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PE3UME

[IpenMeT mpoyuaBama OBe OKTOPCKE AUCEpTalije Cy KBA3UTOPYCHE MHOTOCTPYKOCTH
n K-crenenn. OBe TOMONOLIKA BEOMa 3aHAMJbUBE MHOTOCTPYKOCTH Cy YOHIITEHA TOPYC-
HAX BapWjeTeTa W MPEAMET Cy TPOyYaBamkha MHOTMX MATEMATHYKUX MUCIAIUIAHA: TOPYCHE
reoMeTpHje, CUMILIEKTUUKE T€OMETPH]E, TOPYCHE TOMOJIOTH]E, aNre0apcke reOMeTpHje, ajre-
6apcke TONoNorxje, TONOIOMIKe KOMOMHATOPHUKE, TEOPHUje KOHBEKCHUX IONUTONA, UTA. Y OBOj
TE3M je aKIeHaT CTaB/beH Ha MOryhHOCT fja oBe 00jekTe mpoy4yaBaMoO KOMOMHATOPHUM METXO-
nama, y3umajyhu y 003up reoMeTpujy TOPYCHOT IejCTBA 1 KOMOMHATOPUKY MPOCTHX NOJTUTONA
KOjH IPEAICTaBIbajy MPOCTOpe OpOUTA OBIX MHOTOCTPYKOCTH.

O6jexTu KojuMa ce GaBU OBa AUCEPTALHja Cy HAILUIU IPUMEHY KaKO Yy MaTeMaTHIH, TAKO
M y APYTHM NPAMEHEHAM 00JacTUMa. 3aTo Cy OHH NPEAMET MHTEH3WBHE HAYYHE MaKHHE.
OpurnHaTHA HAay4HH JONPHUHOC OBE T€3€ je Y HOBMM pe3yJiTaTuMa O KBa3UTOPYCHUM MHO-
FOCTPYKOCTUMA Y OHOCY Ha KJIaCHYHa MUTama anredapcke TOMONIOIHje: CTeNeHe MpecauKa-
Bama Mehy MHOrOCTPYKOCTIMA, ylIarambuMa i IMep3HijaMa MHOTOCTPYKOCTH Y €YKITHICKE PO-
crope. Meroau KOju ce KOpUCTE y OBOj T€3U OciuKaBajy AyOOKy Be3y u3meby oHora mito
cMaTpaMo KIIACHYHOM MAaTEMAaTUKOM M TOPYCHOM TOMOJOTHjOM. Y TOM CMHUCIY, METOMIA KOje
OBJIe KOPUCTHMO MMajy TIOTEHIMja fla Y CKOpoj OymyhHOCTH TpoImpe Aocajialimba 3Hamba O
OBOj KJIaC¥ MHOT'OCTPYKOCTH, lli TAKObHE 1 /1a C€ ICKOPUCTE Y HEKUM IPYTUM PoOIeMIuMa, Kao
HITO cy TeopHja GopAr3ama.

Y 1ipBa TpW MOTJIaBIba Cy Ha elleMEHTapaH HaulH U3JI0KEeHe OCHOBHE OCOOMHE CUMITTHIIN-
JaJTHUX KOMILIEKCA, IOJINTONA, TOPYCHUX BAPHjeTETa M KBA3UTOPYCHUX MHOTOCTPYKOCTH, KA0
HajBAXKHU]W PE3yITaTH O BbMa. AKIIEHTOBAH je KOMOMHATOPHH MPUCTYI KOji HaM oMoryhaBa
Jla OBe ancTpakTHe 00jeKTe CXBATHMO Kao IPUPOJIHE.

YeTBpTO MOTNIaBIHE ANCEPTALMjE TPOYYABA CTENICHE IPECINKaBaba Mehy KBa3UTOPyCHIM
MHOrocrpykoctuma. TexHuka Koja ce kopuctu 6a3upana je Ha pedyiaratuma Haibao Duan-a
n Shicheng Wang-a xoju cy Kopuctunu mpeceyny Gopmy 3a opMyimcambe KOHKPETHOT
yCIIOBA 3a TIOCTOjame TMpecinKaBama ofipeheHor crenena. [loOujeHn cy BeoMa MHTEPECAHTHH

pe3yaTaTi, a Hoce0HO je Kilaca KBa3UTOPYCHUX 4-MHOTOCTPYKOCTH IIOTO/IHA 3a IPOYyYaBake.



KoxomomomKkn mpcTeH OBUX MHOTOCTPYKOCTH j€ TaKaB Jia je y MHOTHM CITyJajeBuMa OWIIo
Moryhe ofpenuTu ckyn cBUX MoOryhux creneHa npeciukaBawa. PesynraTtu cy poOujeHu y
TepMUHAMa eJeMeHTapHe Teopuje OpojeBa, oclamajyhil ce Ha Kiachu4He pe3yaTare o 6poje-
BMMa KOJH ce MOTY 3alHcaTH Kao cyMa ofpebeHor Opoja moTmyHHX KBajpaTa. Onucanu cy
CKYNOBHU MOTYhHX cTeneHa npeciukaBamba Mehy MHOroCTpyKOCTH 32 BEJIMKH OpOj KOHKPETHUX
MHoroctpykoctr Kao mto cy CP?, CP*CP?, S? x 52, un.

Y nerom noriasiby pauyHajy ce Stifel-Whitney-eBe kiace oBEX MHOTOCTPYKOCTH, IyaJTHe
KJlace, a MOTOM Ce OHE KOPHCTE Kao ONCTPYKIHMje 3a TOTAIHO KOca yjarawma U MUMep3uje.
I'naBHu pe3yarar je fja OHe NPBEHCTBEHO 3aBUCE Of [€jCTBA TOpYyca, J€p CYy KOHCTpyUCaHU
IpPEMEPH MHOTOCTPYKOCTH Hajl HCTHM TIOJIMTOIOM Off KOJUX jef[Ha UMa TPUBHUjaJIHE, a Apyra
HETpUBHUjaJIHEe KapakTeprcTnyHe Kiace. [1axma je noceehena MHOroCcTpyKOCTHMA HaT KYOOM
KOjy NIPE/CTaBsbajy HOBE IPUMEpE Yy KOjUMaA j€& [iOHa rpaHuia ONUCKa FOpPHO] MPAHULM 3a
TOTAIIHO KOCA yJlarama, a 3a Koje ce TaYHO MOTY OfIpefINTH €yKIHUCKA IPOCTOPH MAHAMAJHE
MAMEH3Mje Y KOoje ce 0BE€ MHOTOCTPYKOCTH MOTY MIMEP30BATH 1 YIIOKHTH.

Y JdopaTky je KpaTKo M3JI0KEeHA TEOPHja O IejCTBUMA TPyIa U OCHOBHE OCOOMHE EKBUBAP-

I/I] AHTHUX MIPECIIUKABamha.
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ABSTRACT

The main objects studied in this doctoral thesis are quasitoric manifolds and
spaces arising as the images of polyhedral product functors. Quasitoric manifolds are
particularly interesting as topological generalization of non-singular toric varieties.
They are a research topic of many mathematical disciplines including toric geometry,
symplectic geometry, toric topology, algebraic geometry, algebraic topology, theory
of convex polytopes, and topological combinatorics. These objects have already
found numerous applications in mathematics and sciences and they continue to be
intensively studied.

In this thesis we put some emphasis on combinatorial methods, focusing on
the interaction of the geometry of toric actions and combinatorics of simple poly-
topes. This connection of geometry and combinatorics is based on the fundamental
observation that convex polytopes naturally arise as orbit spaces of toric actions
on quasitoric manifolds. Our main original contributions in this thesis are related
to classical topological questions about degrees of maps between manifolds as well
as their embeddings and immersions into Euclidean spaces. We follow the general
scheme characteristic for Algebraic Topology where a topological problem is reduced,
often by non-trivial reductions, to a question of arithmetical, algebraic, or combi-
natorial nature. We believe that the novel applications of this scheme developed in
the thesis, especially the new techniques and calculations, have a potential to be
applied on other problems about quasitoric manifods.

Here is a summary of the content of the thesis. For the reader’s convenience and
for completeness, in the first three chapters we give an elementary exposition of the
basic theory of simplicial complexes, convex polytopes, toric varieties and quasitoric
manifolds. The emphasis is on the fundamental constructions and central results,
however the combinatorial approach, utilized in the thesis, allows us present the

theory in a direct and concrete way, with a minimum of topological prerequisites.



The mapping degrees of maps between quasitoric manifolds are studied in Chap-
ter 4 with a particular emphasis on quasitoric 4-manifolds. Utilizing the technique
pioneered by Haibao Duan and Shicheng Wang, which is based on the intersection
form and the cohomology ring calculations, we demonstrate that a complete infor-
mation about mapping degrees can be obtained in many concrete situations. The
theorems and the corresponding criteria for the existence of mapping degrees are
formulated in the language of elementary number theory. It is amusing that the ques-
tion whether a number appears as a mapping degree between concrete 4-manifolds is
directly linked with classical results from number theory such as whether a number
can be expressed as a sum of two or three squares, etc. This approach allows us to
analyze many concrete 4-manifolds, including CP?, CP?#CP?, S?x S?, etc. In Chap-
ter 5 we calculate the Stiefel-Whitney classes of some concrete quasitoric manifolds
and their duals. This information is used to determine cohomological obstructions
to embeddings and immersions of these manifolds in Euclidean spaces. As an initial
observation we showed that the calculations are highly dependent on the action of
torus. Indeed, there are examples of quasitoric manifolds over the same polytope
which exhibit a very different behavior and different complexity of the associated
characteristic classes. Focusing on the quasitoric manifolds over the n-dimensional
cube, we are able to produce quasitoric manifolds which are very complex in the
sense that they almost attain the theoretical minimum dimension for their embed-
ding or (totally skew) immersion in Euclidean spaces. The thesis ends with an

appendix with an outline of the theory of group actions and equivariant topology.

Keywords: Quasitoric manifolds, the polyhedral product functors, cohomol-
ogy, characteristic classes, toric actions, simple polytopes, map degree, simplicial

complexes
Research area: Mathematics
Research subarea: Topology

UDK number: 515.16(043.3)
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1. YBOJ,

LenTpanHa TeMa OBe iucepTanuje ¢y KBa3uTOPYCHE MHOTOCTPYKOCTH ¥ TJIaBHY WK je fa ce
OMMIIY HUXOBA TOMOJOIIKA, FEOMETPHjCcKa 1 KOMOMHATOPHA CBOjcTBA. OBE MHOTOCTPYKOCTH
MMajy jaKo 3aHUMIJBUBY CTPYKTYPY KOXOMOIIOUIKOT MPCTEHA M MOXe ce pehn ja nMajy Be3y ca
CKOPO CBUM I'PaHaMa MOJIEPHE MATEMATHUKE.

Pa3Boj u cazHama 0 KBa3UTOPYCHIM MHOTOCTPYKOCTHMA, KAO M FhUMa OJINCKAM 00jeKTHMA,
K-crenenmma 3axTeBa CBaKaKO MHOTO IIWPH MPOCTOP HETO MTO je Y OBOj Te3:m oOpaheHo.
Hajumpu ayropy nos3HaT mperzej Hay4HUX ca3Hamba O TOPYCHO] TONOJIOTHjU [aT je y joLl
HeoOjaB/beHo] MoHorpaduju  [14]. Moxemo pehin fa je TOpycHa TONONOTHMja YBOPHILTE
BaJKHAX MaTeMaTHIKKX JUCIUIUIAHA: KOMOMHATOPHKE, alirebapcke reoMeTpuje, anrebapeke
TOMOJNIOTHje, XOMoJIomIKe anredpe u ap. Kako je caka off oBux 0051acTi cama v MuTamba KojuMa
ce 6aBW caMa 3a ceOe BEJTMKA MPOCTOP OTKPUBEHHUX M HEOTKPUBEHNX TEMA, Y OBOj TE3H CY TOPENT
HOBHX pe3yiITaTa 0 KBa3UTOPYCHAM MHOTOCTPYKOCTAMA M KJTAaCHYHIM MHATAalkAMa anrebapcke
reomeTpuje 1o6ujernM y pajgosama (7], [4], [5] u [6] maT u nperies 0OCHOBHAX KOMOMHATOPHKX
o0jekara Koju ¢y (pyHIaMEHTAJTHO BaXKHH 32 KBA3UTOPYCHE MHOT'OCTPYKOCTH.

Tesa cajip:kul iBa fiefa v fofiaTak. ¥ MPBOM JIENY CY U3I0XKEHN O3HATH PE3YITATH O CUM-
TUTAIIMjQJTHAM KOMIUIEKCHMA, TIOJIMTONNMA, TOPYCHAM BapyjeTeTNMa W KBa3UTOPYCHAM MHO-
rocrpykoctuma. OBu 00JE€KTH Cy PEIEBAHTHU HE CaMO 3a TOMOJOTH]y, Beh 1 32 KOHBEKCHY
TeOMETPH]y M pauyHapcKe HayKe, Ila UM je 300T TOTa, Kao 1 YNEEHAIE Ta Ha CPIICKOM jE3UKY
HeMa WIH TIOCTOjH BPJIO MAJIo JINTEPATYpe O aKTYEITHAM MaTeMaTHIKAM JUCIUTUINHAMA, AT
BEJIMKHM IPOCTOP y YBOIHOM fieny. [ToceOGHa maxsa y 0BOj iucepTaiuju je moceehena komOuHa-
TOPHIIN 1 KOMOMHATOPHAM 00jE€KTHMa, alTi ¥ KA0 METONY KOjIM MOKEMO pauyHAT! KOHKPETHE
TOMOJNOMIKE HHBAPH]jaHTeE.

Teopuja cUMIUTMIMjATHAX KOMIUIEKCA, MOJUTONA W TOPYCHUX BapuWjeTeTa je M3JI0KEHa
nparehu knacuune kwure [64], [54], [11], [13], [30], [49] u MHOmITBOM MiyCcTpaLuja U
TpUMeEPa, ca IAJbEM Jla Ce OHU IIITO TeOMETPHIHH]je 1 KOHKpeTHHje onmmty. Takohe, npukazano
jé IITO BUE Pa3MMYNTHX TTOTJIEf]a HA OBE TEME.

YeTBpTo mOrnaBibe ce ocnawma Ha pesyarare Duana-a ' Wang-a o creneHuMa MHO-
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TOCTPYKOCTH ¥ H-UXOBOM NMPHMEHOM Ha KBa3MTOpycHe 4-MHOTOCTpyKOCTH. HOBHM pe3ynratn
KOj¥ Cy Y OBOM I1OTJIaBJbY U3JI0KEHN MITYCTPY]Y JIETy MHTEPAKIIUjy n3Mebhy ereMeHTapHe Teopuje
OpojeBa 1 KiacuuHe anrebapcke Tomonorgje. Ilurama Be3aHa 3a CTeneHe MpeclrKaBamba
HENPEKUIHO NPHBIAYe aKby HayyHe JaBHOCTH Beh BHIIIE Off jeAHOT BEKa, alld CeM ciyvaja 2
1 3 MHOTOCTPYKOCTH, HUj€ CE€ OFIMAKIIO 1ajbe Ol MapIMjaNHuX pe3ynrara. Pe3dyaratu koju cy
OBJIe TOOMjeHM, TOKA3yjy 1a CKYIIOBH MOTYhHX cTeneHa pecanKaBamba MOTy OUTH jako HHTEpe-
CAHTHU U 3aBUCHUTH HIIP. Off YUCHHUIIE /1A JIK ce OPOj KOjH j€ CTENEeH HEKOT IIPecInKaBaHa MOXe
NPENICTABATH KA0 CyMa 2 Uiy 3 MOTIIyHa KBaj[para.

Y nerom noriasiby Cy U3/102KEHU PE3YJITaTH O KJIACUYHUM UTabUMa UMEP3UjE U yJlaraH-
juMa KBa3UTOPYCHUX MHOTOCTpyKocTH. OBa IUTama HUCY MHOTO pa3MaTpaHa y OBOM KOH-
TekcTy, ann texruka Stiefel-Whitney-eBux u gpyrux KapakTepuCTHIHAX KI1aca je HTEKAKO
II03HATa Yy HAyYHOM CBETY M BE3aHa j€ 3a nuTawma Ooppu3aMa U KOXOMOJIOLIKE PUTUAHOCTU
KBa3UTOPYCHUX MHOTOCTPYKOCTH. [loceOHO je MHTepecaHTaH cily4aj KBa3UTOPYCHUX MHO-
TOCTPYKOCTH HaJ| KonkoM I ™ Koje ce jefHako 1o6po ,,onupy** yraramnMa Kao W MpOjeKTHBHA
npocropu. To nokasyje a cy MHOrOCTPYKOCTH Haji ioJiuTonuma unju cy Stanley-Reisner-osu
Wjeany KBafipaTHU, MOXK/a HEMPABENHO TNPUBYKIIE Mambe MasKikbe Off MHOTOCTPYKOCTAMA Hafl
IPOM3BOAOM CUMILIEKCa. VI3 aHanmi3e Koja je OBJie CIIPOBEIeHA CIIENH 1a TEOMETPHUja TOPYCHOT
JiejcTBa HaJl MHOTOCTPYKOCTH UMa JJaIEKOCEXKHE MMIIIMKALje Ha TOMOOIIKA CBOjCTBAa MHO-
rocrpykoctu. HapaBHo, ecenuuja je aa ce TOpycHO JI€jCTBO MPEBEJIE Y J€3UK KOMOUHATOPUKE
KakKo OM ce TOMOJIOIIKE MHBApUjaHTe MOTIIe H3payyHaTU. 3aTo je OBE TEK OTBOPEHO jETHO
N0JbE 3a []aJba NCTPAXNUBaHA.

Y mopatky je jaT OCBPT HAa TEOPH]Y [IEjCTBA IPYIIa M EKBUBAPHUjAHTHY TOMOJIOTH]y, KOpucTehu
monorpacduje [23] u [11]. Pagu ce 0 MOIEPHOM je3HKY caBpeEMEHE MAaTEMATHKE, KOJH j€ jaKo
OuTaH 3a TEOPHjy KBa3UTOPYCHUX MHOTOCTPYKOCTH. 3ampaBo, HAATpajiiba U MUTamka Koja Ou
ce NMPUPOJHO HaJ|0BE3ajla Ha NMUTAamba Koja Cy OBJIE pa3MaTpaHa OfHOCKUIA OU CEe HA HUXOBE
ofiroBapajyhe exBuBapujanTHE hopMyalje.

CBako Noriassbe y OBOj T€3H je HAMEPHO HAIMCAHO, TAKO 1a CE MOXKE YATATH HE3aBICHO
ofl ocranux. BepyjemMo Jja OBMM HHUje HMKAKO HApYIIEHO je[IMHCTBO OBE Te3€, jep JienoTa
MaTeMaTHKE je y TOMeE IIITO OHA HaJla3! pa3inynTe MyTeBe KOjH ce HeMPEKMUAHO IpaHajy, aju ce

FICTO TaKO Ha YyjlecaH HauKH NpUOIKaBajy ! OCBET/baBajy jefiaH Apyror.




2. CUMIINTIMLINIAIIHU KOMINIEKCHA

2.1 Cummiekcu u CHMIITALNAjaTHA KOMIIJIEKCH

OcHoBe TeopHje CHMILTHALN]aTHAX KOMIUIEKca H3M0KIheMo ocamajyhi ce Ha KIacnyHe
monorpacdmje [11], [49] m [13].
HajenHnocraBHuje ¢urype y eykamujackum mpoctopuma oMoryhaBajy HaMm fila pa3zyMeMo

cloxeHuje purype, Tako 1ITO CI0XKeHUje (PUrype pactaBUMO Ha OHE jE€[[HOCTABHM]E.

Hedunnmja 2.1.1. n-cumiinexc A" je KOHBEKCaH OMOTAY CKYIa O 1 + 1 Tauaka KOju He JieKe

y uctoj xuneppasau y R".

Ilpumep 1. Tauka je cummnexc y aumensuju 0, [y y AUMEH3UjU 1, TpOyrao y AuMeH3uju 2 u

TeTpaefiap y JUMEH3HjH 3.

.A 0 A 1 A 2
Cruka 2.1: CuMIiekcu

Y anre6apckoM emucny fecpurunmja 2.1.1 kaxke fa nonazehn of 1 - 1 miHeapHO He3aBUCHAX
\ \ \

sekropa OP, OP,, ..., OP, .| no6ujamo n-camimiexc A" y3umajyhi Kpajibe Tauke BeKTOpa
s s s
)\10P1 + )\QOPQ + e + )\n+1OPn+1,

meje A\t + Ao+ -+ A1 =1m )\, > 0.
Ceakunojckynogm—+ 1 rauaka{ Py, Ps, . . ., P, 11} onpebyje m-oumensuonanny citipary
A" on A". Yuuja cBux (n — 1)-IuMeH3MOHATHIX CTPAHA CE HA3MBA ZpaHULa N-cumiiekca A"

1 CB€ HU2KE TAMEH3UOHAJIHE CTPAHE O] A" nexe Yy rpaHunu.
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Py Py

Py

Cinka 2.2: BexTopu pa3anumby CHMILUIEKC

Hedunnnuja2.1.2. [eomeilipujcku CUMEAULUJANHU KOMILACKC WITH [0AUe0ap je TIOCKYI TaYaka
P C R" xoju npeacrapiba KoHauHy YHUjY U ciuMmIuiekca 6UIIo0 Koje TMMeH3mje TakBY jia Cy Wc-

NyHEHU criefichu ycaoBu:

(1) Craka crpana cummuiekca 3 U nipumaga U

(2) Tpecek Gumo koja aBa cumiuiekca u3 U je crpaHa CBAKOT Off FbHX.

Cummnexkcus U ce Ha3uBa citipanom o P, 0-TuMeH3MOHATHE CTPAHULE 30BEMO iliemMeHuUMd,
a l-mumen3noHanHe cTpaHule usuyama. JlumeHauja 2e0Meitipujcko2 CUMUAULUJAAHOZ KOM-

iinexca P je MakcuManHa JUMEH31ja Off IMMEH3M1]a leroBUX CTPaHa.

Heka je S koHavaH ckym. 3a gaTd HofcKyn 0 C S, 03HAYAMO BETOBY KapIMHATHOCT ca

o],

Mepunnmuja 2.1.3. Aiicitipakitinu cumitauyujasHu komitaexc Ha ckymy S je xodekmuja K
TOJICKYIIOBa Off S TakBa [la 3a cBako 0 € K BaxKu f1a CBU MOCKYIOBY off 0 (yKibyuyjyhiu u ()
npunanajy K. Iopckyn o € K Ha3uBamo (aiicitipakitinu) cumitaexc on K. JenHoereMeHTHI
MOJICKYIIOBY CE Ha3UBajy ilemena of K. Ykonuko K capku CBe jeflHOEIeMEHTHE MOJICKYIIOBE
onS kaxeMmonaje K cumitauyujannu komitnekc Ha ckyily ilemena S. [lumensuja aiciipakimino?
cumitaexcao € Kjedimo = |o| — 1, Oumensuja aiiciipakiinoZ CuMiauyujasHoZ Komiaexca

j€ MakcHMasHa JUMEH3H1ja Off JUMEH3HU]a HEroBUX CUMILIEKCA.

Nedununuja 2.1.4. Konekuuja L Koja je MOACKYN alcTPaKTHOT CUMILTHIMjATHOT KOMILTEKCa

K xoja je cama 3a cebe CUMIUTAIIMjATHA KOMIIIEKC HA3MBA C€ CUMUAUUU]AAHU HOOKOMUAEKC O]
K.

I1wocan WU MAKCUMAAHY CUMILAEKC j€ CTPAaHA CUMILTHIMjATHOT KoMIUleKca K Koja Hije

crpaHa cuMmiiekca Behe gumensuje. CUMIUIAIMjATHA KOMIUIEKC j€ XOMO2eH YKOJIMKO CBE

4
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HETOBE MJbOCHU Majy UCTy AnMeH3njy. Cumiuiekce off /X Koju IMajy MakCUMaiHy TUMEH3H]y

30BEMO Aeaujama.

IIpumep 2. Ha cimnm 2.3 je fat npaMep jeHOT HeXOMOT€HOT CUMILTALjATHOT KOMITTIEKca.

Cimika 2.3: HexoMOTeHn CHUMITINI ATHA KOMIIIEKC

IIpumep 3. Ha ciunn 2.4 je fat npaMep jeHOT XOMOT€HOT CUMILTALAjATHOT KOMILTIEKCA.

Ciika 2.4: XOMOTeHN CHMIUININ] ATHA KOMIIIIEKC

Teomeitipujcka peaausayuja anicTpakK THOT CHMILTHIAjaTHOT KoMmiiekca K Ha S je monuepap
| K| 3a koju mocroju Gujekuuja usmehy ckyna S u ckyna temena oj | K| koja cumiuiekce
u3 K 1masme Ha ctpare u3 |K|. IIpoctrop X Ttakobhe 30BeMO i@0auedpom YKOIMKO MOCTOJH
cumiinrjaien kommieke K u xomeomopdmsam b : |K| — X. 3a K xaxemo fa je
fipuanzyaayuja npocropa X .

Osmaummo ca [m| ckyn {1,2,...,m}.

Cras 2.1.1. Adcitipaxiunu cumiiauyujaanu komiinexce K na ckyiiy iwiemena [m)| iiocedyje ze-

OMEUUPUJCKY pearu3ayuyy.

