAYHO-IMMEH3UOHOM CJIy4ajy. Buine o mpeTxoaHnM UCTParKUBALUMA

MOKe ce TIoryeaTu y pajgosuma [6,8,11,40,41,43,81,85,87].

Y oBOj raBum pazMaTpaMoO PAIMOHAJIHU IIPOOJEM ONTHUMU3AIUje Ca HEIMPEKUIHUM Bpe-
menoM. [Ipodsrem MakcuMu3mpama (MaIn MEUHIMI3UPama) OJHOCA JBa peastHa hyHKIMOHAA,
ca CKyIIOM OTpaHUYeha, MO3HAT je Kao PAIMOHAJHY IIPOOJIEM OINTUMAJIHOT yipaBibama. OBa
KJIaca IMpodJeMa je BayKHa 3a MOJIEJIMPAIbe PA3IMYUTHX OJJIyKa M IIPOIeca U3 eKOHOMU]e,
Teopuje urapa u OlepallMoOHUX UCTPaxKuBarma. Takohe ce 4ecTo 1M0jaB/byjy Y HEKUM JIPYTUM
obJlacTUMa Kao IITO Cy HyMepHWdYKa aHau3a, MPOOJIEMU AIIPOKCHMAIIUje, JIOKAIIUjCKUA TPO-
OJIeMH, WHXKEHePCKU Ju3ajH u Teopuja uHdopmainuja. N3 HaBeleHUx passora, parmo-
HAJTHUM ITPOOJIEMIMA ONTUMU3AINje Ca HEIPEKUIHUM BPEMEHOM II0CBeheHa je BeINKa MMazKiba
y TOCJIETIbUX TPUJECET T'OJIUHA, IITO je Pe3yJITUPAJIO OOMMHOM JIUTEPATYPOM Koja ce daBu
IbUXOBUM TEOPHUjCKUM M HYMEPUYKUM aclekTuMa. Burre nundopmalimja nu3 oBe 00/1aCTU MOYKE
ce nahu y [30,44,60,78,80,90-92,101,103,107|. Hymepuuku aaropuTMu 3a periaBatbe JIIMHEe-
apHUX PAIMOHAJHUX MIPOOJIeMa ONTHMU3AIMje Ca HENPEKHIHUM BPEMEHOM NPUKA3aHU CYy Y

pajioBuma [88-92].

VY [80] cy mobujern KpuTepujyMu ONTHMAJIHOCTH 38 PAIMOHAIHU IPOOJIEM ONTUMU3AINje
ca HelpeKuJIHUM BpemeHoM. Yormrena Yapuec-KyrepoBa Tpancdopmaliija 1 KOHBEKCHOCT
Urpajy KJbydHy yJory y usBohemy oBux pesynarara. ¥ pagosuma [60,101] riasuu anaparu
kopurthern 3a n3Boheme yCIoBa ONTUMATHOCTH Cy Pe3yJiTaTu gooujern y pagosuma [10,98].
Mebytum, Beh cMo moKazaju y TPETXOJHUM IOIVIaB/bUMA Jla TU PE3YJITaTH HUCY TadHU.

Crora, HEKU Pe3y/ITaTi U3 IMOMEHYTHX PaJOBa, HAXKAJIOCT, TaKohe HUCY BAJIMIHU.

Hamr musp y oBOj ryiaBm je j00ujarbe HEOMXOAHUX W JIOBOJBHUX YCJIOBA ONTHMAJIHOCTH 33,

HeJITMHeapaH PAIlMOHAJIHU IIPOOJIeM ONTUMU3AIIN]e ca HEIPEKUIHUM BPEMEHOM.
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6.1 ®opmynarnuja mpodiieMa u OCHOBHE JepUHUIIAjE

Pasmarpajmo cienehn pamponaanu mpodJieM ONTHMU3BAIN]E Ca HEeIIePEKUTHUM BPEMEHOM:

Iy 9(t, (1)) dt
n.o. hi(t,xz(t)) >0, ieI={1,...,m} cc. na[0,T],
() € Loo ([0, T|; R"),
recy f:[0,T]xR* - R, g:[0,T]xR* = R, h; : [0,T] xR" — R, i € I nare byukuje. 3a
cBako t € (0,7, x(t) npencraspa k-ty Kommonenty ox z(t) = (z1(t),...,x,(t)) € R". Cpu

(®ITHB)

unrerpaju cy garu y JledberoBom cmuciy u ¢Bu Bektopu cy kosione. Ca B hemo o3nadasaTu

je/IMHIYHY OTBOPEHY JIONTY ca IeHTpoM y Hysm. Heka je
Qp ={z(-) € Lo([0, T|;R"™) : h;(t,xz(t)) >0, i € I, c.c. ma [0,T]}

CKYTI JIOIyCTUBUX pelera npumasiaaor npobiaema (PITHB). Heka je ¢ > 0. 3a 2(-) € Qp,

HaJla/be heMo MpeTIoCTaBUTH Jia je

/T Ft,2(t)dt >0 u /T gt & () dt > 0. (6.1)

Jo F(t2(t))dt
JF g(t,a(t))dt
nonyctuBy byHKIujy &(-) :

Heka je w = € Rt U {0}. IIpermocraBumo ja Baxe ciejehe mpernocraBke 3a

(a) @ynkimje f(t,-) u g(t,-) cy menpexuano mucepenrmjadumse y &(t) +eB  c.c. na [0,T].
Oyukuuje f(-,z) u g(-,x) cy Jleder mepsbuBe y x u nocroju peasan dpoj K > 0 Takas
Jla BasKu

IVf(t,2(t) — @Vg(t,#(1)|| < K c.c. ma [0,T],

(6) 3a cpako i € I, dynkmmja h;(t,-) je menpexuano mudepentujadumna y 2(t) + B c.c.
a [0,T]. 3a cBako i € I, dyukmmja h;(-, z(-)) je ecennmjanno orpanundena y [0,7] 3a
cBako z(+) € Lo([0,T],R™) u nocroju peasan dpoj H > 0 Takas ja je

IV hs(t, 2| < H, i € I, c.c. na[0,T].

6.2 HeonxomHu ycJjioBu

Y oBoMm mnorias/by pasmarpahemo meonxogme yciose 3a mpodsem (PITHB). Crenehu pe-

3yJITaTH HUCY JI0Caji Jodujeru y aureparypu Kaja je npodiem (PITHB) nedunrucan y
Lo([0,T];R™).
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Ba maro b > 0 u z(-) € Qp, o3nauaBahemo ca
L(t)y={iel:0<hi(ta(t) <b},

MHJIEKCHU CKYIl CBUX b-akTHBHUX orpanmdema y () € p, 3a cBako ¢t € [0,7]. 3a cBako

i € I, nedunummmvo byuxuujy 67 : [0,7] — R na ciaenehn madaun

5b(t> _ 1,7 € Ib(t)

0, nnawe.

[IpBo hemo m3BecTm onrTuMajHe yCjJIOBe 3a MOMONHHU CKaJapHU MMPOOJeM. 3a CBaKO w €

R* U {0}, pasmarpajmo nomolinu mpobsem:

/0 (F(t 2(8)) — wg(t, 2(t))) df — sup;
n.o. hi(t,z(t)) >0, i €1, c.c. ma [0,7]. (Cllw)

Caeneha nema naje Besy mamehy mpodiema (PIIHB) u (Cllw), w urpa Kiby4Hy ysaory y

JOKa3uBalby IVIABHOI pe3yJITaTa y OBOM IIOIJIABJBY.

JIema 6.1. Axo je (-) € Qp otwumanno pewerve upodaema (PITHB) onga je () outmu-

maano pewerve upobaema (Cllw), 7ge je

W = max

s0cer (gt x(t))dt [ g(t, 2(t)) dt

Jloxas. TlpernocraBumo ma Z(-) Makcumusyje

Jo f(t (1)) dt
Jo g(t (1) dt

aJl He MaKCUMU3Yje
T
|ttt = dgleate)) .
0
Onja nocroju Z(-) € ) Taksa Ja je

0= / (F(t, 5(1) — gt &(1))) df < / (F(t.2(0)) — og(t, 2(1))) dt.

Cnemn na je

8l

fOT f(ta

)t _
fOT g(ta

Wyd

8l
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OnaBie 3ak/bydyjeMo Jjia W Huje MakcumasHa Bpegnoct npodsiema (PIIHB). Oso je y

CYIPOTHOCTH Ca IPETIIOCTABKOM Jia je W MaKCHMaJHa BPEIHOCT, Ia 3aK/bydyjemo ma Z(-)

MaKCUMU3Yje ,
/0 (F(t,2(t)) — dog(t,(t)) dt.
[]
Heka je
bo(t,6) = / (VF(t,2(8) — @Vg(t,#(1))) €di <0,
G1(6,€) = — (£, 2(8)) — 82()Vha (£, E(8))E <0,
(6.2)

Sm(t, ) = = hun(t, 2 (1)) = 0, () VI (8, 2(1))'€ <0,
£ eRY,

cucreM Koju oxrosapa npodiaemy (Cllw), Iy ={0}U I un
I(t,€) = {i: ¢i(t,§) = max At €)}, te[0,T], R

Hedbunuuuja 6.1. Yeaos perysaproctiu (YPD) cuctuema (6.2) je 3agosomen arxo Goctmoju
dynryuja () € Lo ([0, T]; R™), peasnu bpojesu R > 0 u a > 0 waksu ga 3a c.c. t € [0,1]
u 3a ceaxo & € R", 3a xoje je || — Z(t)|| > R, wocwoju jequruvnu sextop e = e(t, ) € R™,
KOJU 3040605460 YCN08

(Ocgi(t, €),€) > a Vi € I(t,€). (YPD)
VYBeanMo cajia yCJIoBe PEryJIapHOCTH 38 (PYHKINje OTPAHUYIEHhA.

Hedbuunuuja 6.2. Kaorcemo ga je y Z(-) 3agosonmer ycaos perysaprociiu 0TPAHUMEHA
(MOYP®D) sa payuonasnu apobsem (PITHB), axo woctoju dyrruyuja () € Loo([0,T]; R™)
wb >0 maxsa ga je, 3a c.c. t € [0,T),

Vhi(t,5(0)5(0) = 8, i € L), (MOYPD)
3a nexo B> 0.

Y HapemHOM TBphEY JIajeMO HEOIIXO/HE YCJIoBe eKcTpemyMa, 3a npobiem (PITHB).

Teopema 6.2. Hexa je &(-) outumanno pewere upodaema (PIIHB). Hexa cy upetnuo-

cmaske (a), (6) u (MOYPD) sagosomene y &(-). Axo je 3agosomer ycao8 perysapHoCi
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(YP®), onga toctioju A(-) € Lo([0, T];R™) waxsa ga 3a c.c. t € [0,T] savsice ycaosu

T

/0 ot 2(1)) AtV F(t,a(8) — [ F(t5(8) deVg(t, 2(1))

(6.3)

(6.4)

Joxas. Kako je Z(-) onrumasnno periemse npodiema (PITHB) onpa, na ocuoy Jleme 6.1,

z(+) je onrumamnso pemere npodiema (Cllw). Omnma wa ocnoBy Teopeme 3.5. u3 pama [53],

nocroju fi(+) € Ly ([0, T];R™) Taksa 1a Baxke yCJIoBH

VIt () — DVg(t, &(t) + Y u(t)Vhi(t, 2(t)) =0 c.c. na [0,T],
iel
i (t)hi(t,z(t)) =0, i€l cc. nal0,T],
f;(t) >0, i €I,cc. mal0,7],
rje je

o S () dt

MuoxkemeMm cBux jegnakoctu y (6.5) u (6.6) ca

/0 g(t,z(t)) dt

1 CTaBJ/balbeM

J1001jaMo
/0 g(t, &(1)) dtV f(t, 2(t)) — /O f(t,2(t)) dtVg(t, 2(t))
+>  Xi(t)Vhi(t, #(t) = 0 c.c. na [0, 7],

Xi()hi(t, 2(t)) =0, \i(t) >0, iel,cc nmal0,T]

OsuM cmo KOMILJIETUPAJIN Halll JOKa3.

(6.5)

(6.6)

(6.7)

]

Hanomena 6.3. Hexka je 3a ceaxo i € I, dpynryuja hi(t,-) xonkasna cxopo csyga wa [0,T].

Kaotcemo ga je 3agosowen youwiter Caejiiepos ycaos perysaprociiu (CYPD), axo toctmoje
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z(-) € Qp u b > 0 wakeu ga je 3a ckopo céaro t € [0, 7],
hi(t,z(t)) > B, i€ Ii(t), (CYPOD)
3a nexo B> 0.

Beli cmo criomenyiu na je y pazy [53], mokazano na je yourmrrer CiejTepoB yCJioB I0BOJbAH

a (MOYP®) y3 npernoctaBKy KOHKABHOCTH.

IMocnenunia 6.4. Hexa je (-) outiumanro pewerve upobaema (PITHB). IIpetwtoctmasumo
ga je 3a ceaxo i € I, Pynxuyuja hi(t,-) xonxasna cxopo ceyga y [0,T]. Axo cy sagosonmere
apemaocmaske (a) u (6) y &(-), kao u yeaosu (YPD®) u (CYP®D), maga tocmoju A(-) €

Lo([0,T]; R™) waxea ga 3a ckopo ceako t € [0,T], saorce ycaosu

/0 ot &()) AV [ (1, / F(t, 2 (8)) deVg(t, (1))

iel

(6.8)

Xi(B)hi(t, 2(t)) =0, \i(t) >0, iel. (6.9)

Kao ninycrparmujy, pasmarpahemo napeiHu ipuMep.

IIpumep 6.5.
Ta)) = § e
(IT) hi(t,z(t)) > 0 c.c. Ha [O, 1],

ho(t, z(t)) > 0 c.c. ma [0, 1],
2(-) € Loo ([0, 1J; R),

rae je f(t,x(t)) = 2t+2—2%(t), g(t, z(t)) :== D, hy(t,2(t)) := 2(t), ho(t, x(t)) := t+1—2(t).

Ha ocnoBy Heonxomuux yciaoBa 3a c.c. t Ha [0, 1] umamo cucrem:

1 1
_2a (1) / ¢#0 gt — ¢ / (26 42— 32(1)) dt + () — Ao(t) = 0, (I)
0 0

M(D)2(t) =0, (IT) (C)
Xa(t) (b 41 —2(t)) =0, (IIT)
Ai(t) >0, Ag(t) > 0. (IV)

Ha ocHoBy ycsoBa kKomIuieMenTapHocTu pasmarpaliemo 3a c.c. t Ha [0, 1] caenelie ciyuajese:

(a) Ai(t) = Aa(t) =0,
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A~

() \i(t) =0, As(t) #0,
(H) 5‘l(t) 7& 07 ;\2(t) = 07

(z) 5‘1(t) # 0, 5\2(75) # 0.

e Pasmarpajmo mpso ciydaj (a). Pemasamem npse jemnaumbe curema (C), mobujamo
pememse Z(t) = 3 u J(Z(t)) = 0, mehyrum Z(t) = 3 Huje momycrusa dyHKIMja, a 0Ba]
cayuaaj muje moryh. JIpyro perneme Koje 3aj0BosbaBa jejnadauny (I), 3a ciydaj (a), je
Z(t) = —1, aju CAMYHO KAO y IPETXOJHOM, OHO HHje JOIyCTUBO Ia Taj CJIydaj Takohe

HHje Moryh.

e Pasmarpajmo caza ciay4uaj (). Hobujamo na je 3a c.c. t ma [0,1], 2(t) = t+ 1. 3amenom

y upBy jeanaudnny cutema (C) modujamo 1a 3a c.c. t Ha [0, 1] Baxn

1 1
—2(t+1) / etdt — ettt / (2t +2 — (t+1)?) dt — Xo(t)
0 0

9 .
=—2(t+1)(e* —e) — ge”l — Xao(t)
=0.