Moka3s. Heka je e; craumapiaa yaurapHa 6a3a y R™. 3a cpaku cummiekc o C [m] 03HaYnMO
ca A, KOHBEKCHI OMOTa4 BEKTOpa €;,7 € . OunrieqHo je A, reoMeTpujcku cumivieke. Tama

je monuenap

U A, cr”

ceK




Bopbe Bapanuh

reoMeTpujcKa peanuzaimja off K. U
Crag 2.1.1 je reoMeTpujcKa HHTEPIPETAIja YAHCHALE /1A j€ CAMIUTATIAjATHA KOMILTEKC K

Ha [m] nogkommiekc og A™ L,

Tpumep 4. Cummmnnmjanan kommieke K wa ckyny temena [2n] = {1,2,...,2n}, K =
{o C [2n]|lo|] < n,{i,n + i} ¢ o3acBakoi,l < i < n} uma 3a reOMeTPHjCKy pe-
ammsanujy y R" rpaununy kpoc-iioauiioiia. Kpoc MOJATON je KOHBEKCHH OMOTay Tavaka

{e1,—e1,e2,—€2,...,en, —en } yR e je {e1, €9, . . ., €, } cranmapyna Gazay R".

€1

—es €2 —€2

—eq

Crmuka 2.5: Kpoc noiutonn

Hedunmmja 2.1.5. Yaazawe cummmanujansor kommiaekca K y R? je nujekTnBHO nmpecinka-
Bame i : | K| — R4,

Teopema 2.1.1. Cumitauyujasru komiinexc K oumensuje n ce mosxce yaoxcuitiu y R?" 1,

Hoxkas. ITocMaTpajmo momeniti kpusy y R* 1 C = {(¢t,t%,...,t>"™)|t € R} u cmecTumo
TEMEHa CUMILTHIMjaiHor Komiiekca Ha C. OcoOrHa MOMEHT KpHBE je fla HuKoje 2n + 2
Tayke ca OBe KPHBE He JIEXKE y HCTOj XAMEPPABHM. 3aMCTa, aKO HEKHX 21 + 2 Tavaka MpHnaja

XUIEPPaBHA A + 121 + A2T2 + -+ - + Qopy1Tont1 = 0 Tama moauHOM
2 2n+1
ag + art + agt”® + -+ + agn 1 T

nuMa 2n + 2 pa3nmuYuTHX HyJa, ITo je Hemoryhe. OpaBspe cneu aa 010 Koja Ba n-CUMILIEKca

(om kojux cBakM uMa 1 + 1 Teme) MMajy 3ajeTHIUKY TaUKy CaMO aKO NMajy 3ajelIHNYKa TEMEHA.

6
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3ajenHrYKa TeMeHa (hOpMUpajy CUMILIEKC KOjH PHIajia CHMILTHAIN] ATTHOM KOMILIEKCY M IMaMO
yJlarasme. 0J
Heoocitiajyha citipana camimunujaisor komiwiekca K je mogckyn o C [m] Takas ja

o ¢ K,acBakacrpaHaono, 7 C o npunaga K, 7 € K.

Ipumep 5. Heka je K cHMILTHITH]alTHE KOMILTEKC Ha [11] KOjU IPEICTaBiba IPaHKILy CHMILIEKCA
A™=1 1j. 3a cBaku npasu nogckyn o C [m], 0 # [m] Baku o € K. Tapa je cummiekc [m]

Hepocrajyha crpana op K.

2.1.1 Opjenramnuja

OpjeHTabmIHOCT je BaKHa KOMOMHATOPHA 1 TOMOJNOIIKA ocobnHa. KpaTak ocBpT Ha OBY
TEOPH)y KOjH flajeMo ce oclara Ha MoHOTpadujy [54], y K0joj cy KOMOGHHATOPHKA 1 TOTIOJIOTH]a
CUMIUTHIMjATHAX KOMIUIEKCA N3JI0KEHE.

Hekacy Py, Py,. . ., P, remenan-cummekca A", Ypehena (n+1)-ropka (P, Py, ..., P,)
je opjenitiayuja n-cummiekca. OpjeHTanmje cy eKBUBAICHTHE aKO Ce Pa3jUKYjy 3a HapHY
HepMyTalyujy TEMEHA, Tj. ako MM je MapHOCT TeMEHa Y MHBEP3UjU UcTa. 3ampaso M0CToje 1Be
moryhe opjenranuje cumnnekca (Fy, Pr, ..., Py)u—(FPy, P, ..., P,).

OpjeHTanuja n-cuMIIeKca MHAYKY]e OpjeHTallljy BeTOBIX CTPaHa H30CTaBIbakheM TEMEHA

KOj¥ HE TIPUTIaJIajy CTPaHH.

IIpumep 6. Opjenranujy 1-cumniekca npeacTaBbamMo BU3yEIHO CTPENULIOM Ka0 Ha CITULH.

].DO——)——-P] (Po, P1)
P
o 7Y (P, P) = (PP

Cmaxka 2.6: OpjeHTranyja 1-cnMimiekca

IIpumep 7. Opjenranyjy 2-cUMILIEKCA IPEACTAB/bAMO BU3YEIHO KPY>KHOM CTPEJIULIOM Kao Ha

CITAIIH.

Nedununnja 2.1.6. Opjeniuayuja n-0umeH3UOHANHOZ CUMTAULUJAAHOZ Komilaekca K je To-
JIeJbMBAE OPjEHTAINj€ HErOBUM cuMIieKcnMa. OpujeHTaluja je KoXepeHiliHa ako Ha CBaKa
[1Ba N-CUMILIEKCA KOja MMajy 3ajeqHuuKy (1 — 1)-quMeH3MOHAHY CTPaHy MHAYKYje CylpPOTHE
opjeHtanyje. CHMIUTMLIHjATHA KOMIUIEKC j€ opjeHiliabuaan YKOMUKO TOCENyje KOXEPEHTHY

OpjeHTAaIH]y.
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P,

(Po, P1, Py) = (P, P2, Py) = (Pa, Py, Pr)

Py Py

P,

—(Po, P1, Py) = (Po, P2, Py) = (Py, Py, P2) = (P2, P, Py)

B Py

Cimxa 2.7: OpjeHTanuja 2-cuMIiexca

BN CEA

Cimka 2.8: Tpuanrynucana MeOwujycoBa Tpaka

IIpumep 8. TIpumep cuMmInIMjamTHOT KOMILIEKCA KOjU HUj€ OpjeHTa0uIaH j€ TPUaHTyJancaHa

Meb6ujycoBa Tpaka.

2.1.2 KomOuHATOpHKAa CUMILTAI[jATHUX KOMILTEKCa

Heka je f; 6poj i-nuMeH3uOHATHAX cuMIuIekca (1 — 1)-TMMEH31jalHOT CUMILTALAjATHOT

kommiekca KL,

Hedununmja 2.1.7. Leno6pojun sekrop f(K™Y) = (fo, f1, fos .-, fn1) Ha3MBaMO f-
6eKiliopom CAMILTAIMjaTHOT Kommnekca K™, Jlemmmmmmo f = 1. h-gekitiopom of
K™ 30Bemo neno6pojan sektop h( K" 1) = (hg, hy, ho, ..., h,_1) e cy h; feduancann

jeTHAYMHOM
hot" + -+ hnoat + hy = (= 1)" + fot = 1)" "+ + fon. (2.1)

Hus (g0, 91, - - - ,g[ﬂ]) rieje go = 1,9; = h; — hi_1,4 > 0 ce Ha3usa g-eexitiop og K" 1.
2

OunrsienHo je f1a je f-BeKTop KOMOMHATOpHA MHBapHjanTa off X"~ u 1a 3aBucH camo of
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FErOBOT [IOCETa CTpaHa. f-BeKTOp 1 h-BeKTop ofpehyjy jefian Apyror MTMHEapHIM pesannjama

k . n
hy, = Z(‘l)kﬂ' (Z:;) Jicty fac1k = Z (Z) hp—q, k=0,...,n. (2.2)

=0 q=k

Ipumep 9. 3a cavmnere A"~ mmamo ga 6o xojux k Temena onpebyie jeman k — 1 cuvmiekc,

= ((0)() ()

W3 jennakoctu (2.2) nobujamo paje ho = luszak > 0,

= Y (-1 (o)) - sz;(‘”k“ () -

_ (_1)k(2) i(—w’(l;) — 0.

1=0

1a je BEroB f-BEKTOp

Hakne, h-sektop og A" !je (1,0,...,0).

IIpumep 10. Ha canum 2.9 ce Hanase ABa KOMOMHATOPHO PA3IMUUTa CUMIUTHALIN]aTHA KOMILTIEKca

Koju uMajy ucre f-Bektope fo = 6, f1 = 12u fo = 8.

Cimrika 2.9: KOMOMHATOPHO Pa3IWIMTH CHMITIAINjATHA KOMITJIEKCH Ca ICTHM f -BEKTOPOM

Nednnmmja 2.1.8. Ojaeposa kapakiliepucitiuka CAMILTANH]amHOT Kommuiekca K™~ je Bpen-
) Jaep P 4 ] Je Bp

HOCT

XK"Y =fo—fit+fo— -+ (D" (2.3)

Heka je K cummuiujaing KOMIUIEKC Ha cKyny Temena [m]. O3naunmo ca k(vy, ..., vy,]
TpajlyrcaHy MOJIMHOMHE]jAHy anre6py HaJl KOMyTATHBHAM IIPCTEHOM ca jefuHAoM K, pi uemy

je degv; = 2 3a cBako 1.




Bopbe Bapanuh

Medpunumuja 2.1.9. Stanley- Reisner-os ipcitien, uau ipcilier CiipaHa CAMIUTAIIA] AJTHOT KOM-

miekca K je KOJIMYHUYKHU ITPCTEH
k(K) = k[Ul, Vo, ... ,’Um}/IK,

e je Zx XOMOTEeHH Ujieal TeHEPHCAH CBUM MOHOMEMA U, = Uy U, «+ - U, (11 < -+ < ig)
TakBUM 1a 0 = {i1, 49, ..., 15} HAje cumIuIeKC o K.

Wnean Zx 30BeMo Stanley-Reisner-os uoean ox K.

IIpumep 11. 3a fBOIUMEH3MOHANHN CUMILTULMjATHI KoMmIieke K Ha ciunu 2.10, umamo f1a je

T = (0105, U304, V1U2V3, UaUsVs).

1 3
Ciuka 2.10: Ilpumep 11

3a ceaku nojckyn 0 = {iq,s,...,is C [m] 03HAUMMO ca v, MOHOM Vj;, Uy, * - U;

[Mpumerumo fia je Zy Ge3kBaipaTHE MOHOMUjATHH Ueal unjy 0a3y YnHe U, KOjU OAroBapajy

HefmocTajyhuM ctpaHama ofi K.

Cras 2.1.2. Csaxu 6e3xsadpaiiinu moHomujasHu uoean L y GoAUHOMUJAAHOM UPCUIEHY UMA

popmy L 3a Heku cumitauyujasru komiaexc K.

Jloka3. Heka je 7 6e3kBajipaTHU MOHOMUjaHN uean. Heka je
K ={o C[m]|v, €T}.

Capa ce mako npoBepu fia je K cuMmuimjant Kommekc unaje Z = L. U

Nedununmja 2.1.10. Hekaje M = M° @ M' @ ... rpagyucanu k-mopya. Peq

F(M;t) = i(dimkMi)ti

=0

10
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ce Ha3uBa [loerkapeos peo on M.
Jlema 2.1.1. 3a Hoenxapeos ped 00 k(K™ 1) eaxcu

n—1

Fk(K"™)it) =

i=—1

fitQ(i—H) B hO + h1t2 et hnt2n
(1 _ t2)i+1 - (1 _ tQ)n ’

20eje (fo, .-, fn1) f-eexitiop u (ho, . .., hy,) h-eexitiop 00 K™ .

’I’L—l aq ak+1 . B .

Hoxa3. Csaku MoHoM y k(K"™') nma o6mik vj.' - - - iy s THE Je {i1, ..., ik11} cMITEKC

on K" 'uay, ..., ag. npupoguu 6pojesu. 3arto ceaku k cummiaekc o K"~ gonpunocu
2(k+1) . . .

[ToenkapeoBoM pefry ca (f—tw , UAMe je TPBHU Ie0 jeTHAKOCTH IoKa3aH. [IpyrueojefHaKOCTH

je MIpeKTHA TOCIeINNa jeTHaKOoCTH (2.2). U

Ipumep 12. Hekaje K = A”. IIpema npumepy 9 u nemu 2.1.1 nmamo

F(R(A™);1) = (1 — ¢2)~( D),

2.2  CumminnujaiHa NpecauKaBawka i 0COOMHE CAMILTULAJATHUX

MpeCIuKaBamba

2.2.1 Cumnummjaaaa u P L (meo-mo-geo muHeapHa) npecinkapama
Ynora cummmuiujanaux u P L npecnikaBaa je BeOMa 3HauajHa y MOJIEPHO] MATEMATHIIN.

Medunnnuja 2.2.1. Heka cy K| u Ky cuMiuidnujanau KOMIUIEKCH HA CKYIly TeMeHa [1m] u
[ms], a P1 u Py wHX0Be reoMeTpHjcke peanusanuje. IIpecmukaBambe O : [mq] — [mo]
je cumiiauyujasno tpecauxasarve m3meby K m K5 ako 3a cBakW cCUMIUIEKC 0 € K Baku
na (o) € K, npu uemy ce remena on K cnukajy y remena off K. Tlpecnukasamwe P je
HedeZepucaro ako je 3a ceako o € Ky |®(o)| = |o|.

Cumitauyujanno pecauxasare ioaueopa P : | K| — | Ks| je maHeapHO IIpofyKe-be Off

O : [my] — [mo] Ha cBakOM cumITeKCy U3 K.

Cumitauvyujannu uzomopusam ioaueopa je npeciukaBame P 3a Koje IMOCTOj1 CUMILTAIIN-

janmHo IpecnuKaBame P L.

Medunuumja 2.2.2. Tloauepap |K'| je @ooiodesa nonuenpa | K| ako cBaku cuMIuiekc o
nosuespal K'| mpunaga HeKoM cuMIuTekcy 7 nonuefpa | K| u cBaku cuMIntekc nosmespa | K |

j€ yHMja KOHAYHO MHOT'O cMIIEKca monmenapa | K|,

11
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Ipumep 13. Ha ciunu cy gati npumepu nosuenapa | K| u jeme of suxoBux nognopena | K'|.

K]

! [ K|

Cimaka 2.11: [lognopene cCUMIUTANMjATHAX KOMIDTEKCa

Mepunnunja 2.2.3. PL ipecauxasamwe ¢ : | K| — |K3|je upecnukapatmbe Koje je CUMILTALH-
janHo npecnuKaBame n3Mehy Hekux nopnonena of K| u |Ks|. AKo mocToju npeciukaBame
¢! 30Bemo ra PL xomeomoppusmonm, a nomueape | K| u |Ky| PL xomeomopdrum umm

KOMOUHATIOPHO eK8UBANEHIUHUM.

Npyrum peunma, nepunnimja 2.2.3 kaxe fa cy qpanonuenpa | K | u | K| P LxomeomopdHu

aKo U caMo ako mocToju nojuesap | K | uzomopan mognoesu CBakor Off kbux.

Ipumep 14. 3a cBakM CHMIUTAIAjaTHA KOMILTEKC [ Ha [11] TOCTOjH CHMILTHIE] ATTHO IPECITHKa-

Bame (nukiysuja) K — A™ L

CraB 2.2.1. Heka je ¢ : Ki — Ky cumilauyujasro pecauxasare uzmehy cumiauyu-

Jjaanux xomiinexca K1 u Ky na ckyily iwiemena [my] u [ms] pedom. Taoa tpecauxasare

¢* s klwy, ..o W, = K[v1, .. Uy | Oepunucano ca
(b*(wJ) = Z Ui
ief~Hi}

unoykyje xomomoppusan k(Ks) — k(K1) koju iiaxohe obeaexcasamno ca ¢*.
Jokas. Tpe6a nokasatu fa je ¢*(Zx,) C Zk,. llpetnocrasumo ia 7 = {J1, ..., js} C [mo]
HEje cumiekc o /(5. Tapa je
gb*(wjl cee sz) = Z Viq =+ Vg (24)
{in}ed={g}, - isyeo=1{js}

Kenmumo nanmokaxemofiao = {iy, .. ., is} HAje cUMILIEKC O] K1 3a CBAKK MOHOM V;, - - - U;, €A

necHe crpane jerakoctd (2.4). Ykoanko 6uTo 61o ciyyaj, raa 6u ¢ (o) = 7 360r nedpunnnmje

12
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CUMILTHLMjANHOT TIPeCIMKaBamba MOpao fia Oyfe cuMIuiekce off /s MTO je y CyIpOTHOCTH ca

npernocraBkoM 7 & K. OBUM je TBphemwe T0Ka3aHo. U

22.2 bapuieHTpHYHA NOAMOAEIa CAMILTHIHjaTHUX KOMILIEKCa

Pa3zmorpuhemo ocoOune jegue crenyjanHe NOANOAEIe CUMILTULMjATHUX KOMIIEKCA KOja

Arpa BeoMa BakHY YIIOTY y T0Ka3MBalby MHOTUX TBphemwa.

Nedunmmja 2.2.4. bapuyeniipu4na iiooiiooeaa ancTPaKTHOT CHMIUTAIAjATHOT KOMILTEKCa
K je cumnummnumjanau kommieke K’ na ckyny temena {0 € K} uuju cy cHMIUIEKCH JTaHIH
yinoxenux cummiekcay K, 1j. {o1,09,...,0,} € K'akoucamoakoje oy C 05 C - -+ C 0,
y K.

Bapunenrap cummiekca A™ C R™ ca temeHnma vy, . . . , Uy, je TauKa
be(A™) = #1 (vo+ -+ +wv,) € A". bapunenrpruuna nognogena |K’| nommenpa K ce
nobuja Ha cnepiehu HauuH:
- Temena op | K'| cy GapuueHTpr cBUX cuminiekca y K.
- Civmrekc off | K| je cBakm cammuiexc Ha TemernMa be(AlY), ... be(A™) 3a koju Baxn

Al C - C AT

Hpumep 15. Ha cimrm 2.12 je faTa GaprIieHTpUYHA ofies1a cuMILiekca A2,

Cruka 2.12: BapulieHTprYHa MOfieNa CUMILIeKca

Ipumep 16. 3a cBaku (n — 1)-aMMeH3MOHATHM CUMILTMLMjanHA Komiyieke K1 na ckyny
TEMEHa [m] MOCTOju HeNlereHepUCaHo CHMILTAIH]aTHO TpecinkaBabe K — A" ! neun-

ncano Ha remenuma of K’ cao — |ol,3a0 € K.

ITpumep 17. Heka je K cumnuniujaasy KOMIUIEKC Ha CKyny TeMeHa S 1 HeKa je ata (hyHKImja
mobopa f : K — & koja noesbyje cBakom cumiuiekey o € K tauky y 0. Huop. ykomuko je
S = [m] 3a f MoxeMo y3eTn pyHKIH]jy f = min o Koja CBAKOM CUMILIEKCY IOIEIbYj€ HBErOBO

MUHAMAIHO TeMe. 3a CBAaKy OBAKBY (DYHKIHjy f MOCTOjH KQaHOHCKO NpECINKaBame V ¢

13
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K’ — K nedunucano na temennma o K’ V(o) = f(o) 3acBako 0 € K. IIpecnnkaBame

IPOIIMPEMO Ha cumiuiekce of K’ ca

Vf(o—l Coy C---C Or) = {f(al)vf(O—Q)a .. -7f(0—7“)}‘
Ckyn Ha fiecHO]j CTpaHH je IOfICKYII Off 0, T1a je cuMiiekc off K. [lakie, V ¢ je CHMINVTHIH]aTHO
MPECIINKABAE.

Ipumep 18. Heka je (S, <) nocer. Heka je ord(S) konekuuja ceux nanana r; < o < - -+ <
Tk, x; € S. Ounrnenno je ord(S) CUMITHITjaTHI KOMILTEKC M HA3UBAMO Ta ypeheHu Komilaekc
nocera (S, <). Ypehenn Komiuiekc noceTa MHKITy3dja HENPA3HAX CHMILTEKCA CAMILTHI] ATHOT
kommekca K je merosa Gapuuenrpuuna nognogena K. TIpuMep, MHKIY3HOHOT MOCETA 3a

ckyn {1,2, 3} 1j. 3a A? je unycrposan Ha ciunu 2.13 .

{1,2,3} 1
(12} {23} {13} 12 31

{1} {2} {3}

2 23 3
Cnuka 2.13: Tlocet ctpaHa OapuIIeHTpUYHE TTOfIeie CUMIIEKCa

[pcren crpana Gapunentprune nognogene K’ og K je
k(K') = k[(bo)]o € K]/Zs,

r7ie je b, MOMMHOMHUjaTHA TeHepaTop Koju ofroBapa cuMiuiekcy o € K. Heperenepucano
npecnukasawe K’ — A" u3 npumepa 16 unpykyje npeciukasama Mehy ogropapajyhum

Stanley-Reisner-oBum npcrennma:

K[or,... 0] — k(K

OBo npecnuKaBarbe feUHAIIE KaHOHCKY cTpyKTypy K[v1, . . ., v,]-Monyna y k(K”).

Heka je K C RY cummmunujanuan kommeke u Hexa je (1K) = max{diamo|o € K}

MaKCHUMAJTHU JiijamMeTap HeKor cumiuiekca of /. Hu3 GapuieHTprIHNX MOAIOIea CHMILII-

14
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mujamor kommrekea K, KO = K, K1) = K/ K®) = (KW .. K0+ = (KM)

Ha3WBaMO Hpodurberbem CAMILTALH]ATHOT KOMILTEKca K .

Jlema 2.2.1. Hexaje K C R? cumitauyujannu komiinexc u dim K = n. Baxcu nejednarxociti

p(K') < p(K).

n+1
Nokas. Heka je s uuna og K’ ca remennma be(of) u be(od) npu uemy je o C 0d y K n

ol ={ao,a1,...,a,},058 ={ap,a1,...,a,},p < ¢ < n. mamo 1a je:
Ibe(of) - mwwH—Hmizzoz—ﬁizzwu

1 1 P
<p+1 q+1> i=0 @i — q+1 Zz p+1

1 P 1 q

— 4P a;
q+1 p+1 =0 "7 q P 1=p+1
1 q

q .
Kaxko cy —— p+1 D im0 @il o D iy @i TAUKE U3 03, TO je

a;ll.

p
qg—pl|l 1 L 4-p
—_— —E ,»——g a;ll < d1am02§
q+1 p+1z zp+1
q—0p q n
<1 DK< 2 (K)< K).
_q+1u( )_q+1l~t( )_n+1ﬂ( )

Kako mocnejima HejeJHAKOCT BAKH 32 IPOM3BOJBHY WBHILY Off /X', Baskd 1 3a MBUIYY MAKCUMAJITHE

ly’KUHE U OBYM j€ JIeMa I0Ka3aHa. U

Jlema 2.2.2. Hexa je K C RY cumiinuyujasnu xomiiaexc u dim K = n. 3a ceéako € > 0

fociioju p € N diako oa je p(K®) < .

Hoxkas. ITpema nemu 2.2.1 umamo fa je

p
n _ n
MK@>sn+IMK@IUS~~§<n+1>um»

. . n P .
[Momro je pll)nolo (n_+1) = 0, To TBpheme JeMe TUPEKTHO CIEH. U

2.2.3 Teopema 0 cHMILTHIIMjaTHO] ATPOKCUMAIIU]U

Y oBoM fienty hieMo Tokasatu fia ce GUIIO KOje HENMPEKUIHO MpecinKaBarme u3mehy nsa
nosespa | K| u | L| nocne ogpebenor 6poja npodurmera MOKe JOBOJBHO 100pO alpOKCHUMU-

paTé CUMIUTMIWjATHAM MpeclrKaBambeM. 3Hauaj OBe TEOpeMe je OrpOMaH jep HaM OHa
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oMoryhasa fia ce y H3yyaBamy MHOTUX 00jeKaTa OrpaHMYMMO caMo Ha CHMILTHILWjaTHa Tpec-

JINKaBamba Tj. Ha uX I[IPpEKO OBE TECOPEME YOIIIITUMO Ha CBA HENIPEKUTTHA IIPECIINKABA:A.

Hedununuja 2.2.5. JIuHk u crap cumiiekca o € K cy:

linkgko = {rloUre K,ont =0},

stargo = {r|loc C 7€ K}.

W3 nedpunmmmje 2.2.5 cinen fa |star g v| caipku cBe cTpaHe Koje cafipske TEME V.

IIpumep 19. Heka je K cumnnmumjanau Kommiekce u3 npumepa 11. mamo pa je:
linkge {2} = {{1}, {3}, {4}, {5}, {1,4}, {3,5}},

starg {2} = {{2},{1,2,4},{2,3,5}},

linkg{1,4} = {{2}},

starg{1,4} = {{1,4},{1,2,4}}.

Jlema 2.2.3. Heka je o cumiinexc 00 K. Tada je star o aitisopen ioockyii 00 | K|.

Jloka3. KoHauHa yHuMja 3aTBOPEHUX CKYNOBA (CHMILIEKCA U3 Star i 0') je 3aTBOPEH CKYIL. 0

W3 neme 2.2.3 ciepn a je {Int star g v|v je Teme o K '} otBopen nmokpmsay ot | K |.

Hedpunmmmja 2.2.6. 3a cBaku nogkommiieke L C K 3ailieopeHa KOMOUHATIOPHA OKOAUHA
Uk (L) y K je mogroMILIeKC
Uk(L) = U stargo.