Ha ocnoBy nperxosse dhopmyiie gobujamo na je 3a c.c. t wa [0, 1]
2 2 i
Ao(t) = — | 2(e —e)(t+1)+§e <0

mro je wemoryhe 36or (IV). Ila ciyuaj (6) Takohe Huje moryh.

e Pasmarpamem ciayuaja (1r), Ha ocHOBY jenuaunse (IV'), nodujamo na je 3a c.c. t va [0, 1]
Z(t) = 0 omTuMaJsiHO perierbe. 3ameHoM y jemnnaquny ([), modujamo na je 3a c.c. t Ha
[0,1]

1
_/ (26 + 2)dt + Ay (1) = 0,
0

OJIaKJIe CJICIU 1A je 5\1(75) = 3, ma cy 3a c.c. t Ha [0, 1] HEOIXOMHU yCIOBU 33 I0BOJHEHN

3a A(t) = 3 1 Ay(t) = 0 u omrrumasma speauoct je J(&(t)) = 3.

e Ha cimuan mauwH, Kao 3a ciay4aj (0), modujamo ma je ciaydaj (1) Takohe memoryh.

Ha ocuoBy nperxozsor, ounrsenno je Z(t) = 0 onrumasno pemierse npodiaema (I1) u

L(t)={1}szab= 1. Ounrzeano je
Vf(t,z(t)) =0, Vg(t,z(t)) =1, Vhi(t,z(t)) =1, Vha(t,z(t)) = —1.
Yamumo J(t) = % cc. ma [0,1] m g = % Cnenu na je

> [ c.c. ma [0,1].

N | =

(Vhi(t,2(t))) 3(t) =
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Haxie, 3amoBosben je ycio (MOYP®). Tlokaxkumo caja Jia je 3aJ0BOJbEH YCJIOB Pery-

napaoctu (YP®) onrosapajyher cucrema. Yamumo § € R. 3a c.c. t € [0, 1], Heka je

Kaxko je

‘é‘ = max{f, _5}7

MaMo J1a je
{1},3a £ <0
{0},3a >0

I(t7 é) =

u {2} ¢ I(t,€).

Yenos perynapaocru (YP®) cucrema

$1(t,§) = =€ <0, (6.10)

jeBa,ILOBOJI)eHSa:Z'EO,R>O,a:%I/I
ec=132&>0
ec=-13a¢<0

3a c.c. t Ha [0, 1].

Bancra, IUPEKTHOM IIPOBEPOM 3aKJbYIyjeMO Jia je:

o (0:po(t,€),e) =3>a,3a& >0,

o (9:01(t,€),¢) = 1>, 50 € <0,

6.3 /loBoJbHU yCJIOBU

Cureniehu pesynraru J1ajy J0oBoJbHE ycjoBe onrtumasiHoctu 3a npodsem (PIIHB). Tokasu
IJIABHUX TeopeMa Ouhie dasmpaHu Ha MPETIIOCTaBKaMa KOHKABHOCTH, KOHBEKCHOCTH U T'eHepa-

JIN30BaHE€ KOHKaBHOCTMH.

Teopema 6.6. Hexa Goctuoju gouyctuso pewerve &(-) upodnema (PITHB) u
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A(-) € Loo([0, T); R™) wansa ga 3a ckopo ceaxo t € [0,T), easce ycaosus

/ olt, #(1)) AtV £ (8, 3(8)) — / F(t5(6) deVg(t, 2(1)) o
0 0 60.11

N hi(t,2(8) =0, N(t) >0, iel. (6.12)

Axo je ¢ynxuyuja f(t,-) wowkaena wo gpytom apiymeny y I(t) crxopo ceyga na [0,T],
dynruuja g(t, -) Koneexcra o gpytom apiymentay y I(t) ckopo ceyga y [0,T] u Zlel (O hi(t,-)
K6a3UKOHKA6HA TO gpylom aptymentty y (t) cxopo ceyga na [0,T], onga je &(-) ou@umanto

pewerve upodaema (PITHB).

Jloxas. Kaxko je x(-) € Qp u Baxku (6.12), 3ak/byuyjemo ja je

A~

Xi(t)hi(t, z(t)) > Xi(t)hi(t,ﬁs(t)) =0, i€l, Vz(-) € Qp c.c. ma [0,T].
[Tocsie cymupama, nmamo ciejehy HejeHaKoCT

D Nt x(t) = Xi()hi(t, 2(t)), Va() € Qp c.c. na [0,T). (6.13)

i€l el

Kako je dynkruja ). ; Xi(t)hi(t, ) kBasukonkasua y Z(t) cxopo csyma ua [0,7], u3 (6.13)

cJIesIa J1a je

> N Vhi(t,2(t)) (x(t) — 2(t) > 0, Va() € Qp, c.c. ma [0,T). (6.14)

icl

13 (6.11) u (6.14), nodujamo na je

</0Tg( z(t)) dtV f(t, / ft,z(t)) dtVg(t, z(t ))>/($(t) —2(t)) <0,

V() € Qp, c.c. ma [0,7].

CraBipameM

(&) = / o(t, 2(t)) dt

o(2) = / F(t, (1)) dt

MIPETXOHA HEjeTHAKOCT Ce MOXKe 3aIlCcaTH Ha cjejehn HAauIuH

(V(@)Vf(t,2(t) — o(&)Vy(t, @(t)))’(a;(t) —2(t)) <0, Vo(-) € Qp c.c. ma [0,T].
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Kako cy dyuknuje f(t,-) u —g(t,-) xkoukasse y Z(t) ckopo cByzna Ha [0, 7T, ¥(Z)
u p(&) >0, cnequ ma je
KOHKaBHa y Z(t) ckopo ceyna Ha [0,7T]. Hakie, mmamo Jia BaxKu

V(@) f(t,2(1) — (@)g(t, z(t) — V() f(t,2(2) + ¢(2)g(t, 2(t)) <0,
V() € Qp, c.c. ma [0,7T].
Wurerparmmjom nperxoaae nejennakocru ua [0, 7], modbujamo

/O (@) f(t 2()) — @(@)g(t,2(8))) dt <0, Va() € Up.

CpebuBameM mperxoaHe HejeTHAKOCTH, CIeIN 13 je

$(3) / £t 2(t)) dt < p(2) / glt, x(t)) dt, V(") € Qp.

Je/berbeM TIpeTxo/iHe HejeITHAaKOCTH Ca,

A MLﬂﬂMaég@j@Wﬁ

cjaeau

fff(t, _ Jo i) dt
foT g(t, x( fo

Haxie, Z(-) je onTUMAIHO pellere IpodeMa (CDHHB).

Vx() € Qp

>0

]

Hedunummmo cana, 3a ckopo cako t € [0, 7], HHIEKCHE CKYII CBUX AKTUBHIX OTPAHIICHa

y Z() € Qp na ciaenehn nadun

A(t) = {i €I : h(t,2(t)) = 0}.

Crnenehn cingaH TPHUCTYI JIOKA3UBAaMha MIPETXOIHE TeopeMe, JT00MjaMO JTOBOJHHE YCJIOBE 33

upodsiem (PITHB) Ge3 ycioBa KOMILJIEMEHTAPDHOCTH.

Teopema 6.7. Hexa je i(-) gouycuso pewere tpodaema (PIIHB). Hexa je dynxyuja

hi(t,-) keasuronxasna 3a ceaxo i € A(t) wo gpyiom aprymeniiy (t) cxopo ceyga y [0,T] u

TOCTUOJU 5\() € Loo([0,T]; R™) waxsa ga cy 3a ckopo ceéako t € [0,T] 3agosonrenu ycaosu:

/0 ot &(t)) AV [ (1, / F(t,2(8)) deVg(t, (1))

iel
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Ai(t) >0, i€ A(t), N(t) =0, i eI\ A(t). (6.16)

Axo je Ppynryuja f(t,-) wowkasna wo gpyiom apiymenwy y T(t) ckopo ceyga na [0,T] u
dynruyuja g(t, ) Koneexcna wo gpyiom apiymentuy y &(t) ckopo ceyga na [0,T], onga je z(-)

outmumarno pewere upobaema (PITHB).
Jlokas. 3a duito Kojy monycruBy GyHKIH]Y z(-), BaXKH

hi(t,x(t)) > hi(t,z(t)) =0, 1 € A(t), c.c. na [0,T].
Kako je dyukimja h;(t, ) KBa3UKOHKABHA, UMAMO JIa je

Vhi(t,z(t)) (z(t) — 2(t)) > 0, i € A(t), c.c. ma [0,T].
Kako je \;(t) > 03a i€ A(t), c.c. na [0,T], cieqn ga je

> MOVt 2()) (z(t) — &(t)) > 0, Va() € Qp c.c. ma [0,T). (6.17)

1€A(L)

U3 ycaosa (6.15) u (6.17), modujamo 1a je

</0Tg( z(t)) dtV f(t, / ft,z(t)) dtVg(t, z(t )>>/($(t) — 2(t)) <0,

V() € Qp, c.c. ma [0,7T].

CraBipameM

0

IIPETXO0/THA HEjeIHAKOCT Ce MOKe 3aIMCATH Ha cJiejiehm HavIuH

!/

(V(@)Vf(E,2(t) — 0(2)Vg(t, 2(1))) (x(t) — &(t)) <0, Vz(-) € Qp, c.c. ma [0,T].

Kako cy dyukuuje f(t,-) u —g(t,-) konkasue y Z(t) ckopo cyma Ha [0,7], ¥(Z) > 0 u
©(Z) >0, cenn ma je () f(t,-) — p(2)g(t,-) xoukasua y Z(t) ckopo csyua na [0,7]. Kaoy

nokazy Teopeme 6.6, 3aKk/bydyjeMo Ja BaxKu

P(@)f(t,x(t) — o(2)g(t, 2(t) — (@) f (2, 2(F) + o(2)g(t, £(t)) <0,

Vz(-) € Qp c.c. va [0,T].
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Wurerpamnujom nperxosne Hejennakoctu Ha [0, T, modujamo na je

Jo Sa@®)dt _ [y (1)) dt
Jo gt e@)dt — [ g(t,2(1)) dt

y V$<) € QP.

To je Z(+) onrumasnHo pemniewe npodbiaema (PITHB). O

6.4 Bouados ayan

Y oBowMm 1orJIaB/by hemMo yBecTH IpPBH JyajaH MOJEJ U J0Ka3aTu TeopeMe ayajgHoctu. Heka
je
T
QDI = {(u()7 )‘()) S LOO([Oa T]7Rn X Rm) : / g(tvu(t)) dtVf(t,u(t))
0
T
- [ Fte ) deva(tu) + S AOVh(E () = o
0

i€l

Ai(O)hi(t,u(t)) =0, A\i(t) >0, i €1, c.c. Ha [O,T]}.

Pasmarpajmo cienehu mgyanan momesn npodiema (PITHB):

S Ftu(t)) dt
Jo 9t u(t)) dt (BJOIIHB)
mo. (u(-),A()) € Qp,,

rze je Qp, ponycrus ckyn npodsema (BJIDITHB).

Teopema 6.8. Hexa cy z(-) u (u(-),A(:)) pegom gouycmusa pewera upodaema (PITHB) u
(BA®IIHB). IIpewaoctuasumo ga je dynkyuja f(t, ) Konkasha o gpytom apiymenity y u(t)
cxopo ceyga y [0,T], dynryuja g(t, ) xonsexcrua o gpytom aprymentny y u(t) cxopo ceyga y
[0, T] u pynryuga Y, Xi(t)hi(t, -) xeasuronkasna o gpyiom aprymentiy y u(t) cxopo ceyga
y [0,T). Taga saorcu

Jo fEa@)dt _ [ f(t u(t)) dt

Jo ot x@®)dt — f) g(t,u(t) dt

Joxas. Kako cy z(-) u (u(-), A(+)) pemom momycrusa perrera npodsiema (PITHB) u (BJPIIHB),

OHJTa je

[Tocne cymmpama nMamo 1a je

D iRt x() = > Xi(D)ha(t,ult)), c.c. ma [0, 7). (6.18)

i€l el
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Kako je dyukiuja

> Nilt)ha(t

KBa3MKOHKaBHa y u(t) ckopo cByzna y [0, 7], u3 unejexnaxocru (6.18) ciaenn a je

D Xt Vhi(t,u(t)) (z(t) — u(t)) >0, cc. na [0,T). (6.19)

el

Kaxko je (u(-),A(+)) € Qp, u Baxu vejeauaxocr (6.19), caenn ja je

</0Tg( u(t)) dtV f(t, u(t / flt,u(t)) dtVg(t, u(t )))l(g;(t) —u(t)) <0,
c.c. ma [0,7].

CraBumo 12 je

:Afwmmﬁ

Ca/ta ce peTxo/IHa HEjeTHAKOCT MOYKE 3aIUCaTh Ha cjiegenn HadImH

(d}(u)Vf(t, u(t)) — o(u)Vy(t, u(t)))/(x(t) —u(t)) <0, c.c. mna[0,T].

Kako cy dyuknuje f(t,-) u —g(t,-) konkasue y u(t) ckopo cyma Ha [0,7], ¥(u) > 0 u

@(u) > 0, CIMYHO KAO y TPETXOIHOM TIOTJIaBsby, (DYHKIM]ja

P(u)f(t,-) — p(u)g(t,-)

Mopa duTH KoHKaBaHa y u(t) ckopo cByzma Ha [0, 7.

OnaBe je

P(u) [t x(1) = p(u)g(t, (1)) = P(u) [t u(t)) + e(u)g(t, u(t)) <0, c.c. ma [0,T].

Nurerpanujom nperxone Hejennakoctu Ha [0, T] nobujamo na je

Agmmmﬁlfwamﬁ—lfmmmﬁlgwamﬁsa
/0 g(t,u(t))dt /0 F(t,2())dt < /0 Ft,u(t))dt /0 g(t, z(t))dt.

Tj.
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lepemeM JieBe U JiecHe CTPaHe NIPEeTXO/He HejeJHAKOCTH Ca

/Og(t,u(t))dt/o g(t,x(t))dt

J1001jaMO KOHAYHO

Jo f(ta®)de _f) f(tu(t)) de
I gty de ~ [) g(t,u(t)) dt

IIITO je U TpedaJio JIOKA3aTH. [

Y

Teopema 6.9. Hexa je &(-) outiumanro pewerve apodoaema (PITHB). Hexa sasrce upetutio-

cwaske (a), (6) u nexa cy 3agosomenu (MOYP®) y z(-) u ycaos peryaaprocmiu (YPD).