W3 pepununuje 2.2.6 ciepu pa je Uk (L) ynuja cumimiexca u3 K koju uMajy Kao crpaHy
Hekn cumivieke w3 L. To HaMm iaje MoryhHOCT fia Ie(UHANIEMO 0ili8OPeHYy KOMOUHATHOPHY
oxoauny U i (L) o | L] y | K| kao yHujy peaTuBHIX yHyTpauIsocTs crpana o | K | koju mmajy

cumiuiekc u3 | L| kao Heky crpany.

Teopema 2.2.1. Hekacy | K |u|L| Zeomemipujcku cumiiauyujasnu kominexcuu f : | K| — | L
HellpeKUOHo Upecaukasarbe. Tada doctioju yeo 6pojn > 0 u cumidauyujanto upecaukasarbe
¢ |[KW| — |L| koje cumitauyujaano aiipoxcumupa f, ij. 3a ceaxo v € |K| eaxcu oa

f(z), o(x) aexce y ucition cumiinexcy o € |L|.

Jlokas. HMwmamo na je {Intstarpv|vje reme og L} 3arBopen mokpusau of |L|. Tapa je

U = {f'(Intstarzv)|vje Teme o L} 3atBopen nokpusau off |K|. Hexa je & JleGeros
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6poj mokpuBaya U (cBaku OACKYM off | K | mujaMeTpa Mamer off d cajipskaH je y HEKOM CKYITy i3
nokpusaua). [Ipema emu 2.2.2 moctoji neo 6poj n Takas aa je p( K ™) < %. Heka je Tauka a
teme o K™, Tlokasahemo ja je diam star . a < 6. 3amcra 3a Tauke r, i € starxa Baxn
naz,a € Tuy,a € 7' 3aneke cummekce Tu T of |[K™|. Camajed(z,a) < $ud(y,a) < L,
naje d(z,y) < J. OBaM je fokasamo aa je diam star g a < 0.

HMmamo fia star g, a nexun y nekom ! (Int starzv) 3a neko Teme v o | L|. Hedpunummmo
¢(a) = v. OBo ypagumo 3a cako teme a og K™ u o HaM MHAYKYje CHMIMMILMjATHO

npecimkaBame ¢ : |K (™| — |L|. Takobe je 3a cBako Teme a o K ™
f(stargma) C starpv = starpp(a).

Opmagpie Tako clefid fia je ( CHMIUTHIIAjaTHa ampoKcuMaImja off f . O

2.3 Omnepanmje ca cCHMITALH]ATHAM KOMIIJIEKCAMA

2.3.1 llonHn, npou3BOJH U MOBE3aHE CyME

Y oBom ey hemo onmcaTi HEKe onepalyje ca CUMIUIUINjaJTHAM KOMIUIEKCAMA U HEKe

HBUXOBE OCOOMHE.

HMedunnmja 2.3.1. Heka cy K u K cummuumjanau komiieken Ha Sy u Sy, [loun cumiuiu-

AjaTHEX KoMIuiekca Ky n K je cummmnujarag KoMioieke Ha S U Sy ienHmCaH ca
K x Ky = {O' C S USQ‘O- =o01Uo09,01 € Kl,O'Q S KQ}

Onepaiyja jouH AeUHUCAHA je U 32 TOMOJIOIMIKe TipocTope. ['eomeTpujcku iouH X u Y
KOjH CTOje y OmITeM nomoxkajy y R” Bu3yenn3yjeMo Kao CKyII CBUX YU Koje TI0BE3Yjy Tauke

n3 X mrauke m3 Y, Tj.
X*xY 2{tx+(1-t)ylxe X,y e Y,t €[0,1]}.
Wmajyhu oBo y BUfTY, 1aK0 ce yBepaBamo fia je

|K x L| = |K| *|L]|.
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A% Al = A3

Cmuka 2.14: 11onH Ba cuMIIIeKca
Ipumep 20. W13 necpununmje 2.3.1 cnenu aa je
A™ 5 A" = AL

LlowH cummummmmjanHor KoMiutekca K mtauke K * pt HazmBamo koHyc Hajl K 1 03HaYaBaMo
ca coneK. Iloun cumnnuuujansor kommiekca K u cummiekca A° HasuBamo cyciienuja Hap
K n o3nauamo ca /. T'eomerpujcka peann3anuja OBUX CUMIUIMIMjATHUX KOMILIEKCA Cy

TOMOJIOIIKH KOHYC | TOIOJOIIKA cycrieH3nja Haj | K |.

cone K LK

Cimaxka 2.15: Konyc u cycnieHsnja

Je¢punnmuja 2.3.2. Heka je K cummmmmujanan KoMiwieke Ha S. Obpucanu youn on K je

IIOIKOMILTEKC CHMILTHIHjaiHor Komiwiekca K + K gedurucaH ca
Kxs K={0 CS8S|loc =01Uo0y,01,00 € K,01 N0y =0}.

Ipumep 21. O6pucann onH camitekca A” je xomeomopdas cepu S™.

Pann jemHocTaBRAjer 3amica yentheMo o3aake K *™ = K * K * - - - x K 3a n-TocTpyKH
Vo
nIyTa

[JOWH CAMIUTHIAjaTHOT KOMIUTeKca /X u K;(Q) = K %5 K 3a oOpucann goun. Ca Kg(”)

18



Bopbe Bapanuh

Al *§ Al AQ g AZ

Cimuka 2.16: O6pucaHu JONH CUMILIEKCa

03Ha4aBaMo N-TOCTPYKH OOPUCAHMU Tj. CUMILTULM]ATHU KOMIUIEKC
K;(") ={oCSlo=01U---Uoa,,0; € K, 3acBakoi,o; No; = P3ai # j}.

Cras 2.3.1. [lounu u obpucanu youHu CUMUAUUUJAAHUX KOMUAEKCA KOMYMUpajy, iij. 3a

cumiiauyujanre komiinexce K u L eaxncu
(K * L);(n) o~ Kg(n) * L;(”).

Toka3z. ,,.C “Heka o € (K * L)*™. UmMamomaje o = U,0i,0, € KxLuo,Noj =03a
i # j. OnmaBpeje3acBakoi,0; = ;Up;tne; € Kup; € L. 36oro;No; = (3ai # J Mopa
Gutu; N7, = Dup; Np; = 0. Opasge cnepupar = U, 7 € K; W wp =, p; € L™,

Capa ce mako go6uja 1a

a:Uai:U(nUpi):UTZ-UU,O@-:TU,OEK;(”)*L;(”).

4
,»2 “AHAJIOrHO Ka0 ¥ IIPETXOIHA MHKIIY3H]a. O

Crag 2.3.2. 3a Stenley-Reisner-oe tipcitien youra cumiiauyujainux kominexca K u L saxcu
k(K xL)=k(K)®k(L).

Moxka3s. Hexkaje k(K) = k(uq,...,up)/Zx uk(L) = k(vq,...,v,)/Zr. Tpema nedpunn-

mjama 2.1.9u23.1 ciequpaje L., = Zrk(vy, ..., v,) Uk(uq, . . ., up)Zy. Jedunmmmamo

npeciukaBama ¢ : k(K) @ k(L) - k(K « L)nv : k(K * L) — k(K) @ k(L) ca

(b([uil,...,uir] X ['Ujl,...,UjSD = [uil,...,uiT,Ujl,...,vjs]
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w([uiﬂ‘“’uir’vjl""7vjs]) = [uhw"auir] ® [Uj17"'7vjs]

Jlako ce yBepaBamo f1a cy ¢ u ¢ j06po jecuHucaHn XOMOMOP(U3MH IPCTEHA U [1a CY jeIHO

PYrOM MHBEP3H. U

HMedunnnnja 2.3.3. /lexapitios iipoussoo cumiiauyujasnux kominexca K1 Koua [mq] u[mso]
(ca ypehemeM <) je cummmunujanan KoMmieke K7 X Ko Ha [mq] X [ms] unju je cummuekc
o C oy X 09 (01 € Ky, 09 € K,) koju ocrBapyje Heonapajyhy kopecnonpenuujy usmeby o4
09, T.

Ky x Ky ={0 C 0y X 03]o1 € Ky, 09 € Ko

ni <i = j < j'3a6urokojanmsa(i,j), (i,j') € o}.

IMonuenap | K7 X K| je kanoncka iwipuanzyaayuja on | K| x | Ks|.

ITpumep 22. TTpon3Bop ABa cumIIeKkca He Mopa OUTH CUMILIEKC Kao Ha ciauim 2.17.

v (1,1 (1,07

(0,17 (0,0")

Cmaka 2.17: Tlpon3Bof 1Ba CHMITIEKCa HAje CHMILIEKC

Ipumep 23. IIpouspop cummAmmjaaHor Kommnekca K u cavmnekca A' 1 meropa Tpuasry-
Jauja Mo3HaT je ¥ Kao UpuamMaitiuita iooiooead.

v (2,1)

R O.1) A (1,1)
’ >< Ay Ay

0 (0,0 (1,0))

Cnuka 2.18: 1lpu3MaTinyHa MOANOfENa
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Dyt

Crnuka 2.19: IloBe3ana cymMa CUMIUIAIIN]aJTHAX KOMILIEKCA

Kyl #0’1 Nep) KQ

NMedunmmja 2.3.4. Heka cy K1 n K5 xomorenn (n — 1)-IMMEH3HOHATHE CHMILTAIA]ATHE
KoMIUTeKcH Ha St U Sa, |S1| = my u |Sa| = mo, peoM. Hekacy 01 € Ky noy € Ko
MaKCHMAJIHU CUMILIEKC. 01 U 09 ueHTu(uKyjemo, a ca Sy U, Sy o3naummo yunjy St u S ca

UCHTU(UKOBAHUM O] U 0. CUMIUTMLIN]ATTHU KOMILTIEKC
K1#01,02K2 - (Kl U KQ) \ {U}

Ha 81 U, Sy Ha3uBamo tosesana cyma K1y o1 n Koy 0.

IMpumerumo aa je |S1 Uy, So| = my + mae — n. YKOIUKO HaMm je jacan u36op U ujieH-
tuuKaluja o1 U 0y 3a MoBe3aHy cymy o3HauaBamo ca Ki# K. Teomerpujcku riegaHo,
nose3ana cyMa | K|y o1 u | K3 y 05 ce jobuja cnemwbuBameM | K | u | Ko| myX cTpana o 1 09

1 o10anMBambEM CTPaHe o TOOUjeHE CIETUbUBAKBEM 0 U 0.

Ipumep 24. Heka je K XOMOT€eH n-[UMEH3HOHATHI CAMILTHIIH] ATHE KOMILTEKC €A (PUKCHPAHAM
MakcuMasHuM cumiiekcoM o, Tapa je K#A" = K\ {0}, 1j. K#A™ ce nobuja Gpucamem

cumiuiekca o u3 K.

AN eravy

Cnuka 2.20: Bpucame cuMIuiekca ToMohy moBe3aHe CyMe

2.3.2 dnaerucpukaumje, myHu MOFKOMILIEKCH U IyaJIHH CUMIUIULUjATTHH KOMILIEKCH

Y oBOM fieny hemo ommcaTH joll HeKe onepanyje ca CAMILTALA]aTHAM KOMIIEKCAMa Koje

Cy Off 3Hayaja y KOMOMHATOPULH, AUCKPETHO] MATEMATHLM 1 aIre0apcKoj TONOIOTHjH.
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Hedpunnnuja2.3.5. CuMmnnygjanam KoMimeke K ce Ha3nBa ¢h.1e2 WU 3aciliasu4aciii KOMILIEKC

YKOJIMKO CBAKHU CKYII TEMEHA O KOjI/IX Cy CBaka [1Ba IIOB€3aHa UBALIOM pa3allibe CUMILJIEKC Y
K.

Ipumep 25. Usune n-royrna (cxBaheHe Kao CHMIUTHIMjATHU KOMILUIEKC) Cy mpuMmep ier

KOMILIEKCA.

IIpumep 26. Ypehenu kommieke nocera 1j. OapuIEHTPUYHA MOANONENA je mpumep Jaer

KOMILJIEKCA.
HupexTtHo u3 nedpunnnmje 2.3.5 cnenu cnepiehe Tepheme.

Cras 2.3.3. Cumitauuujasnu xomiinexc K je paez komiinexc ako u camo axo je rwezosea He-

oocttiajyha ciipana uma 08a iiemena.

Nedunnnnja 2.3.6. MyuHUMATHI CUMIUTULIM]ATHE KOMIUIEKC KOjH CafIp>KH JaTH CUMIITIMLIN]alTHU

kommiekc K u koju je duer Ha3uBa ce ¢aezupurauuja on K u odenexana ce fla( K).

Crag 2.3.4. 3a ceaxu cumiauyujarru zpag (1-oumensuonasnu cumiauyujasnu komiaexc) G

fociioju jeOuncitiger ¢.aaz komiinexc K Ha ucitiom ckyily itiemena yuju je 1-cxeaeii G.
Hoxka3. Cummuiekcu o K¢ cy cBu Komiuietnu noarpagosu of G. 0J

HMedunnmuja 2.3.7. 3a ceaku nofckyn o C S iepuHUIIAMO dyHu HoOkomisekc K, ca

K,={r e K|r C o}

Cimmka 2.21: T1yHu TORKOMIIIIEKC

Osnaummo ckyn core S = {v € Slstarv # K}. Cpac on K je mogkomiuieke core X =
K cores Tj. MaKCIMAITHH TIOIKOMIITIEKC KOj! CAJIPKM CBA TEMEHA YHjH CE CTAPOBH HE MOKJIIAMA]jy
ca I{.
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JMedpunumumja 2.3.8. Heka je K cuMImmmmnmjanam KOMIUIEKC Ha S KOjU HUje CHMILTEKC Ha S.

JleprHAIMMO [TyaTHH CHMILTHIIN]aTHA KOMIUIEKC CHMILTHALN]aTHOM KOMILTeKcy K ca

K={occS|S\o¢K}.

Cnuka 2.22; [lyaaHu CHMIUTAI]aTHA KOMILTEKC

JlyastHy CUMILTHLH] a7THA KOMIUTEKCH M)y BaXHY YJI0TY Y KOMOMHATOPHAM ONUCHBabAMa

AJIeKCEIHJIpOBe AYyaJIHOCTHU.

2.3.3  Hujarpamu npocropa u ¢pyakropu colim u hocolim

Y oBoM fienty hemo kpatko aeduHECaTH BaXkKHY TEXHHKY 3 IPOYYaBabe CIOKEHUX KOM-
OMHATOPHUX CTPYKTypa M MoMohy Koje ce MOTy iepuHIUCATH MHOTY MHTEPECAHTHH O0jEKTH
nonyT /-crenena. [lahemMo HMXOBY reHepanHy fAeduHHUIH]Y, a YIIaBHOM he Hac 3aHAMATu
MOCETH CTpaHa CUMILTHALHjaTHOT KOMILIEKCa | ITOJUTOoNa. 3a J0Ka3e U AeTalbHHUje IPOyYaBambe

npenopyuyjemo pajgose [60] u [65].
Nedpunnmuja 2.3.9. P-oujazpam tipocitiopa D je cneneha ctpykrypa:
e Konaunn nocer (P, <);
e Tononouku npocropu D, 3a cBako p € F;
e Henpexupna npeciukasawa dyp, : D, — D, 3acBakunapq < py P;

KOj¥ 3aJ0BOJbABAjy
dygr(dpg()) = dpr ()

3acBe Tpojkep > q > ryPux € D,

Nepunnmuja 2.3.10. colim 00 P-oujazpama D je TonomomKu MpocTop

colimD = H D,/ ~,

peEP
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r7e je ~ mpeHTnduKanujazap < qy Purnex € Dyudy,(x) € D,,.

®ynkTop colim ujarpamMa HeMa XOMOTOIICKA CBOjCTBA. Y KOJIMKO MMaMo iBa P-iujarpama

D u E ca xomoronujama o, : D), — FE, 3a cBako P’ 1 KOMyTaTHBHE jarpame

Qp
Dp

E
o
D,—FE

q q

p

3aCBE p > ¢, TEHEPAIHO je
colimD £ colimF.

Jla 6u ce oBaj mpoOlieM MpeBa3uIIao0 IOCTOj| APYTH (PYHKTOP KOjI Mera colim.

Medunnuja 2.3.11. Heka je D P-gujarpam. [edunuimmmo 7 Kao [OMH CBUX MPOCTOpPA ¥
Ijarpamy HIXOBHM yiarameM y Koce aduHe nornpocrope. Tauke of 7 ce Mory mapamera-
pu3oBaTH
{thxp| 1, €Dy 0<t, <1l Y t,= 1} .
peEP peP

Xowmotuoiicku colim 00 D je

hocolimD =
= {tol‘o + -+, | x; € Dpi,p() < < D, dpi+1pi(xi+1> = l’z} - T.
Cneneha Teopema roBops 0 XOMOTOIICKO]j 0coOHHN (pyHKTOpa hocolim:

Teopema 2.3.1. Heka cy D u I 06a P-oujazpama ca xomotwionujana o, : D, — FE, 3a ceako

p € P u komyiiaiuiusHum oujazpamuma

Qp
Dp p

E
dpq l/epq

(e}
q Eq

)

q

3aceep > q. Taoa je

hocolimD » hocolimFE.

Beoma je 3uauajuo i TBpheme o0mjeno y pagy Zigler-Zivaljevié [65]:
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Teopema 2.3.2 (Jlema o kmuny). Ako je D P-Oujazpam tipocitiopa ca c8um KOHCUIAHIIHUM

[ipecauKasaruma, imaoa je

hocolimD ~ A(P) \/ (A(P) « D,).

peEP
24 K creneum

Y oBoj rnasu fecpunuiiemMo K creneHe u HABOAUMO HEKE Off hUXOBHUX ocobuHa. Mako cy
penaTuBHO MiIaj o0jeKaT y MaTeMaTHIl, OHU UTPajy BaXHY YOIy Y TOPYCHO] TONOJOTHjH 1
KOMOWHATOPHUIIH.

[paruhemo TepmuHonorujy Kojy ¢y kopuctunu Bahri-Bendersky-Cohen-Gitler y papo-
uma [3] u [2]. Tlop mommenpoM cMaTpamo TEOMETPH]CKY peai3anijy CHMILTHIH]ATHOT
KoMIUIeKca. K -crereHn cy (pyHKTOpW W3 KaTETOpHje CAMIUTHIAjaTHAX KOMJIEKCA Udje Cy
BPEIHOCTH OTIIPOCTOPH IIPOU3BOJiA TONOIOUIKKX TpocTopa. [Ipe Hero o gamo aeduHuLmjy

yBenthemo crnefiehe o3Hake:
1. (X, A) = {(X;, A;) }I™, o3nauasa ckyn ypehennx naposa C'W -kommiexkca.

2. Ca K o3HauaBaMO ancTPAaKTHU CUMILIMLMjATHE KOMILIEKC HA 1 TEMEHA O3HAYE-HUX
ckynoM [m] = {1,2,...,m}. Jakne, (k — 1)-cummnekc og K je 3amar ypehenum
Hi3oM 0 = (iq, ..., i) mneje 1 <i; < .-+ < i < mrakomaakoje T C o, Tafaje T
cummiekc op K. Tlpasan ckyn () je rakobe cummnekc o /. Ckyn [mn] je MunuManan y

CMHCITY [la CBaKO @ € [m] mpurajia 6ap jeIHOM CHMILTEKCY.

Capna hemo necpunucaT yHKTOp M3 KaTeropuje CUMIUIALM]ATHUX KOMILIEKCa Y KOjoj cy
Mop(hI3MH CHMILTALAjaTHA TIPecnKaBama y Kateropujy nosesanux C'V kommnekca y Kojoj
cy MOp(u3Mu HENPEKU/HA IPECTUKABAA.

Heka (X, A) o3nauasa kosekuujy ckymnosa { (X;, A;) }/ ; u K cuMIuiiimjaram KOMILIEKC

Kao OITO CMO I'Ope HaBEJIN.

Medunnnnja 2.4.1. enepaaucanu momeniti yzao komiiaexc win K -citieiien onpeben ca (X, A)
n Ky o3Haum

nedunneMo Kopucrehn pyHKTOp

D:K—CW
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Ha crefiehn HaumH: 3a cBako o € K, Heka je

m XZ i c
Do)=Y  aveje Y= { wo =

, A; ako i ¢o
I/ID((D) :Al Xoee XAm.

K -creneH je
Zk(X, A) = | D(o) = colimD(0)
ceK

e je colim fedunncan momohy MHKIy3mja i, . Kafa je 0 C 7 u D(0) ca TOMOJOTHjoM

HOJICKyMa Off mpou3Bofia X; X - -+ X X,,.

Hpumep 27. Hekaje K = {0, {0}, {1}}n (X, A) = {(D", 8" 1H}2_ ramaje Zx (X, A) =
D" x Sty SnTt x D" = D" x 9D™ U9D" x D" = §(D" x D") = 9D** = 51,

—— o
D' x S° S0 % Dt
Zx g1
_ -
1 .
{0} pc{1}
(] (]
S() % SO
) ®

Crnuka 2.23: Ilpumep 27

Ipumep28. Hekaje K = {0, {0}, {1}}n(Xy, A1) = (D™, S Hu(Xy, Ay) = (D™, S™71)
tafaje Zx (X, A) = D"x S"1US" I x D™ = D" xdD™UOD" x D™ = 9(D"x D™) =
aDm+n — Sm—l—n—l.

Mpnvep 29. Hekaje K = A™ ! cranpapuuan cummnekc. Tanaje Zx (X, A) = [[12, X

Hpumep 30. Hexaje K = OA™ 'u (X, A) = {(D", S" H}™, . Tapaje Zr(X, A) =

U, D™ x... Dt x S"i=tx Drivtx ... D™ = (D™ x- - -x D"m) = (D™t tmm) =
Grit-tnm—1
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NMedunnnuja 2.4.2. Heka je K cuMnmmnujaisi KOMIDIEKC Ha [m] 1
(X, A) = {(D? SY)}m,. Tapa ce ogropapajyhu Zx (X, A) obenexasa ca

Zg(D?,SY

7 Ha3UBa MOMEHIUL-Y200 KOMULEKC.

MoOMEHT-yrao KOMIUIEKCH Cy BEOMa 3aHAMIbUBH IIPOCTOPH, jep CY HAILIU IPUMEHY Y KOM-
OWMHATOPWIM, M3yUyaBamy f BEKTOpA MOJNTONA U apaHkMannMa. Y MoHorpacuju byxmradepa
u [Tanosa [13] par je jien u NpUIMYHO €leMEHTAPAH NPUKA3 OBUX MPOCTOPA, Huxose hesu-
jCKe CTPYKType Kao M TOMOJOIIKAX HHBApHjaHTH. MHore TeopeMe Koje hemo oBie HaBecTH
6e3 mokasa, y oBoj MOHOrpaduju cy fokaszaHe nparehu ocobune KyOMUHUX KOMILIEKCA, KOja
1IMa BEJIMKY aHAJIOTH]y ca CUMIUIULIU]aJTHUM KoMIuleKcuMa. VIHTepecoBame 3a OBE NPOCTOPE U
HBUXOBE KOMOMHATOPHE 1 TOMOJIOIIKE OCOOMHE j€ Y MOCIeAnIX ABAAIeCET FOfiHA je BETUKO I

cBe yelthe ce cpehy y MHOTEM ApyruM 001acTUMa MaTEMaTHUKe.

Teopema 2.4.1. Hexa je K cumitauyujaana (n — 1)-cgpepa. Taoda je Zx(D?, S) zaitisopena

(m + n)-OumeH3UOHAAHA MHOZOCTUPYKOCHI.

W3 Be3e n3meby cumnniyjarHux 1 KyOUUHIX KOMILTeKca foouja ce ciefieha nena ocobuna

MOMCHT-yra0 KOMILJIEKCA:

CraB 2.4.1. Hexa cy K1 u Ko cumiiauyujannu komitaexcu. Taoa je
ZK1*K2 (DQ, Sl) = ZK1 (D2, Sl) X ZKQ (DQ, Sl)

Koxomostommku npereH je ommcad cirefehom reopemom [13]:

Teopema 2.4.2. Baxcu caedehu usomopghuzam anzebpu:

H* (Zx(D?,8Y)) & Tor,,..v,) (k(K), k).
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3. MHOJIATOIIN

3.1 Jlepnmnnymje nomurona

3.1.1 lecpunuimmje monuTona i BHUXOBa €KBUBAJICHTHOCT

[Mocroje MBa arOPUTAMCKU Pa3TMINTa HAUMHA [1a e Ie(PMHAIITY TOTUTOINH Y €YKIHICKOM
npocropy R". Kao mrro hemo nokasaTu, oBe jie fecuHuImje Cy €KBUBAJIEHTHE, a Majyhu y
BHAY OpojHe KOMOMHATOPHE W TEOMETPHjCKe OCOOMHE TIOIMTOTA BAasKHO je MMaTH Y BALY 00e
nedpuanmje. Hama ekcnosuimja OCHOBHAX CBOjcTaBa MONUTOMNA Y HajBehoj Mep ce ocnama
Ha uyBeHy MoHOrpadujy Ziegler-a, Lectures on Polytopes, [64]. Y [34] je Takobe Beoma

JIETIO U3JIO2KEHA TCOpI/Ija I[IOJIUTOIIA.

Hepunnmmja 3.1.1. Kousexcuu ioauitioii (oauitioii) N je KOHBEKCaH OMOTa4 KOHAYHOT CKyIa

Tavyakay R".