Axo cy 3agosomenu ceu yeaosu Teopeme 6.8 3a cee gouycmuse gyrryuje upoorema (PITHB),

onga toctioju N(-) € Loo([0,T];R™) wakea ga je (#(-), (")) outumano pewere wpodrema
(BA®IIHB) u sasrcu

T T

Jo f@t,x(t))dt . Jo St u(t))dt

max =  min = :

(e [Cg(t,x(t))dt @OADD, [ g(t, u(t)) dt

Jloxas. Kaxko je Z(-) onrumasnno pemere npodsiema (PITHB), zakmyayjemo uz Teopeme 6.2
1a nocroju A(-) € Lo ([0, T]; R™) Taxsa xa je 3a c.c. t € [0,T],

| sty avseae) - [ rea) avat )
0 o (6.20)
+) M) Vhi(t, 2(t) = 0,
Nt 2() =0, A\(t) >0, iel. (6.21)

Bak/bydyjeMo ga je (:%(),5\()) € Qp,. U3 Teopeme 6.8 cieau jia je JOIMYCTUBO PEIEHHE
npodsema (OITHB) 3anpaso onrumaiso perierse mpodiaema (BIADITHB). lakie, onrumasite
speauaoctu npodiema (PITHB) u (BAPIIHB) cy jennaxe. O

Teopema 6.10. Hexa cy Z(-) u (ﬂ(),)\f)) pegom owmumanna pewersa upodorema (PITHB)
u (BADIIHB). Axo je ¢pynxuyuja f(t,:) xonxasma Go gpyiom apiymenitiy u(t) ckopo ceyga
na [0,T], dynrkyuja g(t,-) xonsexcna o gpyiom aptymeny y u(t) cxopo csyga y [0,T]
u pynryuga Y, Xi(t)hi(t, ) weasuronkasna Go gpyiom apiymentiy y 4(t) ckopo ceyga na

[0,T], onga apobaemu (PITHB) v (BAPIIHB) umajy uctia ottiumarna pewersa.

Zloxas. IIperniocraBumo cynporno. Heka je

() # al-). (6.22)

113 Teopeme 6.9 ciaemu aa mocroju A(-) raxsa ga (&(-), A(+)) HpescTaB/ba OUTHMAIHO Pellerhe
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upodsema (BAPITHB) u Baxn

Oi ft, @) dt OZ f(ta(t)) dt (6.23)
Cotawydt [ g(t () dt

Onga na ocuoBy Teopeme 6.8, 3a cBe gomycruse z(-), (u(-),A(-)) npodmema (PIIHB) u
(BADIIHB), umamo ma Baxku

Jo fta@)dt _ ) f(tutt)dt
Jo att.x(@)dt ~ i g(t, ut)) dt

Caza, u3 npernocraske (6.22), Mopa dutn

T

o ShE()dt o f(t () di
o gt a(t)dt [ gt a(t))dt

Oso je y cymporroctu ca (6.23). Haxse, mpobiemu (PITHB) u (BA®PIIHB) umajy ucra

OITUMAaJIHA PeElIeHa. O]

IIpumep 6.11. Kao uayctupavyujy hemo pazmatmpatuu caegehu gyanan moges (JIP1)
apodbaema (I1) :

T — inf;
o er® dt
1 1
wo. —2u(t) / 1) g — () / (2t +2 — u2(t)) dt
0 0
+A1(t) — Aa2(t) =0, c.c. ma [0,1], (J101)

Xi(t) >0, i1 =1,2, c.c. ma [0,1],
() € Lo ([0, 1 R), (Ai(-), Aa(1)) € Loo([0, 1]; R?).

I~

Csu ycnoBu Teopeme 6.9 cy mcnymenn. Jlako ce mposepasa nma je 3a c.c. t € [0,1],
(@(t), A1 (t), Ao(t)) = (0,3,0) onrumaso pememe nperxoauor mpodiema. Taxobe, mpodiemnu

(IT) u (J1P1) umajy ucre onTuMasHe BPEIHOCTH.
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6.5 Jlarpam>koB ayaJt

YV oBoMm noryiaB/by hemo yBecTu u pa3Marparu JApyru jgayanan mojen. Heka je
SHEZ{QNLAO)ELMQ&T%R”XRm):

/OTg(t,u(t)) (wm )+ 3 A Vhtu)))

el

_/T< ZA )dth(tu())SO,

el

N(O)hi(t,u(t)) <0, A(t) > 0,0 €1, cc. ma [O,T]}.

Pasmarpajmo crenehu Jlarpanzkos myan npodsema (OITHB):
T
fo (f(ta u(t)) - Zie] )‘z(t)hz(t7u(t))) dt N inf;

17 g(t,u(t)) dt (JIIPITHB)
mo. (u(:),\()) € Qp,,

rie je Qp, nomycrus ckyn npobiema (JIIPITHB).

Teopema 6.12. Hexa cy z(-) u (u(-),A(:)) pegom gouycwusa pewera upobaema (PITHB)
uw (JIAPITHB). Ilpewtocmasumo ga je dpynrkuyuja f(t,-) xonkaeHna o gpyrom apiymeHiny y
u(t) cxopo csyga na [0,T], dynkuyuja g(t,-) xoneexcna wo gpyiom apiymeny y u(t) ckopo
ceyga wa [0, T u Pynryuja

Y i Mi(t)hi(t, -) wasazukonkaena o gpyiom apiymeniny y u(t) ckopo ceyga wa [0,T]. Onga

6aIHCU

Jy Sta)dr _ J7 (16 zmm( u(t))) dt
Ji 9(t.a(®) fo

Joxas. Kako cy z(-) u (u(-), A(+)) pemom momycruse dpyukuuje npodsiema (OPITHB) u
(JIAPIIHB), umamo ga je

Xi(O)hi(t, z(t)) > 0> N(t)hi(t,u(t)), i €1, c.c. ma [0,T].
[Tocyie cymuparma, Jlajbe BaxKu

Z)\i(t)hi(t,x(t)) > Z/\i(t)hi(t,u(t)), c.c. na [0, 7). (6.24)

CraBumo



Kako je dyukiuja

KBa3uMKOHKaBHA y u(t) ckopo cByga Ha [0,7], uz yciosa ¥(u) > 0 u (6.24) aupekTHO Cireu
Ja je

) (u) 2}: A (8)Vh(t, u(t)) ((t) — u(t)) > 0, c.c. na [0,T]. (6.25)
Kaxo je (u(-), A(-)) € QZ 13 (6.25) miano 1a je
W)Vt ut) — p(u)Vg(t, u(t) — n(u)Vg(t,u(t))) (@(t) —u(t)) <0, c.c. ma[0,T].
TIpeTXO/{HA HejeHAKOCT Ce 3AIPABO MOZKe 3AIHCATH Y 0B/IIKY

W)Vt ult) — (p(u) +n(w) Va(t,u(t))) (x(t) —u(t)) <0, c.c. ma [0,T].

Kako cy dyukmmje f(t,-) u —g(t,-) konkasHe y u(t) ckopo cByna Ha [0, T'], u3 yciosa 1p(u) > 0
u n(u) > 0 crenn 1a je

Y(u)f(t, ) — (e(u) + n(u)) g(t,-) xoukasua y u(t) c.c. mal0,T].
N3 nmpernocraBke KOHKABHOCTH MMaMO JIa je

P(u) f(t,2(t) = (p(u) +n(u))g(t, x(t) — »(u) f (£, u(t))
+(p(u)n(u)g(t, u(t)) <0 c.c. ma[0,T].