Hepunnmmja 3.1.2. Konsexcnu ioauitioni (loauitioii) H je orpannuen nopckyn npocropa R™

KOjH je TIpeceK KOHauHOoT Opoja nonymnpocTopa y R™:
P={zeR"| (l;,x) >a,i=1,...,m},

rae cy [; € (R™)" nuneapue pynkmujena; € R,i = 1,...,m.

Hedunnumja 3.1.1 kaxe ja je cBakM MOJUTON KOHBEKCAH OMOTAa4 HEKOT KOHAYHOT CKyNa
V=A{vy,...,v,},V C R 1.
P =convV =

:{/\1U1+)\2U2+"'+>\nvn|)\1+/\2+"'+)\n:1,0§>\i§1}.

Hedununmja 3.1.2 xaxe /1a je cBaKu MOTUTOI CKYI pPellleha KOHAUHOT Opoja JMHeapHuX He-

jeflHaumHa.
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3 3

2120 /wz%() /Fo ]kwrzmssl

Cimaka 3.1: CaMimiexkc ie(pMHICaH XATeppaBHAMa

IIpumep 31. n-cummnekc A" je no aedununuju /N TOTUTOIL. 1-CHMILTEKC je i H -momurom, jep
Ce MOXKE BUJIETH U KA0 PEIICHE CKyMa JINHEAPHUX HEjeHaunHa L1 + T2 + -+, < 1lu

;> 0,0=1,...,m.
Cnepeha Tpu ctaBa cy fupeKTHa NOCIEANIA OATOBapajyhux AehuHuIja.

CraB3.1.1. Hekaje H tioauitiou (y cmucay oepunuuuje 3.1.2) u L agpunu tiotutipocitiop, iwiaoa

je H N L iwakobe toautiioii (y cmucay oepunuyuje 3.1.2).

CraB 3.1.2. Hexa cy P u () dioauitioniu (y cmucay oepuruyuje 3.1.2), iwiaoa je P N () iwiakohe

doauttiot (y emucay oegpuruuuje 3.1.2).

Cras 3.1.3. Hexa je N O RY foaudtionn (y cmucay oepunuyuje 3.1.1) u © : R? — RF

apojexuuja, waoa je w(N) iwiaxohe doauitioi (y cmucay depuruyuje 3.1.1).

Cras 3.14. Hexa je H D RY Goaudionn (y cmucay oepunuyuje 3.1.2) u © : R? — RE

apojexyuja, iwaoa je m( H ) waxobe woauitioi (y cmucay depuruyuje 3.1.2).
Nokas. Hexkaje H = {w € R?| (l;,w) > a;,i=1,...,m},mecyl; € (Rd)* JIMHEeapHe
dyakumjena; € R,7 = 1,..., m. UMamo cnefehu cucreM eKBUBaleHITja

ren(H)< (Jy)(z,y) € HE

< (Jy) i, (z,y)) > a;, 3acBei =1,...,m <
< (Jy)3apoBoibaBa CBUX M HEjeTHAYMHA PEIIEHNX 110 Y <>
& cBaka pelieHa HejeHavuna tana’ < ¢y’
j€ Mama WIK jefiHaKa Off CBAKE PEIEHe HejeHaunna Tuna’ > .

Cayta jacuo cepu ia je ( H ) takobe momuron y emuciy gedunmmmje 3.1.2. O
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Crap3.1.5. Hexaje N D R iioauitioi (y cmucay degpunuyuje 3.1.1), iiiada itocitioju iipojexyuja
7 : R" — R makea daje N = w(A).

Hokas. Heka je N = conv{vi,...,v,}. Hebumuummo npojekumjy 7 : R® — R? ca
7T(/\17~--7)\n) = /\1’01 + +)\nvn

Cmaka 3.2: Tlpojeknuja cuMmiekca

Onaspie je jacko jaje N = m(A). O

Cras 3.1.6. Hexa je H D R? fioauitiof (y cmucay depuruyuje 3.1.2), iwiada je H = A N L 3a

Heku cumiiaexc A u agpunu toiiiipociiop L.

Moka3. Heka je H 3apato ca m InHEapHUX HejeHaYMHa Kao y nedpuanumju 3.1.2. YBegumo m
HOBUX IPOMEHJbUBHUX 32 JICBE CTPAHE THX HEjE[HAUMHA U PEILIMMO CHCTEM Off 1 jefjHaumHa (ca
CTapuM MPOMEHIBUBAMA ) IO HOBIM MTPOMEHIBUBIAMA. JacHO, pelierha cucTeMa HaM e MHATITY
jenan acouH mornpoctop L y R™. m HejeqHaKOCTH HaM OYHTIIEHO Ae(OUHANTY CUMILTEKC A 1
ounrnenHo je H = AN L. O

Cras 3.1.7. Heka je L agpunu iotwtipocitiop, wiada je A N L doauttiod (y cuucay oedpunuyije
3.1.1).

Toka3z. Vimamo fjaje DA™ = | J A™L. Tepheme je Tpusnjanno 3a A'. TIpetnocrasumo fia je
TBphewe TauHOo 3a Heku npupopan 6poj n — 1. Mmamo fa je A™ M L KOHBEKCAH U OrpaHUYuCH
ckyn. Ha ocroBy maykTiBHE xunoteze A"~ N L je KoHBEKCaH OMOTa4y KOHAYHOT cKyma V.
Hekaje W ynumja cux V 3a cBako A" ! w3 OA". Ounrnepno je conviW C A™N L. Y o6pryTa
MHKIy31ja Baxu. [lOBOJLHO jy je mokasaTu 3a Tauke u3 IntA™ N L. 3aucrazax € IntA" N L
BayKHd J1a 3a cBako y € W 3pak = + A\(y — x) mopa npecehn OA™ Gap y joIIr jeIHO] TAUKH 2.
Mebytum, x je Taga Ha AyKH Y2 Koja npumnafa conv . OBuM je craB oKa3aH. U

Capna hemo fjoKa3aTu eKBUBAJIEHTHOCT JiBE]Y e(OUHULIM]jA TOIUTOIA.

Teopema 3.1.1 (I'naBna Teopema). [Jeguruuuje 3.1.1 u 3.1.2 cy exgusaneriiine.
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Hoka3. = Heka je P nonuTon Koju 3aoBobaBa Aedunnimjy 3.1.1. Tana je npema cray 3.1.5
P = m(A). W3 npumepa 31, A je momuron Koju 3agoBosbasa fedunuuujy 3.1.2. Capa Ha
ocuogy craga 3.1.4 nosmron P = 7(A) 3agososbasa nedunnimjy 3.1.2.

< Heka je P nonumTon Koju 3afoBosbaa fecpununmjy 3.1.2. Tama je npema craBy 3.1.6
P = AN L. W3 npumepa 31, A je monuron Koju 3agoBosbaBa aedununujy 3.1.1. Capa Ha
ocHoBy crasa 3.1.7 mosuron P = A N L 3agoBosbasa aedunuimjy 3.1.1. OJ

Hedununnja 3.1.3. [umensuja ioauitioiia je JUMEH3Uja BHETOBOT aprHOT OMOTAayva.

Heka je P C R" monuron gumensuje n. AdwuHa xuneppaBaH [ ce Ha3uBa Hocayuem
foauitioila yKomuKo mpecena P u neo nomuron P je cajpXaH y jefHOM Off fiBa 3aTBOpPEHA

MOJypoCcTOpa ofipeheHa OBOM XUIeppaBHH.

Ciuka 3.3: Hocau mosmrona

Hedununmja 3.1.4. Tlpecek monurona u HOcauya MOJAMTONA HA3MBA CE CIHUPAHA HOAUTLOILA.
YHyTpammOCT MOJIUTOMA CE cMaTpa CTpaHOM nmoauTona. OcTane cTpaHe Ha3UBAMO UpasuMm

cupanama.

TI'panuya toauitiotia O P" je yauja cBuX HeroBux npaBux cTpana. [Ipase crpaHe cy Takobhe
HOJIUTONHU Makhe JUMeH3uje Off 1. -MMEH3UOHATIHE CTPAHE 30BEMO illeMeHUMA, 1-IuMEH31OHE

cTpaHe 30BeMO usuyama, a (n — 1)-IMMeH3HOHe cTpaHe moauTona P Ha3uBaMo ibOCHIL.

Medpunnmmja 3.1.5. [IBamomurona P C R™ u P, C R"™ cyaghuro exsusanenitina wnm aghuro
uzomopgra axko nocroju apuHo npecnukasame R™ — R™2 xoje je 6ujekuuja Mehy Taukama

THX IIOJIUTOIIA.

Teopema 3.1.2. [loauitioii OumeH3uje n ca m ibOCHU je ApuHO eKeUusaneHIllaH ipeceKy Ho3u-

MUBHO2 KOHYCa
RY ={(y1,---,ym) ER™[y; 2 0,i=1,....,m} CR"

U HeKe N-pasHU.
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Crnuka 3.4: A¢WHO eKBUBAIICHTHY TTOJIUTONN

Tlokas. Hekaje P C R" n-nommron nepunncan kaoy 3.1.23aneke [; € (R")*,a; € R,1 =1,
...,m. Heka je L n X m MarpwuIia 4nje cy KOJIOHe BEKTOPH [; HANIMCAHN y CTaHAAapIHO] Oa3m
ox (R™)*, 1j. Lj; = (;);. Teme momurona ce fodmja Kao Mpecek HajMarmwe 1 XUMEPPABHY, 1A
je marpuna L panra n. Cnuuno, Heka je a = (ay, ..., a,)" € R™ konouna Bexrop. Tana ce

HejeqHaunHe u3 fepununyje 3.1.2 Mory HanmmucaT y oOIuKy
P={zeR"|(L'z+a);>0,i=1,...,m}, (3.1)

ryie je L' TpanciionoBana Matputiau z = (1, . . ., Z,, )" Komona Bekrop. [TocMaTpajmo auHO

MpEeCInKaBame
Ap :R" 5 R™ Ap(z) = L'z + a € R™.

W3 (3.1) cnepupaje Ap(P) mpecex jenne n-pasun y R™ ukonyca R”'. Hekaje W m x (m —n)
marpuiia unje KojaoHe hopmupajy 6a3y muneapHux 3aBucHoctu Mehy Bexropuma ;. W je panra

(m — n) koja 3amoBosbaBa LW = 0. Opaspe ciienu a je
Ap(P)={y € R™"| W'y =W'a,y; > 0,i=1,...,m}.
Ipema nedpurmnmju 3.1.5 nomuronu Ap(P) u P cy aduHO eKBUBATICHTHA. U
3.1.2  Ilpumepu HEKHX MOJIUTONA

HOpCI[ CUMINIIEKCa HpCI[CTaBI/IhCMO n jOH_I HEKE IpUMEPE U K1ace MOJUTOIIA.

Ipumep 32. 2-puMEH3MOHATHYU TIOJUTONM CE HA3UBAJY {0AUZOHU WK1 MHOZ20Y2a06uU. [lpema

Opojy TeMeHa Ha3UBaMO UX N-ill0Yy2106U.

Tpumep 33. d-Oumensuonannu ky6 1 wam xuiiepkoyxa je TOTTON KOjH IPENICTABIba KOHBEK-
can omoray 2% rauaka y R? umje cy kooppunate 0 man 1. OBaj momuTon je 3aaT HejefHaunHAMA
0<z;<l,3a1=1,...,d.
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A4 @a

Cinka 3.5: Tlonurorun

It 12 I3 T4

Cinka 3.6: Ky6oBu

Ipumep 34. Kpoc iioauitioin O™ je KOHBEKCHE OMOTA4 Tavaka {e1, —ey, €z, —€a, . . . ,

en, —€nt yR™ e je {e1, €9, . .., €,} cranmapnua 6aza y R™.

Ot 02

Crnuka 3.7: Kpoc nmonutomnn

Medununmja 3.1.6. [TonuTon ce Ha3MBa ipasu.aHUM aKO je HETOBa rpyna H30METpHja TPaH3H-

THBHA Ha CBAM (p1aroBuMa (Tj. Ha HA3Y HHKIy3Hja: TeMe, MBHIA, 2-CTPaHa, . . . , IbOCaH).

Ipumep 35. [Ipasuanu itoauitioiiu OumeH3uje 2 ¢y dpasuanu oAUZOHU: JeOHAKOCHIPAHUYHU
ipoyzao, k6aopaitl, UpasuaHu, iieitioyzao, . . . Illpasuanu iioauitioiiu y oumensuje 3 cy Ilaaitio-

HO8a flead UAU UPasuaHU HoAueOpU: elllpaedap, Kouka, oKitiaedap, 000ekae0ap uukocaeoap.

Kop nonurona gumensuje n > 4 nocroje MpaBUIHU CHUMIIJIEKCH, XUIEPKOLKE U KPOC
MONUTONK KOjU Cy aHAJIOrOHM TETpaenpa, KOUKe W OKTaefapa. Y AUMEH3Wju 1 > 5 TO Cy U
JeIMHA PABUJIHY TIONUTONH. Y AUMEH3Uju 1. = 4 MOCTOoje joIl TpU MpaBWiIHA monauTona: 24-
henmja (24 okraemapcknx mpocHN), 120-hemmja (120 nopekaemapcknx mbocHn) 1 600-henmnja

(600 nKocaeapCcKux MLOCHN).

33



Bopbe Bapanuh

.

Cimka 3.8: TInaToHoBa Tena

Ipumep 36. [{uxauunuiioauitioi Cy(ty, to, . . ., t,) je KOHBEKCHI OMOTaY Tavaka X (t1),X (),
.., X(t,) xoje nexe na moment kpuBoj C = {(t,1%,.. ., t)|[t € R}urmejet; <tp < -+ <
ty.

Cruka 3.9: LIuKJIAIHYA TOTATOTT

LIgK1MYHA TOTUTONHN Cy BeOMa BaKHH y TeOpHju moiuroma. Yecro ce jaBibajy Kao
KJ1aca IOJMTOIA KOja peanu3yje HeKO KOMOMHATOPHO WK €KCTPEMATHO CBOjCTBO MOMHUTOIIA.
Cnenehn cras, no3nar kao Gale-oB yciioB naprocta [31], mokasahe ja cy remena nosmrona
Ca(ty,ta, ..., t,) Tauke u x(t1), X(t2), . .., X(t,) u ma cy ceu momuromu Cy(t1, 1o, ..., 1,)

acuHO n30MopHE Oe3003upa Ha W300p mapamerapat; < to < --- < ty,.

Cras 3.1.8 ( Gale-oB ycmos mapuoctn). Heka je n > d > 2, [n] = {1,2,...,n} u
ty < ty < - < t, pearnu dapameiipu. Luxauunu doauition Cy(ty,ta, ... 1,) =
conv{x(t1),...,x(t,)} je d oumensuonaanu foauitioi wuja cy cae citipare cuminexcu. I1oo-

ckyii S C [nl, |S| = d popmupaiimocan iioauiioiia Cy(n) ako u camo axo je uciiyrer caedehu
,, Y€A086 HapHociiu

Ako 1 < j He iputiaoajy ckyiiy S, wiaoa je 6poj k € S, < k < j tiapan.
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Hoxkas. [Tohnmo of BannepMoHTOBOT HeHTATETA

11 .1
to  ti ... tg

det | : : PR = H (t; —ts).
=t gdt o gdml | Osisisd
ot

W3 oBor upeHTuTeTa cneau aa je 6uno kojux d + 1 rayaka Ha MOMEHT KpHUBO]j a(pUHO HE3ABUCHO.
Onasyie cemu 1a cy mwpockn momutona Cy(n) d — 1 caMIUTeRcH 1 [a ¢y cBe cTpaHe Takohe
CUMIITIEKCH.
Heka je S = {i1,...,iq} C [n|. XuneppaBan Hg kpo3 ofrosapajyhe tauke X(t;,) je
nedunmncana ca
Hs = {xeR?| Fs(x) =0},

r7e je

1 1 1
Fqo(x) = de '
5(x) t ( x x(tiy) ... x(t) )

Makite, Fis(x) je muneapua (pyHKIMja M0 X, KOja MMa HyJIe y faTuM Taukama X (1;_).

3arauky x(t) € C camoment kpuse Fs(x(t)) je monmusom 1o ¢ crenena d uuje cy nyne t;,
tiys - - tiy- Y CBHM OBAM TauKaMa BpeHOCT moimHoMa Fls(X(t)) Merba 3Hak. XumeppaBaH
H s dhopmupa mypocan ako u caMo ako BpeiHocTr Fig(x(t;)) nmajy uctu3nak 3acee i € [n]\ S.
OBO je UCITYHEHO aKO 1 CaMO aKo 3a cBe @ < 7,4, € [n] \ S uma napan 6poj npoMeHa 3HaKOBa

Fs(x(t)) 1j. mapan 6poj enemenara u3 S. O

Hpumep 37. ITepmyitioedap 11, ; C RYje monuron Koju ce AepuHmIIE KA0 KOHBEKCAH OMOTAY

Tavaka Koju ce fo0ujajy ceuM Moryhnm nepmyranujama koopuHara tauke (1,2, ... d).

Temena nepmyToespa ce MOTy HeHTH(UKOBATH ca epMyTaiujama Sy cKyna of d eneme-
HaTa, IPH Y€MY CYy [[Ba TEMEHA II0BE3aHa UBUIIOM aKO U CAMO aKO CE NEePMyTalyje Pa3IuKyjy
3a TaYHO jef[HY CyCeHy TPaHCIO3MIH]y. k-cTpaHe mepMyToefpa OAroBapajy ypeheHnm pason-
jamuma ckyna [d] Ha d — k Henpasuux fesoBa. [I/bocHM ofiroBapajy nojieiamMa ckyna [d| Ha
nenose (A, [d] \ A)rpejed C A C [d].

IIpumep 38. Acoyueoap vnu ioauitiotl Ciiautesa K, je KOHBEKCHU IIONUTOI JUMEH3U]€ 1 UHje
cy k-cTpaHe y Oujexnuju ca OmHApHAM ApBETHMA Koje mMajy . — k + 1 yHyTpammux YBOopoBa

un + 2 1ucrosa.
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231

321
Hl

Ciaka 3.10: TIlepmyToenpn

o/

Cnuka 3.11: Acommenpu

Kl K2

Acomenpn cy BaxkHa Kjlaca MOJIMTONA KOja Ce MOjaBibyje y TEOPHjU TMPOCTOPA METIBH,
KoMmOmHaTOpHUIH 1 ip. CTpaHe aconuefpa ce MOTY CXBATHTH Kao MOBNavekhe 1. — k Hempece-
1ajyhux gujaronana y KoneKcHoM (1 + 2)-toyrity. TemeHa aconueipa oAroBapajy IpaBuIHOM
I0CTaB/bakby N-MIAPOBA 3arpaja y TeEpM T1Ls . . . Tnio. Loday [43] je omucao acoumesap ex-

CIUTMLIMTHO 33/1ajyhy KOOp/IMHATE HEroBUX TEMEHA.

Ipumep 39. Iepmyitioacouyueoap wmm ioauttioit Kaipanosa K11, je xOHBEKCHW MOJIHTOMN
MUMEH3M]e 1 Yhje cy cTpaHe y OWjeKInji ca CBIMM HAUMHIMA Jla Ce IOMHOXKE TEPMOBH a1, A2,
..., Gy, Y TIPOU3BOJLHOM peflocieNly, IPETNOCTaBIbajyhi a MHOXKEHE HIlje Hi KOMYTAaTHBHO

HUTH aCOLMjaTUBHO MTPU YEMY j€ 103BOJHEHO ACTMMUYHO MPABUIHO 3arpabuBame.

Ipumep 40. Hupkxogpos toauition Wi HOAUTLOU 080CHIPYKO CHIOXACTHUYKUX MATUPULA AT
{oAUlllOl caspuleH0? cilapusarba 00 K, ,, je NONUTOI KOj! je KOHBEKCaH OMOTay Tavyaka x° y
R%
2
P(d) = conv {27 | 0 € Sg} CR",
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K1l

Ciaka 3.12: TlepmyToaconuenpn

rje je o nepmyranumja ckyna {1, ..., n},arauka 27 je 0/1 marpuua nedpunucana ca

o { 1 akojeo(i) = j,
0 wuHaue.

3.2 KoMOHHATOpHA CBOjCTBA IOJUTOINA

3.2.1 KombuHaTOpHa €KBUBAJIEHTHOCT HOJIHTONA

Capahemo onucary Heka KomOMHaTOpHA cBOjTBa noaurona. [locrojujakaBe3au aHaioruja

I/I3Meby KOM6HHaTOpHKC [IOJIATOIIAa 1 KOM6HHaTOpI/IKC CI/IMHJII/IIII/Ij aJIHUX KOMIIJIEKCA.

Nedununuja 3.2.1. [loceiu citipana fioauitioila P duHA CKyIN CBUX CTPaHa MOIUTOMNA KOjH je

napuujaiHo ypeheH y ofHOCYy Ha UHKITY3H]y.

Jedununuja 3.2.2. [IBa monauTomna cy KOMOUHAMIOPHO eK8UBANEHIIHA AKO TIOCTOj! OMjeKIHja

n3Mehy ckynoBa BUXOBHX CTpaHa Koja MOIITYje pesalujy MHKIy3uje Mehy cTpanama.

W3 pedpunnimja 3.2.1 u 3.2.2 cinenu ga cy fBa HOIUTONa KOMOMHATOPHO €KBUBAIEHTHA aKO
M CaMo aKo Cy UM MOCETH CTPaHa M30MOP(hHU.

[MoceT cTpaHa nosMTONA CE YECTO MIEMATCKU MIPEJICTaBba Xaceosum oujazpamom. XaceoB
mujarpaMm je (opjeHTrcaH) Tpad udja cy TeMeHa cTpaHe MOJNUTONA, YKIbYIYjyhi pa3aH CKyI 1
caM MOMATOTI, a cBaka mBrna rpacda nopesyje Heky I k-crpany n Ff 1 (k + 1)-cTpany TakBy
naje Ff c FFHYL

IIpnmep 41. Ha cnuny je mpuka3aH moceT ctpaHa netoyrina. Ha HajHukeM HUBOY je mpa3Ha

CTpaHa, 3aTUM TEMEHA, IOTOM CTPpAaHULIC U HA HajBI/IHICM HUBOY CaM n€Toyrao.
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Cruka 3.13: XaceoB ujarpam 3a IeToyrao

Nedununnja 3.2.3. Kombunaitiopnu iioauitioil je Knaca KOMOMHATOPHO €KBUBAJIEHTHUX KOH-

BCKCHHUX ITIOJIUTOIIA.

Kom6rHaTopHE momTo je ofpeheH moceToM cTpaHa (TeOMeTPHjCKOT ) MONATOTA.
J1Ba achuHO M30MOphHA NOMUTONA Cy KOMOMHATOPHO €KBIBAIEHTHA, a1l OOPHYTO HE MOpa

J1a BaXW.

Ilpumep 42. Tpaiie3 u keadpaiu cy iipumepu 08a KOMOUHAMIOPHO eKBUBANEHIUHA, A APUHO

HeuzomopghHa ioauitioua.

Ciika 3.14: KoMOrHaTOPHO €KBUBAJIEHTHN 1 a(hTHO HEN3OMOPQHN MOINTONN

3.2.2 Ilpocru u cuMniuiujaaHu DOJUTOINH; TOJAPHOCT u3Meby noaurona

3a ckyn o m > n tavaka y R" KaxeMo fia cy oiwiliem {@010%#ajy YKOMAKO HAKOJAX
n + 1 of BUX HE €K Y UCTO] aPUHO] XUMEPPABHU. Y KOIHUKO j€ MOJUTON KOHBEKCAH OMOTay
KOHAYHOT CKYTIa Tayaka y ONIITeM nojoxajy y R", cienu fa cBaka nsbocaH OBOT MOMATONA IMa
MUHHMalaH Opoj TeMEeHa 1 Tj. ia Cy CBe CTpaHe OBAKBOT NonuTona cumiviekcr. [lomurone ca

OBOM OCOOMHOM HA3UBAMO CUMIULAUYUJANHUM.
IIpumep 43. Cummuiexc u Kpoc-MOIUTON CY IPAMEPU CAMILTALAjATHAX MOJTATONA.

3a ckyn of m > n xuneppaBHu y R"™ KaskeMo f1a cy y ONIITEM MON0Ka]y YKOIMKO HUKOjAX
n + 1 o BUX HEMAJy 3aj€lHUUKY TauKy. Y KOJUKO j€ HOJUTOI OTPaHUYEH XUIleppaBHUMA KOje
ce Halla3e y ONIITEMO MOJI0XKajy, Tajja ce TAaYHO 1 IbOCHY cycpehe y cBakoM TeMeHY MOUTONA.

TakBe noaMTONE HA3UBAMO UPOCIHIUM.
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IIpumep 44. [Tonuronu u Ky0 cy IpuMepH IPOCTHX MOTUTOMA.

Cnepehn craB ce nako gobuja KopuitheweM Ae(UHALN]a TPOCTUX U CUMILTULA]jATHUX

oJmTona.

CraB3.2.1. Jeounu ioauitioiiu Koju cy UCHio8peMeHO U CUMUAUYUJAAHU U HPOCIIU CY HOAUZOHU

U CUMUNCKCU.

Nedunnnuja 3.2.4. [oaapru ckyii P* C (R™)* nouckyna P C R” je ckyn gedunucan ca

P ={2" € (R")*|(z',2) > —13acBex € P}.

R+

Ciuka 3.15: Tlonapau ckyn

Ipema nedpunmnmju 3.2.4 Moryhe je nedunucatu objekar (P*)* koju Ha3uBaMO Oyilau-

floaap u obenexkaBamo P**, 3a mera Baxu Jia je
P ={y € R"| (¢c,z) > —13acBex € Pnosnaun (c,y) > —1, 3ac € (R")"}.

Cneneha Teopema Ham OMHCYje HEKE BasKHE OCOOMHE OBUX KOHCTPYKIIH]ja.

Teopema3.2.1. (i) Axoje P C Q) waoa je P* O Q* u P** C Q**,
(i) P C P
(iii) P* u P** cy Koneexchu ckyiiosu,
(iv) O € P*,u0 € P*,
(v) Ako je P ioauitioiu 0 € P, iuiaoa je P = P**,
(

vi) Ako je P ioauiioii u 0 € int(P) saoaiti ca P = conv(V'), iwaoa je

P*={al {a,v) > —1,3aceev € V},

39



Bopbe Bapanuh

Tokas. Oco6une (i), (ii), (iii) m (iv) ce mupekTHO MpoBepajy Kopucrehn gedunnmuje P* u
P,

Hekajey € P** \ P. Tapa3aje 3a cako ¢ € (R™)* ucnymeno (¢, y) > —1jep0 € P.
Ho, omasnie Mmopa 6utn y = 0 € P. Jlakie, Baxu ocobuHa (V).

3a 0cobuny (Vi) HOTPeGHO je TOKA3aTH jeIHaKOCT
{a| {a,z) > —1,3acBex € P} = {a| (a,v) > —1, 3acBev € V'}.

WNuknysmja ,,C“je ounrienHa, OK HHKIY3Hja ,, O “cIei U3 KOHBEKCHOCTH TOJMTONA Tj. W3
JHELEHUIE JIa CE CBAKA Tauka & € P MOXe NpefcTaBuTH y OOIUKY & = » . A;v;, TJIE CY
v, EV
0< X\ <1l rakBupajed A\; = 1. 0
Teopema 3.2.1 uma caenehe BaxHe nocnenute.
IMocnepnna 1. Yroauxo je P iioauitioi O € int(P) iwiada je u P* ioauitioi.

Yxonuko ce APXKUMO KOM6I/IHaT0pHI/IX NOJINTOMA MOKEMO 3aKJ/bYUUTH 1a je:

Hocaemuua 2. [loaap iipocitioz ioauitioia je CUMIAUUUJAAHU HOAUMLOU U HOAAD CUMUAULU-

JaaHo? ioauiioia je upocitl UoAUMLOTL.

Ilpumep 45. TlonapHu NOMUTON Off CUMILTIEKCA j€ TaKOhE CUMILIEKC.
IIpumep 46. [TonapHu nonuton Ky6a je Kpoc-moIUTOMN 1 0OPATHO.

IIpumep 47. [onekaenap u ukocaegap cy jeiHO JPyrom NoJaapHu HOTUTOIN.

[Tonapuu mosuTomn ce 3anpaBo MOXKE CXBATUTH KO0 MOJTMTOI KOju iMa OOPHYT MOCET CTPaHa
Tj. TeMeHa My OfITOBapajy IJbOCHNMA, TUHOCHH TEMEHHMA W YOIINTE k-CTpaHe OroBapajy

(n — k)-crpaHama.

VY’

Cinka 3.16: Ilonapan nonuronn
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3.2.3 KombuHaTOpHE HHBAPHjaHTE MOJUTOINA

CnuyHO Kao W KOJ| CHMIUTHIAjaTHUX KOMIUIeKca, yBehemo mojmose [ m h BekTopa 3a
CHMILTHIIMjaHE 1 npocte nosurone. Heka je P cuMmuniujaaiu noauTon u f; 6poj heroBux ¢

crpana. Takobhe, mecpmanmmmo ma je f1 = 1.

Medunuumja 3.2.5. Heka je P cumnimumjaanu nosauroi, Taga uesnoopojuu sexrop f(P) =
(fo, f1,- -+, [n_1) 30BeMo f-eekitiopom on P. h-eexitiop on P je nenoGpojuu Bekrop h(P) =
(ho, h1, ha, ..., hp_1) THE €y h; e MHACAHN jeIHAYMHOM

hot" + -+ hnoat + hy = (E = 1)" + fot = 1)" "+ + fuon. (3.2)

Hus (g0, 91, - - - 9] ]) rneje go = 1,9; = h; — h;_1,7 > 0 ce HasuBa g-eekitiop oy P.

|3

ITpema nocnefuiy 2 mojiap pOCTOT MOJIUTOIA j€ CUMIUTALI] aJIHA IOJIATOIL, T1a ce f-BEKTOP,
h-BEKTOp M g-BEKTOP MPOCTUX MOMMTONA A€PUHAMILY KAO f-BEKTOP, A-BEKTOP U §-BEKTOP I10-
napuornomurona. To3uauu gakognpocrornourona P f-sekropf(P) = (fo, f1,. -, fu-1),
f1 o3nauaBa 6poj (n — k — 1)-crpana nommrona P.

OuurineHo je aa f-BEKTOP 3aBUCH CAMO Off MIOCETA CTPAHA MOJMTOMNA, T MPEJICTaBiba

KOMOMHATOPHY MHBAPHjaHTY IOJIUTOIA.

Ipuvep 48. JIBa KOMOMHATOPHO pa3IMYUTa MONUTONA MOTY MMaTh ucte f-Bektop. IIpocTn

IIOJIMTONH Ca CJIMKe umajy ucre f-sekrope (6,12, 8).

Cimka 3.17: KoMOMHATOPHO Pa3jIMuKMTH ITOJUTOIN Ca HCTAM f-BEKTOpHMa

Cee penanmje 3a f-BeKTOp, h-BEKTOp W ¢-BEKTOP KOje Cy BaXKWIe KO CUMILTHII]aTHAX
KOMIUIEKCa BaXKe 1 3a CHMIUIAIMjAIHE 1 Ipocte nonuTone. [loxceTnmo ce fa cy f-BeKTop u

h-BekTOp onpebyjy jena npyror TMHEapHAM pealdjama:

k . n
he =Y (=1)F (Z:;) firts focion = (Z) B k=0,...,n. (3.3)

1=0 q=k
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Heduannmja h-BeKTOpa MOXKE ENOBATH HEIPAPOIHO Ha MPBH TOTIIEN, a1 KOJ TIOJIUTOMA OHA
HOCH BeOMa BaxKHE KOMOMHATOPHO-TE€OMETPHjCKe 1 anrebapcke uHpopMmanuje o NOIUTOomy U
YECTO je MHOTO NOTOfIHH]! 32 N3y4aBame Off f-BeKTOpa.

[omro cy momuron# Kao TOMONOMOIIKA MPOCTopr XoMeoMopdHu cdepu, a OjaepoBa

Kapakrepucrika cdepe je (—1)" + 110 je
fo—fi+tfo—+(=D)"fu=(-)"+1 (34)

WNwmajyhn y Bunty (3.3), jemrakoct (3.4) ce 3anmcyje y 06IuKy

Osa penamnuja mMa cBojy TeHepaim3anyjy y Bugy Dehn-Samervil-oBux jemHakocTi.

Teopema 3.2.2 ( Dehn-Samervil-oBe jenHakOCTH). h-8eK@iop CUMTAUYUJAAHOZ UAU UPOCIIOZ

floauitioiia je cumeitipudan, itgj. 3a ceéako i = 0, 1, ..., n eaxcu
hi - hn—i-

Jloka3. Hexka je P" C R”" npoct nommron. Heka je ¢ : R" — R nuHeapHa yHK1IHja Koja
y3UMa pa3iImdnTe BPEAHOCTH HA TEMEHIMa nosuTona 1j. ¢ (v;) # ¢(v;) 3a pa3imanTa TeMeHa
v; 1 ;. To 3HaUM 1A Y MOKEMO CXBATUTH KAO (DYHKIH]Y BUCHHE, Tj. UBULE OIUTONA MOXEMO
OpjeHTHCATH Off TEMEHA ca MambOM BpefHOIIhy (hYHKIHjE ¢ Ka TeMeHy ca Behom BpenHomthy
dyuknmje ¢. Heka je (v) 6poj uanasuux uenia u3 remena v. Csaka k-crpana og P" uma
JEMHCTBEHO TEME HAa KOM ( JIOCTHXE MAKCHMMyM, a Kako je k-crpaHa cama 3a ce0e ImpocT
TIOJIATOTI, TO Y MAKCUMATHOM TeMeHy nMa 6ap k n3nasuux usmna. [Ipamernmo crenehe, cBako
teme unpekca [ (v) = i ofpebyje (;) (n — k — 1)-numensuonanuux crpana og P". Heka je

R} 6poj remena v Taksux naje [ (v) = n — k. [lakne,

=5 (s

i>k

Ho, nmajyhn y Buy jemaakocru (3.3) To je by, = hy.

[IpumeTnmo fa hyHKIHIja — Takohe NMa ONicaHa CBOjCTBA KAo M (. 3HAUYM CBaKOj HBHIN
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Cinka 3.18: ®yHkuyja BUCHHE

MOKEMO IPOMEHUTHU YCMEPEHE U CIIPOBECTHU UCTY MPUUY KA0 U MAJIONPE U 10OUTH /12 je

fnfkfl = Z <Z> In_k,.

i>k

Omaspe je h!_, = hy, a Beh cmo nokasanu ja je h,_, = h,_j, ogakie cnienn hy, = hy,—y.
OsuM je TBpheme JoKa3aHo. 0

Kopucrehu jegnakoctu (3.3), Dehn-Samervil-oBe jeHakocTH ce MOTY 3amicaTi y OOTHKY

n

fkfl = Z(-l)nij (.]]{) fjfl, k= 0, 1, o, N

Jj=k

WNmajyhu y Buny pedunnnujy Stanley-Reisner-oBor npcrena 3a cuMIutuimjagne KOM-
meKce (Koja BaKH 1 32 CHMILTAIAjaTHe monuTore) Moryhe je meuancatn Stanley-Reisner-
OB IIPCTEH 3a NPOCTE MOTUTOIE.

Heka je P mpoct n qumen3noHamam nojmron u F, ..., F,, meroBe mbocHu. Heka je
k dukcupann komyratuBHU npcreH ca jepununoM. Heka je k[vq, . .., v,,| noauHomujaiHa

anre6pa Haj k ca m reseparopa ca rpagyarujom deg(v;) = 2.

Medpunumuja 3.2.6. Stanley- Reisner-os fipcitien TpocTOT TOMUTONA P je KBOIMjeHTHH PCTEH
]{Z(P) = k['l)l, ce 7Um]/ZP7

r7ie je Zp upean renepucad 6e3KBa[paTHAM MOHOMEMA V;, Uj, . . . U;, TaKBAM fia je F;, N £, N
NFL =0y Py < <y

Ipumep 49. Hexkaje P? m-toyrao, m > 4. Tapaje

k(P?) = klvi, ..., vm)/(viv;]|i — j] # 0,1 mod m).
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IIpumep 50. Hexkaje P = " xy6. Tapa je

k<1n) = k[vla R 77)2n]/('Ui'Ui+n|i = 1, c. ,n).

3.3 Onepayuje ca noIATONAMA

3.3.1 [IlpousBoau u n1oBe3aHe cyme MPOCTHX MOJUTONA

IIpoussoo P, x P, npoctux nonutona P, u P, je Takobe npoct nosmron. Oarosapajyha
omnepanyja Haj| CUMIUTAIW]aTHAM MOJUTONAMA MOXKe ce ommucaTh Ha cnefehn HaumH. Heka
cy S C R™ n Sy C R™ cummmiujaiaHu moauTond Takeu fa oba caapxke 0 y cojum

yHyTpaimbocTuma. JeuHuimnmo onepauujy ioaapHi iipouseod o Ha cieehn HaunH
S1 08y =conv(S; x 0U0 x Sy) C R™H2,

[owro ¢y S; u S2 CUMILUTULMjATH TTOJUTOIHM CISAU f1a .S © S MOpa OUTH CUMILTULIU]jATHA

IIOJIUTOII.

Cimxa 3.19: TlonapHn TpOW3BOJ MOJIMTONA

Cras 3.3.1. Hexacy P, C R™ u P» C R™ dpociuu ioauitioniu xoju caopxce 0y ceojum
yHytipaurociiuma. Taoa saxcu jeOHaKocil

Pl*OP2*Z<P1XP2)*.

Moka3s. Hekaje P, = conv{vy,..., v} u Py = conv{wy, ..., w;}. Ha ocHoBy necpunnipmje

3.2.4 umamo n1a je

(P x Po)* = {2’ C (R™*")" | (2/, (21, 22)) > —13acse (a,b) € P, X P2} .
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Kakoje 2’ = (2, 2%)3a2’l € (R™)*mx}, € (R™)*. Kako ce cBaka Tauka MOJATONA MOXKE

H3pa3uTU NPEKO KOHBEKCHUX KOM6I/IHaIII/Ija TEMEHa TO je
(Pl X Pz)* =

= conv {(2],0), (0,z5) € R™™2 | (2, v;) > —1, (2}, w;) > —1, 3acBe v; AW, } .

Opnasfie MUPEKTHO CEU TBphEwe. O

Tosesana cyma mpocTrX MOJIATOMNA UCTe AuMen3uje P" u Q™ ce Moxke omucatu Ha cinefiehn
HauyuH. Y 0urMo Ha nojiutonuma P u Q)" peoM remena v uw. ,,OfcenuMov 1w off HOJIUTONna
u 1ojaBnhe HaM ce Ha CBAaKOM MONUTONY IJbOCaH y oONWKY cuMmiuiekca. OproBapajyhom
NPOjEKTUBHOM TPaHC(OPMALHjOM ,,CIEMbYjeMO OBE IJLOCHU U A0OUjaMO MPOCT MOJUTOI

P"#, ,Q" Koju npeficTaBiba NOBE3aHy CyMY IPOCTHX NMOMUTONIA.

pr P\ {v}
Bém \%
- S &
Q"\ {u} P'%0uQ"
Q" \{w}

Cruka 3.20: 11loBe3aHa cymMa nonuTona

YKommKko u360p TeMEHa v M W He yTUde Y KOMOMHATOPHOM CMHUCITY Ha TOOH]jEHH MOJATOT,
Tajia ce YeCcTo MoBe3aHa cyMa obenexkasa camo ca P"#(Q". Omepanuje nose3ane cyme 3a

CI/IMHJII/IIII/Ija.TIHC IIOJIUTOIIE je nCTa Kao " KOJj CI/IMH.TII/II_[I/Ij AJIHUX KOMILTIEKCA.

Ipumep 51. Hexa je P% n-royrao u Q* m-royrao, raga je P#Q (n + m — 2)-yrao.
Hpumep 52. Ako cy P u Q) n-cumnnexcn tafa je A"#A™ = A" 1 x [,

Ipumep 53. Tlosesana cyma P"#, ., A" je pe3ynrar ,,oficeliamba‘“ TeMeHa v off nonutona P

jeIIHOM XHTIEpPaBHU KOja pa3fBaja TeMe v 1 OCTajia TeMeHa nojmrona P,

Tpusma nag nomuronom P je nomuron prism(P) = P x I,

45



Bopbe Bapanuh

°e° @

Cnuka 3.21: IloBe3aHa cymMa NOJIMTOHA

» 4 - [l

An#An = A1 x J1

> 9 m

Cnuka 3.22: IloBe3aHa cyMa cHUMILIEKCa

T

prism(P)

Cnuka 3.23: Ilpu3Ma Hafi TOTUTOIIOM

Iupamuoa vay nomaronoM P je momuron pyr(P) = conv{ P U x} rjie je x Tauka Koja He
nexu y apuHOM omMoTauy ckyna remena o P. Crpane monmurona pyr(P) cy crpase noiurona

P v mmpamupe Haj crpanama o P.

®

Cnmka 3.24: Tlupamuya HaJl MOJTATOTIOM

pyr(P)
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Bunapamupia Hap nonurornom P bipyr(P) = conv{ P U x Uy} rje cy x u y Tauke Koje He
Jexe y apHOM OMOTauy CKyIa TeMeHa off I u iyX Ty ceue YHyTpallbOoCT nomurona L.

y
bipyr(P)

P

Cnuka 3.25: bunupamupia Hafi IOJTATONOM

IIpumep 54. 3a Kkpoc-nonUTON BaKK
<>n+1 — blpyr(on)

3.3.2  Cycenckn nonuToNnx

Caga hemo ommcatu jelHy Kiacy MOJMTONA Koja ce yecto cpehe y komMOMHATOpHIN 1

[UCKPETHO] MaTEMATHULH.

Mepunnmmja3.3.1. Cummnnyjansu nomuron P ce Ha3uBa k-cyceocku ako Onito Kojux k TeMeHa
pazanmmy jemHy ctpany noimTona. [Ipoct momuron P je k-cycedcku ako 6o Kojux k T7bOCHA

MMa HCIMIpa3aH MPECEK.

CraB 3.3.2. Hexa je P" cumitauyujannu k-cyceocku toauitiol u Hexa je k > [%], iwaoa je P

cumaexc A",
Jloka3. Heka je m 6poj remena nosmrona P, Umamo faje f; = (T) 3a7=0,1,...,k naje
Ha ocHOBY (3.3)
: (n—73\(m
hi(P") = Z(—l)l(. ) ( ) _
pre i—3j/)\J
s (—n+i—1> (m) B <m—n+i—1)
= i—J j )
Uckopuctumo caa Dehn-Samervil-ose jegnaunne 3.2.2 h[ﬁ] = h[ﬂ] 41 3@ HEMAPHO 1 U
2 2
h[ﬂ]fl = h[ﬂ]+1 3a mapHO 1 Uy 06a ciydaja fobujamo f1a je m = n + 1, ogakie cienu a je
2 2
P = A" cummexkc. O
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306or craBa 3.3.2 mocraBba ce NUTakE MOCTOje M MOMUTONH KOju MMajy MPOU3BOIbAH
Opoj TeMeHa 1 KOju cy [%] -cycenicki. TakBu MOMUTONM NOCTOj€ ¥ OHU CE HA3UBajy CyceOcKU

uoauniouu.

Ipumep 55. Heka je P = A? x A? npoussop g8a Tpoyria. To je mpocT MoauTom Koj| Kojer
Om10 KOje 2 MIbOCHH MMajy 3ajeJHIUKY 2-CTpaHy, 1a je To 2-cycefcku nonuton. Hberos nonap

je HMaKJIe CyCeNICKN 4-]II/IMCH3I/IOH3.HHI/I IIOJIUTOII.

Cras 3.3.3. Luxauunu toauttioiu u3 upumepa 36 cy Hoauitiouu ca upou3eooHum 6pojem

ilieMeHa Koju ¢y cyceocKuU.

Nokas. Hekaje Cy(ty, . . ., t,,) IMKIAYIHA TOMATON 1 Heka ¢y X(¢;, ), . . . ,x(%;, ) MpOA3BOILHEX
k Temena e je k < [4]. XKennmo na pokakemo na oBuX k Tauaka pasanmmy CTpasy of k.
YounMo HeKO 0BOJbHO Majio € > O TakBo ma je t; < t; + € < ;41 3a cBe ¢ < T W HEKO
M >t,+e.

Younmo tauke X(M + 1),...,x(M + d — 2k) Ha MOMEHT KPHUBOj KOj€ C€ HaJTa3se ,,jako

nanexko op nonmurorna. Tedunnnmmo tuaeapuy dpyakujy Fr(x) ca

F(X):det<1 1 1 1 1 )

x x(t;,) x(tiy, +e) ... x(M+1) ... x(M+d-—2k)
Osa ¢yHKIHja ©Ma Hyle y Taukama X(t;, ), . . ., X(t;, ). [Tocmatpajmo Frr(x(t)) kao moimaoM
no t. To je monmHOM crenena d Koju uMa d pa3iInumTuX Hyna t;,, t;, + &, ..., t;,, t;, + €,

M+1,...,M +d— 2k. Iameby t, nts rakBux ja r # i;,s # i;3acee j = 1,..., k,
Fr(x(t)) nma napan 6poj HyJa jep Hy1a y {; oJa3d y napy ca HylaoMm y ¢; + . IIpema tome
CBa OCTalla TEMEHa TONMTONA Hajla3e Ce ca UCTe crpaHe xurneppasuu Fr(x) = 0, ma oux k
TeMeHa (hopMUpa CTPaHy LUKIMYHOT IIOIUTONA. U

3.3.3 Cyma MUHKOBCKOT ITOJIUTONA U TPach-acouenpu

Capna hemo onucaTu jefiHy BaKHY KOHCTPYKL]Y Y TEOPUjU KOHBEKCHOCTH ¥ TEOPH]H 110U~

Toma Koja je jaray [14].

HMedunnmmja 3.3.2. Cyma Munkoeckosckoz aBa ckyna M u My y R™ je ckyn

M1+M2:{$€RH|I:$1+I2,JI1EMl,JIQGMg}.
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Cinka 3.26: Cyma MIHKOBCKOT IBa CKyIia

Jema3.3.1. Cyma Munkosckoz 08a KOH8EKCHA OMOTAYA HEKUX CKYH06A IAYAKA je KOHBEKCHU

OMOWAY HeKOZ CKYlla avaka:
conv(vy, ..., vx) + conv(wy, ..., w) = conv(vy + wy, ..., v+ wj,..., v+ wy).

Hoxkas. Hekaje My = conv(vy, ..., v5)u My = conv(wy, ..., w;). Tagav,+w; € My+M,

3acBako 1 < i < kml < 7 <[ Y3mumo niponsBosbHE Tauke v1 € My uxy € Mo, Tanaje

k l
xr1 = E tz"l}i, Ty = E Tjwj,
i=1 j=1

sameke Y+ t;=1,t; > Om Z;Zl 7; = 1,7; > 0. Imamo pja je
k ! !
T+ T = Ztl ZTj v; + ZTj’wj
=1 \j=1 =1
koo
= DD &ilvitw),

i=1 j=1

meje&; =ty > 0m > r, 22‘:1 &;; = 1. OBAM cMO 1 TOKA3ad JieMy. O

Mocnemma 3. Cyma Munko8cko2 08a KOHBeKCHA HOAUILONA je KOHBEKCAH UOAUMLO.

Osnaumumo ca M, Konekuujy cBux KoHpekcHux noqurona y R™. Cyma MuHkOBcKoOr 3ajaje
cTpykTypy AGenoBor MoHoua Ha M., unju je HeyTpanuu enement Tauka 0 = (0,...,0) €

R" koja nma cepiehe ocobune:

1. Tocroju kanoHckn xomomopduzam R” — M., rae je ciuka BekTopa v € R™ nosmron

Ofl jeflHE TaUKe .
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Cruka 3.27: Cyma MWHKOBCKOT JIBa KOHBEKCHA MTOJTATOTIA
2. M,, nocenyje crpykrypy R-mopyia, 3a gato A € Ru M € M,

M ={ A eR"|ze M}.

3. YM, Baxu M| +M = My + M = M; = My3acBako M € M,,.

4. Caako MuHeapHo npeciukaBame L : R™ — R¥ magykyje xomoMopdhuszam

HMedunnmja 3.3.3. Oyukyuja ocaonya 3a nonuron M € M,, je dpynkumja epunucana ca

R*"—= R =
Sy , su () %?(xw),

. n
e je (z,y) = > __; TxYk CKATapHH IPOU3BOL.
U3 necpununmje 3.3.3 cnepe cnepehe ocodbune pyHKumje Sy

1. sy (Ax) = Asp(x) 3a ceaku Heneratnsan ckasap A € R. JTakue, ako je |z| # 0, rajga

jesm(z) = |zlsm <§—|>
2. dyHKIHja Sy j€ A€0-10-[€0 JNHEAPHA.
3. ¢yHKOHja sy je MMHEapHA aKo U caMo ako je M taukay R"™.

4. dyHK1H]a 5)s je KOHBEKCHA (DYHKIIH]a, Tj.

sy(tey + (1 —t)ag) < tsy(zr) + (1 —t)sp(22)
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3a 6o Koje ry u o ut € [0, 1.
Jlema 3.3.2. 3a 6uao xoje My, My € M,, saxcu
SMy+My = SMy + SMy-

Moxka3. Heka je M (x) cnuka og M npecimkasawa R” — R, y — (z,y). HNmamo na je

M(z) = [a,b] rmeje a = maxyepn (%, y) = Sy (z) mb = mingep(z, y). Ounrnenso je
Mi(x) + Ma(z) = (My 4 Ms)(x).
ITpema gepummmuju 3.3.2 y R je

[al,bl] + [ag,bQ] = [Cll + ag,bl + bz],

a ofaBJie ciefu TBphebe. O
Hekaje {vy,. .., v, } cKyn TeMeHa KOHBEKCHOT mosrona P. 3a ceako € R™ nocroju v;
takofiaje sp(x) = (x,v;). Hekacy V;i = 1,..., N ckynosu fiepunucanu ca

Vi={z e R"|sp(z) = (z,v;)}.

Nmamo aje R™ = UY | V; ucBaku V; je komBekcan monmenapeku Konyc ca remenomy O € R”,

Ckyn{V;|i=1,...,n} ce Ha3mBa 1eiie3a koHBeKkcHOZ Hoauitioia P.

Hedunnnnja3.3.4. 3onoilioiije 10AUTON KOjU CE MOXKE F0OUTH K20 cyMa MUHKOBCKOT KOHAYHOT

6poja ayKu.