Wurerpamnujom nperxone Hejepnakocru Ha [0, T, nobujamo

/O ' g(t, u(t)) di / ' Ft, z(t)) dt
_/ ( Z)\ ) dt/OTg(t,x(t))dt
/ Z)\ /OTg(t,x(t)) <0.

U3 (6.1) u mejesnakocTn

/ZA ))dt <0
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JUPEKTHO CJIEJH Jia je

/Og(t,u(t))dt/o f(t,x(t))dt

T T (626)
—/ )= Ni(t) (t)) dt/ g(t,z(t)) dt < 0.
0 i€l 0
Hememem nperxosiae Hejeanakoctu (6.26) ca
T T
| sttty [ gttty
0 0
J1001jaMo
T
Jo [ _ o EzeM() it u(t))) dt
J 9 dt fo dt
IIITO je U TpedaJio JTOKA3aTH. O

Teopema 6.13. Hexa je Z(-) outtumanrro pewerve upodbaema (PITHB). Hexa saoice upetuuo-
cwmaske (a), (6) u nexa cy 3agosomenu (MOYP®) y z(-) u ycaos peryaapnocmu (YPD).
Axo cy sagosoneru ceu yeaosu Teopeme 6.8 3a cee gouycmuuse dynxyuje apodoaema (PITHB),
onga goctmoju A(-) € Loo([0,T];R™) makea ga je (2(-),A\(-)) otmumarno pewere Gpobrema

(JIIPITHB) u saorcu

Jo f(t, (1)) dt : Jo (ftu() = Sier Mt hilt, u(t))) dt

max = min T
s [Tt u(t)dt @O, Jo 9t ult

Jloxas. Kaxko je (-) onrumasno pememe npodiema (PITHB), 3akibydyjemo ua ocHoBy Teo-

peme 6.2, 1a nocroju A(-) € Lao([0, T]; R™) taxsa ma Bazke ycaoBu

|
S
kﬁ
~

+Z)\ #(t) =0 cc. mal0,T], (6.27)

/0 Zmzj\i(t)hi(t,:?:(t))dth(t,ﬁ:(t)):Oc.c. ma [0,7], (6.28)

N(t)>0iel, ce mal0,T]. (6.29)

S
Na)
~

MHuoxkemem uzpasa (6.27) ca
T
/ gt 2(t)) dt > 0
0

u cabupameM ca (6.28) 3akipydyjemo ma je (:%(),5\()) € Qp,. akne, uz Teopeme 6.12
OYWIJIETHO je J0IycTuBo pereme mpodbiaema (PITHB) yjenno ontumasno pereme mpobiaeMa
(JIAPITHB) u onrumasnue Bpeaaoctu upodiema (PITHB) u (JIIPIIHB) cy jennaxe. O

Teopema 6.14. Hexa cy z(-) u (ﬂ()7)\f)) pegom ottuMmanta pewera upobaema (OITHB)
u (JIADIIHB). Hexa je gynxuuja f(t,) xonrxasna wo gpyiom aprymentuy y u(t) ckopo ceyga

89



na [0, 7], dynwyuja g(t,-) xoneexcna Go gpyiom aptymeny y u(t) ckopo ceyga na [0,T]
u pynryuja Y . g S\i(t)hi(t, -) keasuxonxasna y u(t) cxopo ceyga wa [0,T]. Taga apodbremu
(OIIHB) v (JIAPIIHB) umajy uctie outiumarre 6pegrocti.

Hoxka3 Teopeme 6.14 m3ocTaB/baMo jep je TOTIYHO UCTU Kao Joka3 Teopeme 6.10.

IIpumep 6.15. Pasmattpajmo caegehiu gyanar mogen (JAD2) apodbaema (I1):

fol (2t +2 —u?(t) — M (D)u(t) = X))t + 1 —u(t))) dt
fol eu®) dt

o, (M) = Mo(t) — 2u(t)) /0 0 gy

— inf;

+-eu®) /1 (w?(t) + M (B)ut) + Ao(t) (t + 1 —u(t)) — 2t — 2) dt <0,
’ (1D2)

c.c. Ha [0, 1],

A (t)u(t) <0, c.c. ma[0,1],

Aa(t)(t+1—wu(t)) <0, c.c. nal0,1],

\i(t) >0, 1 =1,2, c.c. ma[0,1],

u() € Lao([0, 1 R), (), Aa(1)) € Loa([0, 15 R2).

Csu ycsioBu teopeme 6.13 cy wucmymenu. Jlako ce nposepasa ja je 3a c.c. t € [0,1],

(a(t), A1 (t), Aa(t)) = (0,3,0) onTumamnno pemerbe nperxoaHor npodnema. Takohe, mpodienu

(IT) u (JIdD2) mmajy nucre onruMasiHe BPEIHOCTH.
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7 3akspydakK M mpaBIiu Oyayher mcrpakuBamba

OcHoBHO umMe ce DaBHUIa OBa T€3a je MPOoyvaBarbe HOBUX yCJIOBA ONTHMAJIHOCTH 3& CKaJIapHe,
paroHaJiHe U IIpodJieMe BUIIEKPUTEPHUjyMCKEe OINTUMM3AIIMje Ca HEIPEKUIHUM BPEMEHOM U
dopMupame HOBUX JyaJITHMX Mojesa. HoBu pe3yaraTtu Koju cy J00UjeHn y Te3U HABEICHU CY

WCIIOJI,.

e JlobujeHn cy HEOIIXOJIHW W JOBOJHHU YCJIOBU €KCTPEMyMa 3a KOHBEKCAaH CKaJIapHU IIPO-

OJ1eM ONITUMM3AIIHje Ca HEIPEKUIHUM BPEMEHOM.

e /lokazane cy TeopeMe cJiade U jake JyaJJHOCTU 33 KOHBEKCAH CKaJIApHU MPOOJIEM OINTHU-

MU3allje ca HeTPEKUIHUM BPEMEHOM.

e /lodujeHu cy HEOIXOJIHU U JIOBOJHHU YCJIOBU €KCTPEMYMa 33 KOHBEKCAH IIPOOJIEM BUIIIE-
KPUTEPHUjYMCKE ONITUMU3AIIN]e Ca HEMPEKNUTHUM BPEMEHOM, KO W OMIITHUjU YCJIOB HETPU-
BUjaJTHOCTH JlarpaH:KoBUX MHOXKHJIAIa HEro JI0 Tajla MO3HAT YCJOB TOI' THIIA 3& OBAaj

IIPoOJIEM.

e JlobujeHu cy HOBHU HEOIIXOJHH YCJOBU €KCTPEMyMa 3a KOHBEKCAH IIPOOJIEM BUIIIEKDU-
TepUjyMCKe ONTUMU3AINje ca HEIPEeKUIHUM BPEMEHOM Y3 JI0J/IaTHE IIPETIOCTaBKe pery-

JIAPHOCTHU OI'paHUYCHHa.

e /lodujeHu Cy HEOIIXO/THU YCJIOBU €KCTPEMYyMa IIPBOT pejia 3a IJiajlak IpodJIeM BUIIEKPHUTE-
PHUjYMCKe ONTHMM3AIje Cca HENMPEKWTHUM BPEMEHOM Y3 JI0/IaTHE IPETIOCTABKE Pery-

JIADHOCTHU OTPaHUYEHA.

e /lodujeHu cy JOBOJbH YCJIOBH IIPBOT pejia 3a IVIa/IaK IIPOOJIeM BUIIIEKPUTEPH)YMCKE OITHU-

MI/I3aLH/Ij€ Ca HEIIPEKUJIHUM BPEMEHOM Y3 IIPETIIOCTaBKE I'EHEPaAJIN30BaHE KOHKaBHOCTMU.

e /lodujena cy jBa mayasiaa mojiesia Mona-Beuposor u Bosdosor Turra 3a riraiak mpoodsiem
ONTUMHUBAINje ca HempeKInHuM BpemeHoM. OcuM Tora, JJ0Ka3aHe Cy W TeopeMme cjaade

U jake JIyaJTHOCTH 3a OBaj IIPOOJIEM.

e /lodujeHu cy HEOIXOJHU YCJIOBH €KCTPEeMyMa IPBOT pejia 3a IVIaJaK pallMoOHaJHU IPO-

OJ1eM ONITUMM3AIIje Ca HEIPEKUIHUM BPEMEHOM.

e /lodujeHu cy JOBOJ/bHHM YCJOBU TPBOI Pejia 3a IVIQJaK PAIMOHAJIHUA TPOOJIEM OITHU-
MH3allfje ca HEMPEKUTHUM BPEMEHOM Y3 IIPETIIOCTaBKe T'eHepan30BaHe KOHBEKCHOCTH

1 KOHKaBHOCTH.

e Jlobujena cy aBa jayasina mogmena Jlarpamxkosor u Bosdosor Tuma 3a riamak npodsiem
ONTUMU3AIINjE Ca HEIIPEeKUTHIM BpeMeHOM. Takohe cy mokasaHe n TeopeMe cjaade u jake

JIyaJTHOCTH 3a OBaj IIPOOJIEM.

e Hagejsienu pesysitatu cy moTBpheHN KOHKPETHUM ITPUMEPUMA.
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Tema oBe jucepranuje je MyJITUIUCIUILINHAPHA, aKTyeJIHA, BEOMa 3HAYajHa U PE3YJITATU JI0
KOjUX Cée JIONLIO IPEeICTaB/bajy BEJIUKN HAYyIHU JOIPUHOC Y TEOPUjU eKCTPEMAJIHUX IIPOOIeMa.
Ha akTyennocT u 3Ha4Yaj TeMe yKa3yjy ¥ MHOTH UCTAKHYTH MaTeMaTUYIapU KOjHU ce DaBe OBUM

MUTAUMA U IbUXOBU PE3YJITATH KOjU Ce 00jaBIbYjy Y BPXYHCKHUM CBETCKHM YaCOIUCUMA.

BI/IJIO 61/1 3aHUMJ/bHUBO BUJIETU KaKO Ce€ CJIMYaH IIPUCTYII Kao Yy HleCTOj TJIaBH MO2K€ IIPOIIN-
PUTH HA UCTPAXKUBAIHE YCJIOBA ONTUMAJHOCTHA U TEOPHje JIyaJJTHOCTU 3a HEIJIATKE palllioHaJIHe
IpoOJIeMe ONTUMU3AIje Ca HEMPEeKUTHUM BPEMEHOM, OO3MPOM Jla je jeJIMHU paJji U3 OBe
obsactu 60| kopuctmo morpemae pesynartare [10]. Hywmepuuke merome 3a permaBarbe Jin-
HEeapHOT PaIlMOHAJIHOT TTPOdIeMa ONITUMU3AIINje Ca HEITPEKUTHUM BPEMEHOM JI00PO CYy U3yUdeHe
y [88-92|, anu He mocToje HyMEpHUYKH AJrOPUTMU 33 PellaBalbe HeJIMHeapHOr Ipodsema. Y

TOM IUJbY Cy HEONXOJHU U JOBOJHHU YCJIOBH Y OBOM PaJiy J00pa I0JIa3Ha OCHOBA.

Takobe, Ousi0 O WHTEpPECAHTHO U3yYaBATU HEOIXOJHE YCJIOBE OITUMAJHOCTHA 3a pa-
IIIOHAJTHU TTPOOJIEM BUIIEKPUTEPHUjYMCKE ONTUMU3AINje Ca HEIIPEKUIHUM BPEMEHOM, Y3 CJIa-
Ouje mpermocraske Hero mrto je npermnocrasuo 3aaman y [104]. Ilpermocraske koje je oH
MOpao Jia UMa, Cy jako Terrke 3a mposepy. Kopucrehu Teopemy 2.26, cienehu cimyuan npuctyi
Kao y IIecToj riaaBu Moryhe je modOUTH HEONXO/HE YCJIOBE ONTHMAJIHOCTH O€3 XHUIIOTe3a
KOHBEKCHOCTH KoOje je Banman y [104] mopao ma npermocrasu. Oso he takohe duru 1ub

JaJbUX UCTPaKUBalba.

30or rpemaka y npumenn yormrene ['opmanose Teopeme 2.23, 3ak/bydeno je ja cy HEKO-
PEKTHU U3BEJEHU yYCJIOBU ONTUMAJJIHOCTH y OOJIACTU HETJIATKE ONTUMU3AIINje Ca HEPEKUTHIM
spemenoMm [10,57-59]. Jenan oy npasana Oyaylinx ucrpazkusarma Takohe Moxke dutu 100ujarmbe

HOBUX YCJIOBa OIITHUMAJIHOCTHU 3a OBE KJIacCe HpOSJIeMa,.
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8 DBwuorpaduja ayropa

Autekcannap 3. Josuh je pohen 14.11.1986. roaune y Cypayaunu. OCHOBHY U CPeIiby IITKOJIY
je 3aBpmmuo y Biagmannom Xamny, Kao Hocwian Bykosur gui.aoma M TUTLIOMAa U3 MaTEeMATHKE
u $pusnKe. YUECTBOBAO je Ha TaKMHYEIHUMa U3 MaTeMaTUKe U (pU3UKEe U OCBajao HArpaJe.
Takohe je Omo TOJIA3HUK MaTEeMATUYKHX CEeMHHApa y HUCTpakKuBadkoj cranuru l[lernura.
Maremaruuku dakynrer y Beorpasay, cmep Hymepuyuka mareMaTuka u ONTHMA3AIAjA, 3a-
Bpmmo je 2011. romuue ca mpoceunom orenoMm 9,30. JlokTopcke cryauje Maremarudakor

dakynrera Yuuep3urera y Beorpasy ymucao je 2011. roaume.

Opm 2011. mo 2013. rommae pajmo je ua Uncruryty 3a dusuky Yuusep3urera y Beorpasy.
Opn 2014. 1o 2016. rommuHe pajuo je Kao capajHUK y HactaBu, a o 2016. rommre 10
JlaHAC pajii Kao aCUCTEHT 3a Hay4dHy oosacT Hymeprnuka mareMaTwka M ONTUMH3AINja HA
Maremarnakom dakyiarery Yumuepsurera y Beorpany. Ha Maremaruukom dakysirery y
Beorpamy npxkao je Bexxde na npeamernma Jluckperne crpykrype 2, Maremaruka 1, YBosm
y HyMepuuKy maremaTuky, Maremaruka 2, Hymepuuke merose ontumusanmje, luckperne
ctpykType 3, Teopuja urapa u YBoJ y TeOpHjy eKCTPEMAJHAX MIPOOIeMa. Y IeCTBYje Y PajLy
npojekTta 174015 ,,AnmpokcuMaliija MHTErpaJHuX U JUdepeHIjaIHux oepaTopa u IpuMene”.
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FP7/2007-2013.
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Mpwunor 1.