Mpumep 56. Heka cy vy = (0,0,0),v1 = (v/3,0,0), v, = (0,4/3,0),v5 = (1,1,1) mvy =
(1,1,—1). Hekacy P; = conv(vg, v;),i = 1,2,3,4 ayxu. omaron P = P+ P, + P3+ P,
je pombuunu 0odexaedap. To je KOHBEKCHU MOIUTOM Umje cy cTpaHe 12 pomGoBa n nma 24

uBnie u 14 remeHa.

PomOuunm nofiekaeniap je npumep cyme MUHKOBCKOT IPOCTHX TIOIMTONA KOja He J1aje IPOCT
IOUTOIL. JOII YBEK je OTBOPEHO MUTabe Kajia cyMa MUHKOBCKOT POCTHX IOJIMTOIIA /1aj€ TPOCT
TIONIATOIL.

Heka je B konekimja Henpasuux nofckynosa ckyna [n] = {1,...,n} nuekacye;, i = 1,

..., n BekTOpH cranjapuue 6aze y R™, 3acsako [ € B uekaje A; = conv(e; | i € I)u
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Crnuka 3.28: PomOnunu ofgexkaenap

PpA; =), 5. Omacahemo jenny knacy konexkupja 53 3a koje je nomuaron Pg npoct. OBo cy

nokazaimu Postnikov, Reiner u Williams.

HMepununuja 3.3.5. Konekimja B Hempa3HuX MOACKYNOBA CKyMNa [n] ce HazuBa zpadehiu ckyii

aKO BaXIU:
1. ,LJeBulnNnJ#0=1UJ¢€ B;
2. {i}3acBei € [n].

HMedunnnnja3.3.6. Hekaje ' rpadpuackynyremena(n] = {1,. .., n}Ge3neribuuBAIIECTPYKAX
usua. Ipagposcku zpadehu cxyii B(I') je ckyn cBux nenpasuux nopckynosa I C [n| raksux
naje rpag I'|; mosesan.

Mpumep 57. 3a rpad ca cmmke umamo 1a je B(I') = {{1}, {2}, {3}, {4}.{1,2},{1,4},
(2,3}, {2,4},{1,2,3},{1,2,4},{2,3,4},{1,2,3,4} }.

2 3 1 2

Fasa € B(I) 24y € B(D)
4
Tii3.43
Loy
[} e
1 3 2
Thsgy & B Tpasy Iy € B(I)

Cimxa 3.29: T'pacoBckn rpamehn ckyn

Jlako ce mpoBepaBa jja Baxu cneseha sema.
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Jlema 3.3.3. Ipagposciu zpaoehu ckyii je B(I) je Zpaoehu ckyii.
Hedunmumja 3.3.7. I'pagh-acoyueoap P(I) je npoct nomuron Pp(ry.
Ipumep 58. Yxomuko je rpad I crasa can + 1 uBoposa, P(I) je acommenap K.

Ipumep 59. Yxomuxo je rpad I' kommneran rpag ca n + 1 uBoposa, P(I") je mepmyroenap
IL,.

Mpamep 60. Yxomuko je rpad I ki ca n + 1 usoposa, P(I') je yukaoeoap C'y".

A

Cnuxka 3.30: Uuknoenap

Ipumep 61. Yxomuko je rpad I 38e3ma can + 1 uoposa, P(I") je s6ez0oedap St".

143
St 9
°
T
4
1 3

Cnuka 3.31: 3Be3goenap

Cnepeha iema j1aje onuc reomMeTpujcke peanu3sanuje nojaurona Pp 3a jeHy IUPOKY Kiiacy

rpafehux ckynoaa:

Jlema 3.3.4. Hekaje [n] € B. Taoa sa céaxo Iy, € B iuiaxeo oa je Iy, # [n], jeonauuna

> a = p(l) (3.5)

i€y,

Oaje iimwocan oauitioua Pp y xuiteppasnuy ., x; = p([n]), 20eje ju(I;) 6poj I € B uareux
oajel; C Ij. Taxobe, ceaxa iinocar iioauitioiia Pp modxce ce 3adaitiu jeOHauunom (3.5) 3a Heko
I, € B.
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Kao nocnenuny neme 3.3.4 umamo crefiehe eno KOMOMHATOPHO CBOjCTBO monuTona Fp:

Mocnemmuad. [loauitiou Pp ce moxce 006uiliv kao pe3yaitiaili CyKUecusHuUxX ,, 00celarsa “cilipana
cumiinexcax € {R"| Y " x; = p([n])}.
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4. TOPYCHU BAPUJETETU U KBA3UTOPYCHE
MHOT'OCTPYKOCTHA

4.1  TopycHu BapujeTn

4.1.1 [ecpuHuimja TopycHuX BapHjeTeTa

Y oBoM fiesty hemo n3yuaBaTii KOMOMHATOPHE ¥ TOMOOLIKE OCOOMHE TOPYCHUX BapHjeTeTa.
CaC* = C)\ {0} oznauaBahemo MyNTHILTHKATABHY TPYIy KOMIUIEKCHIX Gpojesa. [Tpous-
Boj1 (C*)™ onn konmja o C* je mo3HaTKa0 iliopyc y TeOpHjH anreGapcKuX rpyia. Y TONOIOTHjH,
wiopyc T jenpomssop T = S* x - - - x S opn rononomkux cpepa S*. TopycT™ je noprpyna

aJIFe6apCKOF TOpYCa Ha CTaHap/laH HAYHH:
Tn:{<21,...,zn)€Cn’|21|:...:|Zn|:1}_ (4.1)

Hepunnmmja 4.1.1. Topycru sapujeitieiu je HopmanaH anrebapcku Bapujeret M Koju caapxu
anreGapcku Topyc (C*)™ kao 3apucKi OTBOPEH IIOJICKYIT i IPEPOAHO fiejcTBo Topyca (C*)™ Ha

camora cebe ce mpojykaBa J1o fiejcTBa Ha M.
Topyc (C*)™ nejcryje Ha M ca rycTroM OpOUTOM.
Ipumep 62. (C*)" u C" cy ounrieqHO TOPYCHA BapHjeTETH.

Ipumep 63. CP" je ropychu BapujeTet. 3aucra ako cy T, L1, - - . , T, XOMOT€HE KOOPJIMHATE
y CP" Tajja mpecnnkaBame
(cHr—cpr

necunncano ca (t1, ..., t,) — [1: ¢y : -+ : t,,] upenTudukyje (C*)™ ca 3apucku OTBOPEHHM

ckynom CP" \ V (zoxy - - - z,,). AnreGapcku ropyc nejersyje na CP™

(t1, o osty) (X0 : oo xy) = o s trxy - sty
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Ipumep 64. 3aomrpenakyonka V (y> —x?) C C? je mpamep TOpyCHOT BapujeTeTa jep caipKu

C* nomohy npecmikasama t — (12, t3) xoju pejeryjena Vcat - (u,v) = (t2u, t3v).

Y 1poyyaBary TOPYCHHX BapujeTeTa Ielo0pojHe peleTke Z" urpajy BaxkHy yiaory. 3a
Tauky a = (ai,...,a,) € Z" gedunuiy ce jBa BaxHa 00j€KTa 3a MPOYIABAHE TOPYCHUX

BapujererTa.

Nedunnnnja 4.1.2. Jlopearnos morom je
ta — tflll .. _tzn.
tbume je gedunmcano npecinkasarwe (C*)" — C* Koje HA3MBAMO KapakitiepoM.

C-nureapHo panmiperse cBux Jlopeannsux MoHOMa je mperer Clty, 1,1, . .

tn,t, '] cBux JIopeaHoBHX MOMHHOMA.

Medpunnnnjad.1.3. 1-iiapameiiapckaiodzpyiia \* je npecnukabamwe \* : C* — (C*)" nedpun-
rcaHa ca
A2 (t) = (¢, ... ).

Topycuu Bapujereru ce cacroje of (C*)™ u ,nomaruor gena“. Kaga je ropychu Bapujerer
V' aduH oBaj ,,fogaTHu ieo* je onpeben JlopeanoBuM MOHOMEMa t™ KOju cy le(pMHUCAHU Ha
V.

Ipumep 65. JlopeaHoBru MOHOME KOju ¢y fepuHucaHA Ha TopycHOM Bapujetety C cy Tauno
onu ofipebenn raukama m = (myq, ..., m,) € Z" xop xojux je m; > 0 3a cBaKo i, jep camo

3awux t™ = (1" - - - t") pecpunmie npecnukapame C* — C,
Kopucrehn gupexto aedununujy 4.1.1 nodujamo cnenehu cras:

CraB4.1.1. AxocyV uW imopycnu sapujeitieitiu tiada je uipoussoo V- x W itiaxobe itiopycru

eapujeiuetu.

Mocneguna 5. Ipoussoo upojexiiusrux tpociiopa CP™ x --- x CP" je wiopycHu sapu-

Jetuetu.
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4.1.2  KombuHaTOpHKa TOPYCHUX BapHjeTeTa

JenHa opi HajBakHMjUX OCOOMHA TOPYCHHX BapuWjeTeTa je fa ce HWUXOBE anredapcko-
reOMETpUjCKE OCOOMHE MPEBOJiE Y je3MK KOMOMHATOPUKE U KOHBEKCHE r€OMeTpHje. 3aTo
hemo Hajnpe necpuHUCATH KOMOMHATOPHE 00jeKTe, ToMOhyY Kojux heMo omucaTi TopycHe Bap-
njeTeTe.

Heka je R™ eykmmacku npoctop u Z" C R"™ neno6pojua pemerka y ;emy. Heka je jat

KOHayvaH ckym BekTopa ly, ..., 1, € R™
Hepunnmuja 4.1.4. KonsexcHu tioauedapru kouyc o pazanet Hag 1y, . . ., 15 je ckyn
o={rl+-+rd; e R"|r; > 0}. 4.2)

Cmika 4.1: Konyc

Hedununuje crpane nonutona 3.1.4 Ha uCTH HAYKH e (DUHULLIE CIlipaAHe KOHBEKCHO?Z ilo1le-
0apHOZ KOHYca.

Yxonuko Bekropu 1y, . . ., 1, npunanajy ueno6pojHoj pemerku Z" C R"™, Taga KOHBEKCHI
HONAEJapHU KOHYC HAa3MBaMO payuoraium. KOHBEKCHI TOMAEJapHA KOHYC j€ Cilip0Z0 KOH-
6eKCaH YKOJIMKO HE Cafip>K¥l HUje[iHy IIpaBy KpO3 KOOPIMHATHU [OYETAK U 3a CBE Koje OyeMo
NIOCMaTpay MPETIOCTaB/bAMO J1a CY CTPOTrO KOHBEKCHHM OCUM aKO [Ipyrayuje Huje HarjaiieHo.
Konyc je cumiiauyujanan axo je reHepucat aenoM 6asze o R". YKonuko je renepucaH fenom

6a3ze off Z" Ha3MBaMO ra HeCUHZYAAPHUM.

Nedununuja 4.1.5. Jleiieza je ckyn 2 konyca y R™ TakaB fja cBak# KOHYC 0 € . BaXH Jla CBe
EroBe CTpaHe Takobhe mpumanajy X 1 mpecek cBaka fiBa KOHyca 0 U T U3 X je KOHYC KOji

npumaga 2.
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Cimka 4.2: Jlene3a

A

R"L

Cnuka 4.3: TloTnyHa nemnesa

Jlenesa Y ce Ha3uBa HOULiyHa YKOJIKKO je YHUja CBUX KOHOBA n3 X 1ieo R”.
Jlenesa je cumitauyujaana yKOIMKO Cy CBA BeHN KOHYCH CUMILTUL]alTHH, 2 aKO CY CBH HbeHI

KOHYCH HECHHTYJIapHH, JIEMy3y HA3UBAMO HECUHZYAADHOM.

Hexa je X nene3a y R™ ca m jenHopgumeH3uoHaaHUX KOHYyca (monynpasux). V3abepumo
reHepatopHe BekTope ly, . . ., 1,,, OBUX KoHyca Tako 1a 6yy ne100pojHH 1 ca y3ajaMHO IPOCTHM
koopuHarama. Jlenesu X npupysKyjemMo CUMILTALAjATHE KOMILTEKC Ky, Ha [m] Koju Ha3uBaMo
dotiiopru Komitaexc of 2. o nepunnnmju, {iy, ..., ix} C [m] je cummnekc og Ky ako u
camo ako l;,, .. ., 1;, pasamumy Konyc y 2. OunrneqHo je fa je X MOTMyHa Jiene3a ako | CaMo
ako je Ky, cummmunmjaisa (n — 1)-cepa.

Y craHpgapHUM KiAraMa ONKCaHa je jelaH-jeflaH KopecnoneHnuja m3mehy senesa y R™
1 TOPYCHUX BapHjeTeTa KOMITIEKCHe iuMen3uje n. TopycHI BapHjeTeT KOju OiroBapa Jemnesn
) obenexxaBamo ca M. OBa Be3a m3Mehy Jenesa u TopycHUX BapujeTeTa HaM oMoryhasa fa

TOIOJIOIKE U FEOMETPUjCKE OCOOMHE TOPYCHUX BapujeTeTa u3yyaBaMo nocMaTpajyhu komou-
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HAaTOPHKY HBUXOBHX IOTHOPHUX KOMILTEKCA.

IMocer (C*)"-opbura Ha My, ofropapa mocery cTpana Jernese Y ca OOPHYTOM HHKITY3H-
joM, Tj. k-TMMEH3MOHAIHI KOHYCH OfIrOBapajy opburama KoguMeH3mje & iejcrra anrebapckor
Topyca Ha My,. n-TMMEH3UOHATHN KOHYCH OirOBapajy (PUKCHIM Taukama JIejcTBa, OK KOOP/H-
HATHH 0YETaK OIrOBapa jeIMHCTBEHO] rycToj opobutn. Topychu BapujeteT Ms; je KOMIaKTaH
aKO M CaMo aKo jeJIiene3a noTnyHa. Y KOIMKO je JIeTne3a CHMILTHALN]alTHa, TOPYCHH BapujeTeT My
je opbuitina MHOZOCIPYKOCIHL Tj. TOKAITHO XOMeOMOpP(HA IPOCTOPY OpOUTA [IejcTBA KOHAUHE
rpyne Ha R?". Topycru BapujeteT My, je HecunZyaapan Wiy 2440aK aKO H CAMO aKo je Jiel-
€3a HECHHTYJIapHA W OBAKBU TOPYCHU BAPW]ETETH CE Y IUTEPATYPH YE€CTO HA3WMBA]y IOPYCHEe

MHOZOCUUPYKOCIUU.

4.1.3 Topychu BapujeTeTu 3ajaTi MIOJUTOIOM

TopycHE BapujeTeT! Urpajy 3HayajHy YJIOry Y NOKa3UBawky TBphewa Be3aHUX 3a MONu-
tone. CIMYHO KOHCTPYKIMjU BapujeTa U3 NOTIyHE jiene3e Moryhe je KOHCTpyucaT TOpPyCHE
BapujeTeTe U3 MOJUTONA.

Heka je P n-nonurton nedunucan kao y aedpunuiuju 3.1.2 umja ce TeMeHa Hauase y
yBopoBuMa perretke Z" C R"™. TakBe momurone 30BEMO yea00pojHUM WA pelleiliKaciium.
Bexropul;, 1 < i < m ce mory n3zabparu Tako a Oyay 1esa00pojHH 1 IPUMUTUBHHE, 3 OpOjeBr
a; Tako fa O6yny nenu. Bekropu 1; cy Hopmanau Ha ibocHA [ 1 yeMepeHN Ka YHYTPaIlbOCTH

nojarona P.

Ciuka 4.4: KoHCTpyK1Hja TOPYCHOT BaprjeTeTa 13 MOIuTona

NMedunncahiemo nenesy >(P) rako mro he KoHyce medpuHHCATH CKYNOBH HOPMAIHHX
BekrTopa l;,, ..., 1;, TakBu ma mwocHu Fi,, . . ., F;, uMajy Hempa3saH npecek. Jlenesa X(P) ce
Ha3WBa HopmaaHa seilesaionutona P. MoxeMmo je nepuHncaTy v Ha cienehn HaunH. Y KOJTHKO

0 € P rama ce HOpMaiHa Jieme3a cacToju Off KOHyca Hajl CTpaHaMa TOJIAPHOT MOJIMTONA.
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Jednnnmmmo Topycan Bapujeter Mp := My (p). Bapumjerer Mp je HecuHrynapaH ako u
caMo ako je P mpoct nonuron u HopMaiHu Bektopu l;, , . .., 1; nmwocHn Fj,, ..., F; xojuce
CEKY y HICTOM TE€MEHY pa3anumby 6a3y pemierke 2",

CBaku KOMOMHATOPHHU IPOCT MONUTOI je pallioHaNaH, Tj. ©IMa KOHBEKCHY pean3anujy ca
TEeMEHUMa 4hje Cy KOOpArHaTe paluoHainu 6pojeBr. Takobe je Moryhe Mano npetypooBatu
HejemHakocT y neunuimjn 3.1.2 Tako ma cBu OpojeBH W BeKTOpH Oyly palyoHAIHH, a fia
ce 1pu ToMe KOMOMHATOPHH THI MOJUTONA He mpoMenn. Opaspe cinenu ga MOXeMo 100UTH
peanu3anyjy y nexo6pojHIM Taukama momohy xomotetuje kP 3aHeko k € Z. To Huje moryhe
y Cily4ajy TOJINTONA TeHEPATHO. Y CBAKOj MUMEH3Uj! = 5 MOCTOj€ KOHBEKCHMU MOJMTONH KOjH
HICY palMOHaNHK (HUA NPOCTH Hi cuMIunujasaun) (nornegaru [64]), jok ¢y y aumensuju 2 u 3
CBY KOHBEKCHH MOMATOINN PALMOHATHHA. Y TUMHUHE3HjH 4 OBO IUTaHE j€ jOI YBEK OTBOPEHO.

Paznmmunre peanmsanmje aTor pocTor KOMOMHATOPHOT TTOIMTOMA MPON3BOJIE FEHEPATTHO
TOMOJIONIKH pa3nuunte TopycHe Bapujerere M p. Takobe nocroje komGuHATOpHE NOIATONH P

KOjH He JIOMYIITajy peanu3alyjy peieTkoM Tako Jia je TopycHu BapujeTeT M p HecuHrynapaH.

Creneha koncrpyknuja [30] Ham omoryhasa a Topycru Bapujeter M p njieHTH(UKYjeMO
Kao KoJmuHruky npocrop 1" X P/ ~ rje je ~ jefHa pesainuja eKBuBaieHImje Kojy hemo
OIHNCATH.

Topyc T hemo mocmarpati Kao Koymuumdka Mogen R™/Z". 3a cBaky tauky ¢ € P
neunncahiemo G(¢) Kao crpaHy HajMame JUMEH3HUjE KOja CAJPXKK ¢ y CBOjOj YHYTPAIIHOCTH.
Hopwmaiau npocrop Ha G(q) koju hemo o3uauntu ca N je pazaner BektopuMa l; Koju ofro-
Bapajy whocHuMa F; xoje cagpxke G(g). Ilomro je N panmoHanaH HOTIPOCTOP, HEroBa
npojekumja va ropyc 7™ je mogropyc 7'(¢q). Mpumerumo aa je dim7'(¢) = n — dim G(q).

Tapa je M p Tonomomku npocTop
M p= T x P" / ~,

Tako gaje (t1,p) ~ (t2,q) akoucamoakojep = qutit; ' € T(q). Hogropycn T'(q) cy rpyne
n3oTponyja fejctea Topyca 1™ Ha Mp, a P™ je npoctop opouta. AKO je ¢ TeMe MoIuTona
P™ raga je T(q) = T™, na temena ofrosapajy 1"-¢ukcanm Taukama of Mp. YKomuKo
tauka ¢ € intP" oupa je T'(q) = {e}, rako nga je T™-nejcTBO CIOGOAHO HAJ| YHYTPAIIHOCTH

nonutona. [enepanunje, 7 : Mp — P™ je KOTWIHWYKA TPOjeKIHja

nH(intG(q)) = (T /T(q)) x intG(q).
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HejcrBo Topyca 7™ C (C*)™ Ha HecHHTyTapHOM KOMITAKTHOM TOpYCHOM Bapmjetety M je
JIOKAJTHO €KBUBAJIEHTHO CTaHHapiHoM fiejcTBy Topyca 1™ na C™. ITpocrop opGuta M /T je
xomeomopat Aucky D™ Koju Ma TOHOIOMIKY CTPYKTYPY MHOZOCHUpYKOCTIU ca houlkosuma
noOHjeHnM CKymoBUMa (bUKCHHUX Tadaka ofiroBapajyhux mopropyca. ['py6o roBopehu, mMuo-
FOCTPYKOCT ca hOLIKOBMMA jeé MHOTOCTPYKOCT JIOKAIHO XOMEOMOP(Ha ca OTBOPEHUM IIOA-

CKYNOBHMMA NMO3UTUBHOT KoHyca R}

Ilpnmep 66. Heka je P" nmpoct nonuron. 3acBakotemMe v € P gedpuaumnmmo ca U, oTBOpeHn
nopckyn of P koju ce jobuja obanuBameM CBAX CTpaHa Koje He cagpxke teme v. OBaj cKyn

je macpeomopdpan ca R, ma je P™ muorocrpykocr ca homkosuma u atmacom {U, }.

4.2 KoxomoJoruja HeCHHTYJIapHAX TOPYCHUX BAPHjeTeTa

[No3HaBame KOXOMOJIOTHje HECHHTyIapHAX TOPYCHAX BApHjETETA je O BETMKE BasKHOCTH.
Teopema Danilov-Jurkiewicz-a Ham jaje HOTIyHY KapaKkTe pu3aiijy KOXOMOJIOIIKOT PCTeHA
y TEPMUHIMA MOTIIOPHOT KOMILIEKCA Jiene3e 2.

Heka cy npumutiBHY 11e106pOjHU BEKTOPH [Iy>K jeTHOAUMEH3MOHAIHUX KOHYCa Jiene3e X

3alKcaHn y cTaHAapaHoj 6a3u of Z™:
L= (ly,. ... Ly), j=1,....,m.
CaaxoM BekTopy 1; mpuppy:kuhemo npoMeHbHBY v; cTeneHa 2 u iepuHucaTi TuHeapHe (opme
O; :=lavy + -+ + limom € Z[vy, ..., vy), 1 <i<n.

Osnaummo ca Jx, ugean y Z[vy, . . ., Uy,| renepucan oum dopmama, 1j. Js, = (01, ...,60,).

Ca Zk,, oznaunhemo Stanley-Reisner-oB niean notnopHor Kommiexca.

Teopema 4.2.1 ( Danilov-Jurkiewicz). Heka je 3 tioitiiiyna Hecunzyaapra aeiiesa y R™ u My,
o0zosapajyhu iwiopycru sapujeiietii. Taoa:
(a) Beiuujesu b6pojesu (panzosu xomoaowkux zpyia) oo My cy jeonaxu 0 y HellapHum

OumeHaujama, 00K cy y HapHum OUMeH3Uujama oepunucanu ca
/BZi(MZ) :hz(KE)a 1=0,1,...,n,

20ejeh(Ky) = (ho, ..., hy,) h-eexitiop 00 K.
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(6) Koxomonaouwku tipcitien 00 My, Oaiti je ca
H*(Myx;Z) = Zlvy, - ., vm] [ (Zry + Ts) = L(Kx) /T,

20e v;, 1 < 1 < m o03Hauasajy 2-OUMEHIUOHAAHE KOXOMOAOUIKe Kadce OYyanHe UHBAp-
ujaHitiHum ousuzopuma (iloomHoZociipykociiuma kooumensuje 2) D; koje o0zosapajy 1-

OUMEH3UOHAAHUM KOHYcuMma aeiiese >. Hus 0y, . . ., 0,, je pezyaapan y Z( Ky,).

Toxka3 oBe TeopeMe ce moke nponahin y [40] 3a ciyuaj Topychux Bapujerera, a Danilov
jey [22] mao goka3s y renepantom ciydajy. Danilov je takobe gokazao Bep3ujy reopeme 4.2.1
ca koedurmjeaTnMa y (Q Koja je TauHa 3a CHMIUTHIIMjaJTHE JieTie3e ¥ TOPYCHE BapHjeTeTe.

Upean Zk,, je notmyHO offpeheH KOMOMHATOPUKOM JEme3e, 0K upeat Js, 3aBUCH Off

reoMeTpuje Jemnese 2.

Ipumep 67. Tpojektuun npocrop CP™ je Topycuu BapujeteT Ma» KOju HAcCTaje U3 CTaH-
napaHor cumiuiekca A", Teopema 4.2.1 uneHtuukyje keropy KOXOMOJIOTH]y € KOTMYHUYKIM
IPCTEHOM

Zvy, .. Up1] /(01 Vpg1, U1 — Vpgty - ooy Up — Upg1)-

PauyH y 0OBOM IPCTEHY MOKa3yje fia e CBE KIACE V1, - . . , Up+1 MOTY UAEHTH(HUKOBATH Ca jEHOM
BOMMEH3HOHATHOM KJIacoM v 1 ia je oH n3oMopdan ca Z[u] /(u™ 1), a To je jo6po no3naru

06K koxomounouikor nperena H*(CP"; 7).

4.3 KBa3uTOpyCcHE MHOIOCTPYKOCTH

Keasuitiopyche MHOZOCHIpYKOCHIU NI K8A3UILOPYCHU 8apujeilieitiu TPEICTaBIbajy TOMOJIO-
IIKYy TeHepanu3anyjy TOpyCHUX BapujeTeTa. I'eHepanHo roBopehn To cy MHOTOCTPYKOCTH Ha
KojuMa JiejcTByje Topyc. HbnxoB nojam je npsm yBeneH y pany Davis-a m Januszkiewicz-a
[21]. Be3sa u3meby TopycHux Bapujetera y aareGapckoj FEOMETPHjH W KBA3UTOPYCHUX MHO-
TOCTPYKOCTH je BeoMa Oiicka. Y moHorpaduju Byximra6epa u ITanosa [13] mara je nena
eKCIO3MLHja 0 0BUM MHOrocrpykocruma. [Iparehn mHUXOB mpucTyn U310XXKnheMO HUXOBE

OCHOBHE OCOOUHE M PE3YyJITaTe O KBA3UTOPYCHUM MHOTOCTPYKOCTUMA.

4.3.1 KBa3uTopycHe MHOTOCTPYKOCTH H KapaKTEPHCTHYHO NMPECTUKABAE

Heka je M?" 2n-guMeH3HMOHATHA MHOTOCTPYKOCT Ha K0joj fiejctByje Topyc 1™ - T™-

MHOZOCUUPYKOCIU.
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Nednnmmja 4.3.1. Citianoapona xapitia na M*" je ypehena tpojka (U, f, %) rme je U
T™-crabunad oTBOpeHH mofckyn of M>", 1) mexu ayromopcusam topyca 1™, u f je -
ekBuBapujaHTHu xomeomopuzam f : U — W y weku (1™-crabunan) OTBOPEHH TOJICKYII
W CC'rj. f(t-y) =(t)f(y)3acBakot € T"my € U. Kaxemo fa je nejcrBo 7™ Ha
M?" poxaano citiandapono axo M>" nocefiyje citiandapOuu ailiaac, Tj. cBaka Tauka of M>"

JIEKU Y CTAHJAPIHO] KapTH.

TTpocTop op6uTa JTOKAIHO cTaHgapaHor fejctea 1™ Ha M>" je n-TUMEH3MOHATHA MHO-
TOCTPYKOCT Ca yrIIOBUMA M KBa3UTOPYCHE MHOTOCTPYKOCTH OJITOBAPAjy ClIy4ajy Kajia je mpocTop

opbura nuceomopaH, Kao MHOTOCTPYKOCT ca hollikoBuMa, IpocToM nosutomny .

Hedununuja 4.3.2. Heka je par npocr nonuron P". T™-muorocrpykoct M>" ce nazupa

K8A3UIOpYCHA MHOZ0CpyKOCciil Hall P™ yKONMKO cy 3aM0BOJbeHN crefichn yeIoBm:
1. pejctBo 1™ je MOKANHO CTaHAAPHO;

2. mocroju npojexmmja ™ : M?" — P™ xoja je KoHcTaHTHA Ha T"-opOuTaMa Koja mpec-
JINKaBa CBaKy A-MAMEH3MOHAIIHY OPOMTY y TAUKY y YHYTPAIIHOCTH CTPaHE KOMNMEH3Hje

k nomurona P"3acBakok =0, ..., n.

Crmika 4.5: Op6uTHO IpecTuKaBambe T KBa3HTOPYCHe MHOTOCTpyKocTH M 2"

IlejerBo T™ Ha KBa3sUTOPYCHO] MHOrOCTpyKocTH M2™ je cmoGOfHO HA YHYTPAIIHOCTH

KOJIMYHUIKOT TonuTona P, a Temena nojmrona P oxnrosapajy 7"-hukcHIM Taukama off
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M?*". Hexacy Fi, ..., F,, nmocau o P". 3a cBaky mmocan Fj, ckyn 7! (intF}) ce cac-
TOjU Ofi opOuTa KogumeHsmje 1 ca uctoM 1-MUMEH3UOHATHOM MOATPYIIOM M30TPOMHje, KOjy
obenexapamo ca T'(F}), (Bugeru Ciuky 4.5). 71 (intF}) je 2(n — 1)-guMen3noHanHa KBa3-
ATOPYCHA MOJMHOTOCTPYKOCT Haj F;, y omHocy Ha mejcrBo 17 /T (F;) m o3HauaBahemo je
ca Mf(n_l) W HA3WBaTH HOOMHOZOCIUPYKOC il/b0CHU KOja ofiroBapa [. Hbena moprpyma

m3zorpormje T'(F};) ce MOKe HANMCATH Ko
T(F) = {(zM,....20) € T"| || = 1}.

t . — _
Bekrop A = (A14, .- -, Ani)” € Z" je onpelen camo 10 Ha 3HAK ¥ HAa3WMBa CE BeKITOP HbOCHU

Koju oxrrosapa ;. Kopecnonaenuuja
l: F,— T(F;) (4.3)

Ce Ha3MBa Kapakillepucitiuito upecaukasarbe of M 2n,

Hexka je G™* crpana Kopumensuje k no6ujena kao npecek k mbocan G % = F; N---N
F;, . Tapma ce mogmuorocrpykoctu M, , ..., M;, cexy TpaHCBEp3allHO Y TIOJMHOTOCTPYKOCTH
M (G’)2("_k), KO]jy Ha3MBaMO U0OMHOZOCHIPYKOCH cilipane Koja ofroapa crpanu G. Ipec-
mukaBawe T'(F;,) X -+ x T(F;,) — T™ je umextusso momro je T'(F;,) x --- x T(F;,)
k-muMensuonansa nofrpynamsorpomje og M (G)*"~%) Nlakne, exropu )y, , . . . , As, hopmu-
pajy neo 6ase penietke Z".

Heka je A nenoGpojaa n X m MaTpuIia 4mjy ¢-Ty KOIOHY (hOpPMHIPajy KOOPIAUHATE BEKTOPA

IBOCHH \;, 7 = 1, ..., m. CBako TeMe v € P momurona P go6uja ce Kao mpecek 7 MIbOCHA
v=F, N---NFE, ,aKkako BEKTOPH A\;,, ..., A; TPeCTaBibajy 6a3y HeI00pOjHE pelIeTKe,
To nogmarpuua A,y = A, ;) on A Kojy hopmupajy KojoHe i1, . . . , i, IMa OCOOHHY

|det A | = 1. (4.4)

Marpuiy A Ha3uBaMo KapakitiepuCUHOM MATUPUL,OM KBA3UTOPYCHE MHOTOCTPYKOCTH.  Stan-
ley-Reisner-oB npcreH nKapakTepucTHIHa MaTpriia /A Hoce jocTa nH(pOpMAIIHja O TOHOIOTHjH
KBa3UTOPYCHE MHOTOCTPYKOCTH.

Kopecnonaenimja

G"* — noprpyna msorpomgje og M (G)*"
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MPOYXyje KapaKTepICTHYHO pecinKaBame (4.3) 10 IpecinKkaBama U3 noceta crpana og P

y nocet nopgropyca og 1.

Hepunnmmja 4.3.3. Heka je P KOMOMHATOPHH MPOCT TOIUTON ¥ | MPECINKaBaKkE TIHOCHA
o P" y 1-numensuonanue noarpyne og 7™. Tapna ypebenu nap (P™, () Ha3uBaMo kapakitiep-

uciuynum iiapomaxojel(F; ) x - - - x [(F;, ) — T unjekruBHoKagrog je F;, N- - -NF;, # (.

[MpecnukaBabe | ce IUPEKTHO MPOYKaBa 10 MPeCINKaBamba i3 IoceTa crpana P y mocet
nopropyca of 7", Tako ma umamo noxrpyny [(G) C 1™ 3a cBaky crpany G nosmrona P,
Y cayuajy craupappuor gejcrsa 7™ na C", taga nocroju npojexumja T x P — M?"
umje cy pubpe Hag © € M*" nmoprpyne mzorponuja Hag x. OBaj apryMeHT ce KOPHCTH 3a

PEKOHCTPYHCahe KBA3UTOPYCHE MHOTOCTPYKOCTH U3 IATOT KapakrepucTayHor mapa (P, [).

3a maty Tauky ¢ € P, o3Haunmo ca G(¢) MEHEMAJHY CTpaHy KOja CaipXKu ¢ Y CBOjoj
penaTuBHO] yHyTpammoctd. [ledunummmo penanmjy ~ Ha 1™ X P Ha cnepehn Haumn

(t1,p) ~ (t2,q) akoucamo akoje p = qutit, ' € [(G(q)). Hedurmmmmo
M?*"(1) := (T" x P")/ ~ .

Ciio6ojuo fiejerBo Topyca 1" wa 1™ X P™ ce ounrnenno cuymira o aejcrsa (1T x P")/ ~,
ca koammuHukoM P". OBO f1ejcTBO je cno0OoaHO Haj| yHyTpauwolrhy noautona P u merose
¢ukcHe Tauke cy TeMeHa of P, (Bugetn Cnuky 4.5). Kao mro je P" moKpuBeH OTBOPEHAM
ckynosuma U, cMerrennm y remennma 1 ucheomopprum ca R, rako je u mpocrop (17" X
P")/ ~ npexpusen oroperum ckynosuma (1™ x U, )/ ~ xomeomopdrumca (7" x R% )/ ~,
1j. ca C™. Oppayte cemu fia je mejerBo 7™ Ha (1™ X P™)/ ~ IOKAIHO CTaHAap[HO, i IpeMa
tome (T™ X P™)/ ~ je KBa3UTOPYCHa MHOTOCTPYKOCT.

Omnmcana KOHCTPYKIHja KBA3UTOPYCHE MHOTOCTPYKOCTH CE MOKE MCKA3ATH M Y TEPMUHIMA
nepuanmje 2.3.10. Yoummo mocet crpaHa mosnmrona P u 3a cBaky k-ctpany monmrona G =
F;, N --- F;, younmo npocrop T x G npu uemy T* cxparamo xao 1" /(I(F;,) x -+ x
UE
cnefehn Haund dpg(t,x) = (I(t),z) e je I(t) € T'/T'"* 1j. | je npecnukapame usmehy

). 3a crpane G C E nedunncahemo npeciukabamwe dpg @ T' x E — TF x G na

noceTa nogropyca 7™ Koje HacTaje n3 KapaKTepUCTHIHOT MpecinkaBama (4.3). Tapa je
M? = colimpT* x G.

2 2
[TpousBop 1Be KBasuTOpycHe MHOrocTpykKocta M ™' m M5"* nag nomaronmma P u Py

j€ KBa3UTOPyCHA MHOTOCTPYKOCT Hajl mojmTonoM P x Py,
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4.3.2 Koxomosoruja KBa3UTOPYCHUX MHOTOCTPYKOCTH

Koxomomnornjy KBa3uTOpycHIX MHOTOCTpyKOCTH ommcanu ¢y Davis m Januszkiewicz
y [21]. Onu cy koucrpyucanu C'W crpykrypy ca hejama MCKIbyYHBO APHE UMEH3MjE HA
KBa3UTOPYCHO] MHOTOCTPYKOCTH.

Hekacy F1,. . ., Fy, mubocHuipocTor nonurona P unekaje Zlvy, . . . , v,, | nonmmHOMEjaHA
anreOpa Haj Z ca m reHeparopa Ui, ..., Up, N0 jJSHEM 3a CBaKy IJbOCaH. Stanley-
Reisner-oB npcren npocror nonutona P" je npema aedpuHuimju 3.2.6 je KOTHUHAYKE TPCTEH
Z(P™) = Zlvy,...,vy]/Zp rue je Zp upean reHepucad cBUM GeCKBaJpaTHAM MOHOMHMA
Vi, Vip -+ v;, TakBAMpaje Fy, N N F, =0y P,iy < -+ < i,

Heka je KBazuTopycHa MHorocrpykoct M?" 3ajgara KapakTepUCTHUYHMM HPECTMKABa-
weMm | : F; — T(F;) n BekropuMa mbocHd A; = (Mg, ..., A\pi)t € Z™, i = 1, ..., m.

Heduuuimmo nuHeapue popme
91‘ = )\Z‘11)1+"'+)\7;m'0mEZ[Ul,...,’Um], 1 S’LS?’L (45)

Cake oBux nuHeapuux popmn y Stanley-Reisner-osom npcreny Z( P™) o3nauaBahemo Ha

ucru HaunH, Heka je Z; upean y Z(P™) renepucanca 6y, . . ., 0,,.

Teopema 4.3.1 ( Davis-Januszkiewicz). Koxomonowku iipcitien 00 M*™ je oitucan ca
H*(M*"Z) = Zlvy, ..., v/ (Zp + 1)) = Z(P™) /Ly,

20e ¢y V; 2-OUMEH3UOHANHE KOXOMOAOUIKe Kadce O0YaaHe HOOMHOZOCIPYKOCHIUMA U/bOCHU
2(n-1) .
MY =1 m

)

4.3.3 Stiefel-Whitney-eBe Kiace KBa3HTOPYCHHX MHOTOCTPYKOCTH

Davis u Januszkiewicz cy y pany y [21] u3pauysanu u kapakTepucTHYHE KJIace KBas-
WTOPYCHHX MHOTOCTPYKOCTH. Y EHXOBOM pajly no0ujeHa je dopmyina [21, Teopema 4.14,
TMocneuia 6.8] 3 Koje ce 100ujajy MHOTE TOIOJIOIIKE MHBAPHM]jaHTE MHOTOCTPYKOCTH, n3Mehy
OCTaJIOT ¥ KapaKTEPUCTHYHE KJ1ace.

Hexa je P mpoct nonuTon fuMeH3nje n ca m MbocHH U V] KBa3uTOpyCHa MHOTOCTPYKOCT
numensgje 2n Hagy P. Hekajev; (degv; = 2,7 = 1,..., m)IloeHKapeoB fyan uHBapujaHTHE
nopmuorocrpykoctn M koqumensuje 2 y M?", ka0 u y IPETXOHOM NOrassby. ExBuBapu-

janTHE KoXoMomnommku npered H.. (M; Z) = H*(ET X1n M) on M nma cnenehy crpykTypy
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TpCTeHa:
H7n(M;Z) ~ Z[ve, . .., vn]/Z,

e je Z Stanley-Reisner-oB maean (mgean crpana) monurona P y moJImHOMHAjaTHOM IIPCTEHY
Z[Ul, ce ,Um].
Hexajerm : £'T" x¢ M — BT npupopna npojekija. IHgykoBaHn XOMOMOpgu3am

7 H*(BT) = Z[t1, ... ty] = H*(ET X0 M) = Hin(M;Z)

ce ommcyje n X m marpuoM A = (A, ..., \p), e A; € Z" (j = 1,...,m ) ogrosapajy
reHepaTopuma JInese anreGpe H30TPOIICKE MOATPYIE KapaKTePUCTHIHE TOAMHOTOCTPYKOCTA

M;. Npyram peunma, A je kapakTepuctinana Mmarpuna og M. Hekaje A; = (A1), ..., Ay )" €

m
E )\ijvj
Jj=

Koju redepuuty ugean J y Zlvy, . .., vy,] cam (¢ ) 3acBe? = 1,...,n. [Ipema Teopemu 4.3.1

Z". Taga uMaMo

je:
H*(M) =~ Zvy,...,o0]/(Z+ 7).

Crieneha Teopema unju ce rokas moxe nahu y [21] omucyje Stiefel-Whitney-ese knace

KBa3UTOpPYCHE MHOTOCTpYKOCTH /M .

Teopema 4.3.2 ( Davis-Januszkiewicz ¢opmyna). Stiefel- Whitney-ese kapaxitiepucitiuune

Kaace cy ouucame popmyaiom:

z*ﬁ (1+v),

=1

20e jevunxaysujat : M — ET Xp M u1* je unoykosanu xomomoppusam.

4.3.4 HecuHrynapHu TOPYCHH BApHJETETH U

KBa3UTOPYCHE MHOI'OCTPYKOCTH

KoHerpykija KBa3uTOPYCHE MHOTOCTPYKOCTH M3 KapaKTEPUCTUYHOL Iapa U TOPYCHOT
BapyjeTeTa U3 MONUTONA UMAjy CIMYHOCTH. Y Clydajy IpocTor nmoaurona I ca TeMeHnMa
y pemeTk JoOUjeHr HECHHTYJIapHA TOPYCHH BapHjeTeT je ¥ KBa3UTOPYCHA MHOTOCTPYKOCT

Haj[ KOMOMHATOpHUM TosmTonoM P. Kapakrepucruyna npecimkaBama 1 KapaKTepUCTHYHA
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MaTpHIa Cy y OByM ciydajy ucre. 3ato je mpojektuBal npoctop CP™ xBa3uTopycHa MHO-
rOCTPYKOCT Haj cuMiuiekcoM A™.

CBaky HECHHTYJIapHU NPOjEKTUBHU TOPYCHHM BapHjeTET je AaKie ¥ KBa3UTOPYCHA MHO-
TOCTPYKOCT, a1y ONIIITEM CITy4ajy HeCUTyJIapHA HETIPOjeKTUBHU TOPYCHH BapHjeTeT He Mopaia
Oyne KBa3UTOPYCHAa MHOTOCTPYKOCT. MaKo je mpocTop opOuTa MHOrOCTPYKOCT ca holikoBuMa,
OHa He Mopa OutH AueomopgHa ca MPOCTUM MOAUTONOM. EKcnumvuuraH npuMep TakBoOr

TOPYCHOT BapujeTeTa joll YBEeK Huije NpoHabheH.

Hedpunnmumja4.3.4. Cummunimjanna nenesa 2y R"™ je citipozo iloauitiotianna yKOIMKO ce MOKE
peann3oBaTh Kao KOHyc ca TeMeHoM y O HajT cTpaHaMa KOHBEKCHOT CHMILTAIIAjaTHOT OJNTOTA
WM €KBUBAJIEHTHO YKOIIMKO je HOpMaJiHa JieTie3a MPOCTOT MOIUTONA ca TEMEHIMA Y PEIETKH.
Cummmmnmjainsa Jjenes3a X je caabo UoAullioiaiHa ako j€ WeH MOTIHOPHHU CHMILIALN]ATHI

Komiuieke Ky, monuronanHa cepa.

Heka je X necunrymnapna aene3a u My onroapajyhu TopycHu Bapujeretr. Tama je M
NPOjEeKTUBAH aKO M CaMO aKo je X CTPOro MoJuToNnaiHa jene3a, My je KBa3UTOpycHa MHO-
FOCTPYKOCT aKO U €CaMo ako je X cnabo nomuronanta. [lakie, IpoHanaXemhe HECUHTYIapHe
Jerne3e Koja Huje ¢nabo MoINTONalHa.

[Tpumep KkBa3uTOPyCHE MHOrOCTPYKOCTH KOja HUj€ TOPYCHU BAPUJETET j€ IOBE3aHAa CyMa /IBE
xommiekche npojextusae papan CP*{C P2, OBo je nIpuMep KBa3HTOPYCHE MHOTOCTPYKOCTH
Hajl KBaipaToM /2, ajlii KeHO TAHTEHTHO PacIojeHe He 103B0IbaBa KOMILIEKCHY CTPYKTYpY, Ia
HE MO2K€ OUTH HU TOPYCHU BapujeTeT.

[IpuposHo je mocTaBUTH U MUTame KiIach(pHUKaIuje KBa3UTOPYCHUX MHOTOCTPYKOC-TH Haf|
3agaTiM npoctuM mosmronoMm.  Crenehn mprMep je mpuMep MPOCTOT MONUTONA KOju He

OMYILITa KAPAKTEPUCTUUHO MPECIUKABAE.

IIpumep 68. Heka je P, 2-cycefcka pOCT MONUTON ca m > 2" MIbOCHU KA0 HIP. MOJAPHA
nosron ukmaHor nojimrona C™ (m) w3 npumepa 36can > 4um > 2", 3aucra, yKOJIUKO 61
TIOCTOjaJI0 KAPaKTEPUCTHIHO MPECTNKaBabhe Tafa O’ MOCTOjajla M KapaKTepUCTIYHA MaTpHIa
A. Kako je m > 2" o 6m MOpaio fia ocToje 1Be KOIOHE Tj. ABA BEKTOpa A; M \; UHje cy
cBe KoopauHaTe ucre napHoctu. [lomTo je P aBa cycefckn nomurorn, ofropapajyhe mbocHu
F; n F; nmajy HenpasaH Ipecek 1 KOJIOHe ¢ | j yase y cacTaB nmogMmatpune A, 3a Heko v. Ho

det A, =0 (mod 2), mro je Hemoryhe.

[IpeTrxopHu mpuMep nokasyje fja He IOCTOj i HECUTYIapHU TOPYCHU BapHjeTeT Hajl IOJIAPHAM

nonuTonoM mukJmyHor nosmrona (C™(m))* ca He Mame of 2" whocHn. To 3HaYM 1A ce
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komOuHaTopHu noymron C™(m) ca m > 2" He MOXe peajln30BaTH Kao CHMIUTALAjATHA
MONIATOI Ca TEMEHUMA y PEIIETKH, Ha TaKaB HAUWH fa je JIeme3a HaJ HEeroBAM CTpaHama
HECHTYJIapHA. Y TOPYCHOj F€OMETPHjH, MUTAKE I JIM 33 3a/jaTy KOMIUIETHY HECHHTYIApHY
Jlene3y X MOCTOju KOMOMHATOPHO eKBHBAJIEHTHA JIeTie3a Y.’ U3 KOje HacTaje TIaTKH TOPYCHH
BapmjeTeT, N03HaTo je Kao Ewald-oBa xumoresa. [1okasaHo je ja HujeHa Temne3a Hajf CTpaHaMa
peanmsanuje mukmunasor nojmrona C™(m) ca m > n + 3 Huje HecurrynapHa. OBO 3HAuM
na ce Heku uukanyHy nomuronu C™(m) ca manum 6pojeM Temena (u3meby n + 3 u 2) mory
TMOjaBATH Kao MPOCTOPH OpOUTa KBa3UTOPYCHE MHOTOCTPYKOCTH, alldl HE M HECHHTYTapHHUX
TOPYCHUX BapHjeTeTa.

W3 cera oBora NpUPOAHO CC NMOCTaB/ba NMUTAKC!

IIpo6aem 1. Oducaitiu kaacy kombuHailioprux oauiioiia P" koju 0o3sosmwasajy kapaxitep-

UCHUUYHO Uipecaukasarse y cmucay (4.3).

KapakrepucTiuiHo npecinkapae je mojpceTumo ofpehero marpuiom A Koja 3ajoBosbaBa
ycrose (4.4) 3a cako v € P". Ycnos (det A,)? = 1 geduHMIIE XMNEPIOBPII Y IPOCTOPY

M (n, m;Z) uenobpojuux n X m MaTpuia. Y3 nedununmje caeu fa:

CraB 4.3.1. Ckyii kapakiiepuciiuyHux Maiipuya ce OKAAUA ca UpeceKom

N {(@etaw)? =1}

veEP™

xuitepiiospui y apocitiopy M (n, m; Z)

4.3.5 Hirzebruch-ose noBpim n

4-nuMeH3nOHAa/IHE KBa3UTOPYCHE MHOTOCTPYKOCTH

Hirzebruch-ose iiospuu je yseo Hirzebruch y [39] u oHe cy anre6apcke moBpiuy Haj
KOMILTEKCHIM OpojeBuMa. OCHOBHE OCOOMHE OBHX MHOTOCTPYKOCTH cy fmate y [42]. Kao
KOMIIIEKCHE MHOTOCTPYKOCTH OHE €€ MehyCOOHO pa3muduTe 0K Kao TIaTKE MHOTOCTPYKOCTH
TIOCTOj€ CaMo JIBa pa3ImInTa AneoMopgHa THTIA.

3a patum mpupopan 6poj k, Hirzebruch-oBa moBpmr je KommiekcHa MHOTOCTPYKOCT
CP(¢, @ C), rpe je ¢ koMmIeKkcHo muHAjcko paciojeme Hag CP! unja je npa YepHoBa
kiaca k, u CP(-) o3nauaBa npojekTHBM3alK]y KOMIUIEKCHOT paciojeta. Caka Hirzebruch-
0Ba MOBPII je TOTaTHH IpocTop pacnojema Hy, — CP! ca pubpom CP'. 3a mapro k mospm

H, je mucpeomopdpua ca S% x 52, azanenapuo k ca CP?4C P2, rie C P2 031auaBa KOMIIEKCHH
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npocrop CP? ca o6pryTOM opujenTammjoM.  Hirzebruch-osa mospm Hy, je KBasuTOpycHa
MHOTOCTPYKOCT YHjH je IIPOCTOp OpOuTa KOMOMHATOPHH KBaf[paT.

Ipo6nem Tonosomke kiacudukanuje (1o Ha audeomopdu3am) 3a KBA3UTOPYCHE MHO-
TOCTPYKOCTH Hafl MPOCTHM MOJUTOTIOM je OTBOpeH. [0 cafia cy MO3HAT! caMO HEKH apIijalHi
pesynrati. Y [51] npoGrem knacugukarmje KBa3UTOPYCHAX MHOTOCTPYKOCTH HAJ[ MOJIATO-

HMMA j€ y HOTIYHOCTH PellieH .

Teopema 4.3.3. KeasuitiopycHa mHozocitipykocill Oumensuje 4 je ougeomopghpna iiosesanoj

cymu nexoauko xoituja CP% CP? u 5% x S2.
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5. CTEIIEHU [TPEC/IIMKABABA NUSMELY KBABUTOPYCHUX
MHOT'OCTPYKOCTHA

5.1 Crenen npecnnkaBama

CitielieHu iipecauxasarba Cy jelmHa Off MPBUX MPOYYaBaHUX TOMONOUIKUX WHBAPHjaHTH.
Ckopo cBu yioenuny anredapcke TOMONOTHje TOCEAY]y €0 KOju je mocBeheH creneny npec-
JIMKaBabkha U HEKUM TEXHUKaMa BEroBOr pauyHamba.