WU3jaBa o ayTopcTay

Motnucanu-a 'P‘NF:V-C ALk pp jb@kﬁ{;
6poj ynuca 200F /2044

Majasreyjem

Aa je AOKTOpCKa aucepTauvja nog Hacnosom

Norohu BECCTPEMYHA 3k JE&EY VAACY NPOHAEMA
ONTWRWLANWMYE  CAvEnRECUl vuUM BHec WME Mo

& pe3ynTart CoONnCTeeHOr HCTpaxueadkor pana,

» [anpesnoxeda AMCepTauuja y uenwHW HY y JenoBuma Huje Guna npeanoxexa
aa aobujarke GUNO KOje AWNNOME NpPema CTYOWMjCKMM nporpamuma  apyrix
BUCOKOLLKOMNCKUX YCTaHoBa,

e A cCy pe3ynTaTi KOpekTHO HaBEAEHU U

e 3 HACEM KpLMO/NA 3yTOPCKa Npasa W KOPUCTMO WHTENEKTYanHy CBOojWHY
Apyrix nuua.

MoTnwWc gokTopanaa
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Mpwnor 2.

U3jaBa 0 uctoBeTHocTH WwWramnaue u ernekTpoHcke
Bep3uje AoKTopcKor paga

Wwme u npeaume ayTopa I\ NE Chudap '3[_ 1) L-\.E\
Bpoj ynnca _2C0F /1044

Cryaujcku nporpam M FTEHAT UIEp

Neromun EXCTPEMYME Bh JE&BY KAACY NPLBAEMA
Hacnos paga _ ODTuRAMAIAMWAE (6 Me DPECU S QUM BADELT L

Mentop __ P Bepau MM‘*LM '\LD'Q:ULQ

MoTnncann —;\_NF: CCAM LA 3@%»1:(:

M3jaBrbyjeM [a je WTaMnaHa Bep3vja Mor JOKTORCKOr pafa WMCTOBETHAE enexTPOHCXD]
Bepauju kojy cam npepao/na 3a ofjasrbMeae Ha noprany [fwrwranwor
penoauTopujyma YHusepiuTera y Georpaay.

Oossorcasam aa ce objase moju NuuHn nogauw Belaww 33 fobwjae axajswcxor
3Baka AOKTOPa HayXa, K30 LTO CY MME M NPE3uMe, FoAMHa W MecTo pofiesed W 2aTyM
oabpaqe pana.

Oew NidHi noaaus Mory ce ofjaBuTi HAa MPENOHM  CTPIHMLAMA JuMuTanse
GuBNUoTEKE, Y ENEKTPOHCKOM KaTanory W y nyGnukauujama YrusepiuTera y Beorpagy

Mornmc AoxTOopanaa
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Mpunor 3.

M3jaea o kopuwhetsy

Oanawhyjem Yuusepautercky GuGnuotexy .Ceerolap Maproauh' pa y [urwranku

penoauTopwjym Ywueepauteta y Beorpagy yHece mojy AOKTOpPCKY AnceprauMyy nod
HACNoBROM;

YCIORN SKCTPEMYMA 30 Jeany Kaacy npofiema onTHMIIAIM]E €2 HCNIPCKIIHHM ARCUEHOM

KOja |& MOje ayTOpCKO AEno.

[ucepTauyumjy ca cBMMm NpWNoavuma npeAac/na caM y enexTPOHCKOM (hopMaTy NnorogHoM
33 TPAjHO apXMBUPaHE.

Mojy AOKTOpCKY AMCEPTALM]Y NOXPatEHy ¥ [lAFATaNHA PEMOIATORWYM YHWBEpIUTETA
y Beorpany mory Aa xopucre cBi koju NowTyly oapenbe cagpwaqe y onabpanom THMY
nuueHue KpeaTvexe 3ajeaHaue (Creative Commons) 3a Kojy cam ce oanyswo/na

1. AyTopcTBOD
2. AyTOPCTBO - HEKOMEPUMJAIHO
@Ayrqpc-mn - Hexomepuwjanuo — Gea npepage
4. AyTOPCTBO — HEKOMEPLWjANHO — AENUTA NOA WCTHM yCNoauma
5. AyTopcTeo —= Geanpepane
§ AyTOPCTBO — AEIIATH NOA MCTAM yCNoBMMa

(MonuMo A3 3acKpYAmMTE Camo jefHy OA wecT noHyljeHux NALeHUM, KpaTak onwc
AULEHLM 43T je Ha nonefjuHy nucTa)

MNornwc AoKTOpaxHaa
':."EEOI"PEI.EI‘;'. ’qle *qD'QQ?A- Ilr‘ I| J\‘.-" Iz
f |r.,L“ . l‘{;[_'l‘;‘-{.‘

'l;;-l. I |\ [-
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1. Aytopcteo - [loasorbasate yMHOXaBawe, AUCTpuByuMjy M jaBHo caonwrasawe
Aena, W npepane, ako ce Hasege wMe ayTopa Ha HauwH oapeheM of cTpaHe aytopa

Wnk Aasaoua nuueHue, Yak v y komepuujante cepxe. Oso je HajcnoBogxuja o caux
nUUEHUN.

2. AyTopcTBO ~ HekomepumjanHo. flossorvasare ymMHoxaBawe, aucTpubyuny v jasHo
caonwrasawe Aena, W npepage, ako ce Hameae MMme ayTopa Ha HauyvH oapeReH oa

CTpanHe ayTopa wnu aasaoua nvueHue. OBa NuuUeHUa He N03IBOIbABA KOMEpUMjanHy
ynotpeby gena.

3. AyTopcTBo - HekomepuwjanHo — Gea npepage. [lo3aBoraBaTe yYMHOMABake,
avcTtpubyuwjy v jaBHo caonwrasarwe fAena, Ges npomena, npeobnukoeawa wnM
ynotpebe gena y cBom geny, ako ce Hagefe vMme ayTopa Ha HaywH ogpeflen og
cTpaHe ayTopa wnv aapaoua nuueHue Oea nuueHUa He A03IBOrbaea KOMEPUW anHy

ynotpeby gena. Y ogHoOCy Ha cee oCTane nuueHue, 0BOM NWUeHLUOoM ce orpaH14aea
Hajeehu obum Npasa kopuwhexwa aena.

4. AyTOpCTBO - HEKOMEepuMjanHo — AenuTH MoA McTWM ycnoswma. [loseorsasare
yMHOXaBawe, AucTpubyuurjy v jaBHo caonwraeare AeNna, W npepaage, ako ce Hasede
ume ayTopa Ha HaumH ogpefjeH oA cTpade ayTopa vnu Aapaouya NWLeHUe v ako ce
npepana AwcTpubynpa nog UCTOM MKW CAMYHOM  NAUEHLOM. Oea nuueHua He
[o3sorsaea komepuujandy ynotpely gena v npepaga.

5. Aytopcreo — Bea npepane. [loisorsasate yMHOXEBaAHE, avcTpuByumjy W jaswo
caonwrasarwe gena, Be3 npomena, npeobnukosarka unu ynotpebe nenay csom geny,

ako ce Hasege wme ayTopa Ha Hauwd ogpeflen og cTpaWe ayTopa wnu 438aocua
nvueHue OBa NUUeHUa A03B0MLaBa Komepumjaniy ynoTpeby aena.

6. AyTOpCTBO - AEnuTM noj WCTWM  ycnoeuma, [lo3soreapare  yMHOMABAME,
AMCTPUBYUM]Y W jaBHO CAONWTaBake Aena. ¥ Npepane, ako ce HaBens MMe 3yTopa Ha
maunH ogpefied OO CTpaWe ayTopa Wnv AaBacya nvuenue W axo ce npepana
aucTpubyMpa NOA MCTOM MMM CAMYHOM nWueHuom. Osa NMuUeHUa Ao3sorsasa

komepuujanHy ynorpeGy aena w npepapga. CnudHa j& coTeepCKMM MNWLEeHLAMa,
OfIHOCHO NWUEHAMa oTaOpEHOr Koaa
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