Hexka cy mare mBe opjentucane n-maoroctpykoctd M u N. CBako mpecnukaBame f :

M — N wHnykyje xoMmoMopduzam
fo : Hi(M) — H.(N).

HMedunnmmja 5.1.1. Ciietien apecaurasara | je ueo 6poj Takas fia je

e cy ([M] € H,(M)u[N] € H,(N) dyngamMmeHTaIHe XOMOJIOIIKE KITACE MHOTOCTPYKOCTH

M u N penmom.
IIpupopnHo ce nocraBiba MUTAKE:

IIpodaem 2. 3a oaitie 08e muozociuipykocitiu M u N oopeduitiu cee yeae bpojese koje ce MoZy

peanau3osaiiy Kao CilleileHU HeK0?2 UpecAUKasar-a
f:M— N?

OBo je Texkak mpoOneM, U MaTeMaTHKa joIll YBEK HHje fajia OfrOBOP Ha OBO MHTAHE.
[IpoGnem ce Takopehn HepeKUAHO U3y4yaBa ABa BeKa Y Ha3a/l U HajBehu Hanpeniaxk je ocTBapeH

y HaplyjajHiM clyyajeBuMa Kafgajen = 2un = 3.

Hepunmmmja 5.1.2. 3a Oaitie Ose 3aitisopere opujeritiabuare n-mHozocuipyxociiu M u N,
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ca D(M, N) osnavasamo ckyii csux yeaux 6pojesa koju ce mozy pearu3osaii Kao ciileiienu

Heko?Z Upecauxasarwa uz M y N
D(M,N)={degf| f: M — N}.

Y numensujun = 2,upob6ieM oppebusarma ckyna D( M, N) je IOTIYHO pelieH y pajioBEMa
[41] m [28]. V¥ pumensuju n = 3, GpOjHM MaTeMaTHYapu Cy NPOyYaBaIM NPOOIEM U 3a
MHOTe KJIace 3-MHOTOCTPYKOCTH je TpoOieM pemleH. HajBakHuju pesynTatu y cnydajy 3-
MHOTOCTPYKOCTH MOTY ce ipoHahu y mpernennom pagy Wang-a, [59]. Pesysrara y mumeHsuju
2u 3 mokasyjy na ckyn D( M, N') 3asucu of XomoTorckor tuma o6e maorocrpykocra M u N, Y
pany [52] cy npoyuaBaunu crenenu npeciukapama mehy Grassmann-oBuM MHOrOCTPyKOCTHMA.

Y crangapaHoM Kypey Tononormje ( [35] m [11]) maro je HeKomuKO eheKTUBHIX METONA
3a U3pauyHaBame creneHa npeciankasama. Cras 2.30 u Bex6a 8. ctp. 258 y [35] ce nako

TeHEPANN3yjy y TBpheme:

Teopema 5.1.1. Hexa je tipecauxasarve f : M — N usmeby fioesanux 3aii6opeHux opu-
jenitiabuanux n-mrozociupyxociiu uy € N iauka wiaxea oa je f~ (y) = {z1,..., 21} u
flocitioju noititia B C N, y € B itiaxea 0a je f~*(y) ynuja k oucjynxiinux aoititiu By, . . .,

By, x; € Bjsacsaxoi, 1 <1 < k, citieiien tipecaukasara deg f je cyma

k
degf = degf| z;
=1

20e je deg f | x; nokannu citieiien ipecauxasarsa, j. citieiien ipecauxasara f : 0B; — OB.

Teopema 5.1.1 TBpau fa deg f m3padyHaBa KOMHKO ce MyTa I0Ja3Ha MHOTOCTpyKOcT M
,HaMOTaBa OKOI0“ moyiazHe MHOroctpykoctu N mpeciukaBamweM f. OBa reomerpujcka
uHTYHUMja je Bogehu npuHumn y BehuHu pajioBa Koje ce 0aBe cTreneHumMa npecikasamwa. W3
Teopeme 5.1.1 je mako mpom3BecTH MpecTuKaBame OMIO KOT 3alaTor cTeneHa k y cdepy
S™. JemHOCTaBHO YOUMMO K TUCjYHKTHUX JIONTH HAa V] M PECITMKajMO HbUXOBE YHYTPAIIHOCTH
XxOMeoMOp(U3MOM Koju uyBa opujeHTanujy Ha S — { pt }, a npeocrae Tauke MHOrOCTPYKOCTH
M npecnukajmo y Tauky {pt}, Ciuka 5.1. Jakne, D(M™, S) = Z.

Ceaxko npeciukaBame f : M — N unaykyje xomoMopu3zam y XOMOJIOTHjH f, U KOXO-
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Cimka 5.1: TlpecnukaBame crenena k uz M™y S™.

momnormju f*. Y3 ciepeher komyrarusHor mjarpama (Bugetn [35], crp. 241)

H,(M;Z) x H*(M; Z) =~ H,_(M; Z)

P P

H,(N:Z) x H*(N;Z) "~ H,_(N;Z)

3aKJbyUyjeMo Ia MpecirKaBamba HEHYJITOT CTelneHa f, MHAYKY]y MOHOMOpP(U3ME 3a CBAKO
k f*: HY(N;Z) — H*(M;Z). Iaxze, He NOCTOji NpecInKaBame HEHYITOT CTeNeHa
f X" — M u3 xomodomke chepe X" y 3aTBOpeHy OpujeHTHCAHy MHOrocTpykoct M ca
HETPHUBHUjATTHOM KOXOMOJIOTHjOM.

Jlako ce KoHCTpyHIIe TpecinkaBame crenena 0, tako ma 0 € D(M, N). Wnenturer
npecnukaBame nokasyjega 1 € D(M, M). CaTIpoGieMOM 2 MOKEMO OCTABATH jE[HO Makhe

aM6I/IHI/IO3HO [MATalkE:

IIpodaem 3. 3a daitie 0se mHozocuipyxociiu M u N 0a au tiocitioju tipecauxasarse citieilena
lus My N?

Criepehu npumepu nokasyjy fa ce y ommrem ciydajy ckynosu D (M, N) pasnukyjy on

ciyyvaja fio ciayvaja. Yaxk u 3a [Ipo6nem 3 je Temko gaTi NOTBPAaH WK OfpevYaH OAroBOpP.

Cras 5.1.1. 3a ceaxy fioeesany 3ailisopery opujenitiabuany mHo2ocitpyxocii M1 eancu

D(M,RP*>1) = 27,

Jloka3: Cdepa S™ je yHHBep3amHO HATKpWBame MPOjeKTHBHOT Tpoctopa RP™ u Heka je

p HaTKpuBajyhe npeciukaBame. Heka je f : M — RP"™ npecnmkaBame. [locMatpajMo
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ciefiehn KoMyTaTHBHY Ajarpam

S
e
p
f n
M —RP".
[MomTo je pyrnamenTanna rpyna m M TpuBHjamHa, MOCTOjU MOAR3AHE f:M— S"onf. U3
(bYHKTOPHjATHOCTH XOMOJIOTHje TOOHjaMo f, = P fo,1e je crora degf = degp - deg f. Ho,
Kako je deg p = 2 kapa je n HenapHo, cienu fia je deg f mapHo.
Huje Teniko koHcTpyncaTy npeciukabame crenesa 2k, KommnonyjMo 6110 Koje npecimnka-

Bame crenena k u3 M y S*"~ ! cap. O

CraB5.1.2. Heka je M iipocitio ilose3ana 3aitieopena opujeHitiabuaua 3-mHozociipy-xociu M,

u P Ioenxapeosa xomoaouxa cgpepa. Taoa je D(M, P) = 1207Z.

Toxkas: Cpepa S° je yauBep3anHo HaTKpEBame Off P, a cTeleH HaTKpuBame pje 120. AprymMenT
j€ HCTH Ka0 y IPETXOHOM JIOKa3y. 0J

Kowmeniuap. CraB 5.1.2 je camo cneumjanmuu ciaydaj pesyarata Legrand-Matveev-
Zieschang [37] ouspauyHaBamy cTeleHa npecinkaBamansMely Seifert-oBux MEOTOCTpyKOCTH
y [loenkapeosy xomostomky cepy. OBaj pesyirar 3ajefiHo ca pe3yaratuMa u3 paga [37]
onrosopuo je Ha [TpoGnem 2 y ciyuajy Seifert-oBux MHOrOCTpyKOCTH.

Pesynratu o 3-MHOrocTpykocTMa 0OMYHO MPEANOCTABIbAjY HEKY 10aTHY F€OMETPHU]CKY
WK TOTOJIOUIKY CTPYKTYPY Ha MHOTOCTPYKOCTH. [10 Mpe HEKOJIMKO FOfiHA CaMO HEKOJIHMKO
CIIETUjalTHAX CTyYajeBa MHOTOCTPYKOCTH 4HMja je AUMEH3Mja W3HAJ 3 je mpoyvyaBaHo, Off KO-
jux cy moxpa HajsanumibuBuju (8], [24] u [33]. Haibao Duan m Shicheng Wang cy
HaNpaBUIIKA 3HaYajaH HCKOPaK y IMpo0ieMy ca pagoBuMa [25] 1 [27], jep ¢y popmysuicamu an-
reGapcK| yCIIOB 32 MOCTOjakbe NpecinKaBama ofapeheror crenena m3meby (n — 1)-moBesanux
2n-mHorocrpykoctu. IbuxoB anreGapcku ycioB clefj U3 TOHONOIH]je OBUX MHOIOCTPYKOCTH.
MebyTtum, 4ak u y fuMeH31j1 4 T7ie je cCuTyalrja HajjeTHOCTaBHHM]a, OBE YCIOBE HHje jelTHOCTaBHO

IPOBEPUTH.

5.2 Pesyaratn Duan-an Wang-a

PagoBu [25] m [27] cy 3HaYajHO MPOIIMpHIA HAIlla 3HAKa O CTENEHHMA IIPECTKaBamba
n3mehy 3aTBOpeHNX OpjeHTAOMITHUX 21-MHOTOCTPYKOCTH. Y OBOM Jiesty heMo ce ymo3HaTu
ca HEKWMM JIeJIOBAMa FIXOBOT pajia i IIOHOBO jIoka3aTn Teopemy 2 u3 pafa [25], Kao u gatn

nojauame [locnenuue 3 Wang-osor 1 Duan-oBor pesynrara.
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Heka je M 2n-muMeH3MoHaNHa, 3aTBOPEHa, OBE3aHa 1 OPjeHTa0MIIHa MHOTOCTPY-KOCT,
n > 1nnexaje H"(M;Z) cnoboman aeo y Koxomomomkoj rpyma H™(M; 7). Kan mpoussoy

y KOXOMOJIOTUjU
H"(M;Z) @ H"(M;Z) — H*(M;7Z)

nedunne npeceuny popmy X o vap H" (M ; Z), xoja je no TToeHKapeoBoj iyamHOCTH OHINH-
eapHa 1 yHEMOJTyIapHa, Buetd [35], Cras 3.38. OBa hopMa je U n-CUMETPHYHA Y CMECITY [la
je
Xu(r©y) = (=1)"Xuly © ).
Heka je a = (ay,...,q,,) 6a3a 3a H"(M;Z). Taga npeceuna cdopma Xy, onpebyje

m x mwmarpuny A = (a;;) IJie Cy €IIeMEHTH @;; JJaTH ca
Q5 = O U Oéj[M],

a [M] je dynnamenranua knacay Hop, (M),

Hexka je f : M — L npecnmkaBambe n3mehy NoBe3aHNX, 3aTBOPEHUX M OPjeHTAOMITHAX
2n-muororocrpykoctu M u L, unekacy f*u f, uHayKoBaHE XOMOMOP(U3MA KOXOMOJIOIITKAX
u xoMosiomkux npcrena. Hekacy o = (o, ..., am)u 3 = (B1,..., ) 6aseza H"(M;Z)u
H"(L; Z) penom. UmpykoBarn xomomopdusam f* onpebyje m x [ matpuuy P = (p;;) TakBy
naje

!
[Haq) = Zpijﬁja
j=1
3acBako i, 1 < i < m.

Teopema 5.2.1 ( H. Duan, S. Wang). Hexa cy M u L 3aitisopene opjenitiabuatne 2n-
MHOZOCTIpyKOCHiu ca fipeceuHum maitipuyama A u B nao 3adaitium 6azama ocza H™ (M ; Z) u B
3a H"(L; Z). Axo fiocitioju iipecauxasarse f : M — L cilieiiena k iwiaxeo oaje f*(3) = aP,
itiaoa je

P'AP = kB.

lliwiasuwe, axo je k = 1, wiaoa je X, je usomoppro oupexitinom cabupky 00 X .

Jloka3: 3a npecnukasame f : M — L Baxu f,.([M]) = k[L]. Y3 ¢pyHKTOpHjamHOCTH Kam 1

Kell IPou3Bofa A001jaMo

Xu(f*(x) @ f*(y)) = [(@) U f(y)[M] =
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= [T Uy)M] = (zUy) f([M]) = (zUy)k[L] = kXL(z @ y)
3aceako x,y € H"(L;Z). Nakne, cnejehe gujarpam komyTupa

H™(L;Z) x H*(L;Z) —2~

Z
lf*@f* J/Xk
Z.

H™(M;Z) x H"(M;Z) 2%
Kao nocrenmy, 3a 6a3y v 3a H" (M ; Z) u 3 3a H"(L; 7.) oBa unmbeHnANA ce 3ammicyje y GopMu
P'AP = kBrpeje f*(8) = aP.
Cnenujanso, kania je k = 1 pecrpuxumja va X, nogrpyne f*(H™(L;Z)) C H™(M;7Z)
je m3omopHa ca X, u yaumonysiapra. [Ipema JleMu 0 OpTOroHaIHOj ekoMmo3umuju [47],
ctp. 5, je
X = Xpe(am(nszy) © Xgr = X & Xy,

rje je H+ oproronanun kommnement o f*(H™(L; Z)) n X 1 je pectpukupja X, va H. O
Y ucrom pagy Duan u Wang cy nokaszanu cnefehy Teopemy Koja aje NOTIyHH KpUTEp-
MjyM 3a TOCTOjamke MpecnnKaBama creneHa k m3 4-MHoroctpykocta M y mpocTo moBe3aHy

4-muOrocTpyKocT L.

Teopema 5.2.2. Hexa cy M u L iiose3are, 3aitisopeHe u opjenitiabuitre 4-mHoZociipykociiiu
ca dpeceunum maitpuyama A u B nad Oaitium 6asama o 3a H*(M;Z) u B 3a H*(L; Z). Ako
je L fipocitio tiosesana, wiada tiociiioju ipecaukasarse [ : M — L citieiiena k itiaxeo oa je

*(B) = aP axo u camo axo je
P'AP = kB.

Hliiasuwe, tocitioju upecauxasarve f : M — L citietiena 1 ako u camo ako je X usomopgpro

oupexiiHom cabupky 00 X .

Duan u Wang cy nokaszanu y pagu [25] Tlocneauuy 3 Teopeme 5.2.1. U3 muxosux

pa3MaTpama ce JIaKo 3aKJbyuyje ia OHa BaxKH y HELITO FeHEePaTHH]jo] (popMu.

Hocnequna 6. Hexa cy M u L 3aitisopere opjenitiabuare 2n-mHoZociipyKkociiu wiaxee 0a je
rank H"(M; Z) = rank H"(L; Z) = 2r+1. Tadajesabunoxojeiipecauxasare f : M — L,

aficonyiiHa 8peOHOC cilielieHa UpecauKasara 00 [ UoililyH Keaopat.

Mloka3: Heka je P maTpuna peanmn3oBana npecnukaBameM f. [1o Teopemn 5.2.1 nmamo fa je

P'AP = kB,
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e cy P, A u B xBajipatre Matpuiie pefa 21 + 1. Y3umajyhn nerepMuHanTe Ha 00€ CTpaHe
jemaxoctu fodujamo | P|?|A| = k* 1| B|. Howmro cy A u B yHEMOJy/1apHe MaTpHIIE, TO je
|P|?> = |k|**'. Dakne, |k| je noTiyn kBagpar. O

Y pagosuma [25] m [27], Duan u Wang cy pa3Buiiu TeXHHKY 3a MPOyYaBake HEHYII-
THX CTeNeHa MpecinKaBamba m3mehy (n — 1)-moBe3aHnXx 3aTBOPEHAX M OpjeHTAGHIHHX 271-
MHOrocTpykocTH. CBOjy TEXHUKY Cy MIYCTPOBaIM Ha OPOjHUM KOHKPETHUM IpuUMepuma. Y
HapeaHOM fiey heMo HacTaBuTH y MCTOM JyXy Kao y pajy [25] u nokymaru ga e pesyarare

IIOCTaBUMO y MaJIo I‘eHepaJIHI/IjI/I KOHTCKCT.

5.3 Crenenn npecankaBama H3Mehy KBa3UTOPYCHAX

4-MHOrOCTpYKOCTH

[MpecnukaBama m3mMehy HEKMX KBa3UTOPYCHUX 4-MHOTOCTPYKOCTH CY TPOYIaBaHa y pamy
[25], kao mpumepu Koju wirycTpyjy npumeny Teopema 5.2.1 1 5.2.2. Pe3ynratu Koju ¢y OHH J10-
OWnH y HajjeTHOCTaBHU]UM CITy4ajeBAMa HICY TPUBHjaHA. Y OBOM fely hemo ce hokycupaTu
Ha FeHepaHUj| CIyYaj KBa3UTOPYCHHUX 4-MHOrOCTpyKOocTH. OBE MHOTOCTPYKOCTH Cy pa3Ma-
tpaney [6].

KBazuTopycHe 4-MHOTOCTPYKOCTH Cy TONMOJNOMIKY KnacugukoBane Teopemom 4.3.3 u Bu-

X0Ba IpecevHa opma ce 1ako ofpebyje. Marpuue Koje npefcTapibajy npecedse gopme 3a
CP?,CP%2u 5% x S%cy

][], [g;] 51

penom. Jlakne, npeceuna popma 3a CP%4C P? nvMa MaTpHUHY penpe3eHTanmjy Kao

1 0
o) o

Teopema 4.3.3 TBpau 1 je KBa3uTOpycHa 4-MHOTOCTPYKOCT AncheomopHa ca

(cP?)*¢ (CP?) (57 x 57 =

= CP%---fCP°$CP%---CP?# S* x S?---15% x §°.

allyTa bIIyTa cliyTa
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IMpeceuna (opma faTe KBA3UTOPYCHE MHOTOCTPYKOCTH MMa pempesenranujy (a + b + 2¢)-

KBajlpaTHE MaTpPHULE
Loxa 0 0

0 —IL 0 |, (5.3)
0 0 A,
rnie je Acxe 2c-KBaipaTHa MaTpuia
[0 1 0 0 00|

1000 00

000 1 0 0

0010 0 0

0 0 -~ 0 1

0 0 0

Hexka cy
M = (CP?)"¢ (@) P (52 x $2)u N = (CPY)H g (W) “ 452 x $2) pme xeas-
WTOPYCHE MHOTOCTPYKOCTH, a A 1 B MaTpulle IBUXOBHX Npeceunux (opmu, pepoM. M3 Teo-
peme 5.2.2 criequ ia IOCTOjH peciiKaBambe crenena k mamehy M u N ako i caMo ako HOCTOji
(a+b+2¢) x (d+e+2f) matpuua P raksanaje P'AP = kB. [lupeKTHUM H3padyHaBambeM
no6ujamo f1a cy enementn (d + e + 2 f)-kBagparne matpuue C' = P'AP:

a b c
Cij = E PriPrj — E PatriPatrj T E (pa+b+2r—1ipa+b+2rj +pa+b+2ripa+b+2r—1j)-

r=1 r=1 r=1
Pemasame Matpuune jegnaunne PP AP = k B je eKBUBaNEHTHO PENIaBaky Ofrosapajyher cuc-

tema [luodanrosux jequaunHa. He nocroju anropuram 3a petasae [JuoanTose jefHaunHe,

TaKo J1a He TI0CTOjM PHPOMIaH MyT 3a MPHUCTYI pobueMy. Y HameM cucremy cgera d + e + f

(dd-etf)(d+etf+1)

on 5

0.

M3pa3a Ha JIeBOj CTPAHM je[THAUMHA je jeTHaKO K, IOK Cy OCTalA je[HaKH

Hoxkaxumo caenehy iaemy:

Jema 5.3.1. Heka cy B, xi, u Crxy, Uipoussonne maitipuue twiaxee 0a je k < n. Taoa je

det |B - C| = 0.
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HMoka3: O3naummo A = B - C. Tapna je a;; = Zle bi-cr. Heka cy B’ u C' n-kBagpathe

MaTpuIe TakBe id

C

B’:[B o], o=

OuurnegHo je
B'-C'=B-C=A,

¥ OflaTIie CIEA f1a je
0 =det B - det C' = det A.

0

Teopema 5.3.1. Hexacy M u N ilose3are, 3aitisopere u opjeHilabuane 2n-mHo2oCupyKociu
fiaxee oa je 1 < rankH"(M;Z) < rankH"(N;Z). Taoa He focilioju fipecauxasarse

[+ M — N HenyaitioZ citieiiena.

Nokaz: OBo je mocnenuna Jleme 5.3.1 npumerbene Ha Matpuue PP u A - P. [Ipema Jlemn je
0= k,rankH"(N;Z) det B,

a 3060r yHIMOpyTapHOCTH Tipeceune (opme je k = 0. U

Teopema 5.3.2. Ako iocitioju tpecauxasarse [ : M — N citieilena k usmeby oOse 4-

MHOZOCUIpyKOCiiu, Wiada ilociioju fipecauxasarse citieitena k uz MECP? y N,

Mloka3s: Heka je A maTpuna npeceune ¢popme 3a M, B 3a N u P MaTpuiia, TakBa fia je

P'AP = kB.

. 10 ) , 0
Tapma je A’ = 0 A marpuia npeceure popme 3a M{CP. Marpua P’ = P
OYHUTIIETHO 3a7I0BOJbaBa YCIOB

(P)'A'P' = kB.
O

Teopema 5.3.3. Axo iocitioju tpecauxasarse [ : M — N citieilena k usmeby ose 4-

MHOZOCIIpyKOCiiu, Wiada ilociioju fipecauxasarse citieitena k uz Mt (S? x S?)y N.
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Jloka3s: Heka je A maTpuna npeceune ¢popme 3a M, B 3a N u P MaTpuna, TakBa fia je

P'AP = kB.
01 0
Tamgaje A = | 1 0 0 | marpuna npeceune dopme 3a M (S? x S?). Marpuna P’ =
00 A
0
0 | oumraegHo 3a10BO/bABA YCIOB
P

(P')'A'P' = kB.

Kao nocnenuny Teopema 5.3.2 u 5.3.3 no6ujamo:

Mocnequna7. Axo iiocitioju iipecaukasarve f : M — N citieiiena k usmehy 0se 4-mHozociuipy-
Koctiu, waoa docioju upecauxasare ciietena k us Mt(Q) y N 3a csaky 4-mHoZocuipyKkoci
Q.

Teopema 5.34. Akocy f : M — Nug: M — N’ ipecauxasarsa citieiiena k usmeby
4-mHoZociipykociiu, iada ocimioju ipecauxasarwe ciieiiena k us MM’ y NEN'.

Toxka3: Heka cy A u A’ marpuue npeceunnx ¢opmu3a M u M', Bu B'3a N u N', Pu P’

MaTpHuIe TakBe ia

P'AP = kB,
P'A'P = kB
JupeKTHO MpoBepaBamo fia je
Pt 0 A 0 Po| |[B o
0 P 0 A o P| |0 B

5.3.1 [Ipecaukasamway C P>

Y oBoM fieny heMo m3yyaBaTH NpeciuKaBamba U3 KBa3uTOpycHux MEorocrpykoctu y C P2

(m CP?). Kopuctumo 3Hama u3 eJIeMEHTapHe Teoprje Opojese Koje ce mory Hahu y Behnun
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CTaHJapJHUX KIbAra 0 0BOj TeMH, Kao 1o je [58], [17]u [50].

Heka je M kBa3uTopycHa MHOTOCTPYKOCT fuheomopdHa ca
ot (mp) P 2 2\ fc
(CP?)* 4§ (TP?) ¢ (57 x 57"

Teopema$.2.2 cBoau mpoOieM Ha 10CTOjakbe HETPUBHjATHOT pelliekha [InodanTose jegHaunHe

a b c
szzl - szJril +2 Zpa+b+2i—1 1Pa+bi2i1 = k. (54)
Teopema 5.3.5. o Akojea > 1 (uaub > 1) uc > 1 waoa jeonavuna 5.4 uma pewerse 3a
ceako k € 7

e Akojea > 4ub = c = 0imiaoa jeOnauuna 5.4 uma peuterba 3a C6aKU HeHe2ATUUBAH 1O

6poj k u Hema peuterba 3a HezaitiugHo k.

o Akojeb > 4ua = c = 0maoa jeonaquuna 5.4 uma peuterse 3a 36aku yeo 6poj k < 0 u

HeMma peulerba 3a Ho3uiliueHe yeae 6pojese k.

o Akojea = 3ub = c = 0 maoa jeonauuna 5.4 uma peuterba 3a c8aKu HeHeZaAMIUBHLL
ueo 6poj obauxa k # 4°(8q + 7) u nema pewersa 3a osuitiusHe yeae b6pojese 06AUKaA

k = 4P(8q + 7) u nezaitiusHe uene 6pojese.

e Axkojeb = 3ua = ¢ = 0 maoa jeonaquna 5.4 uma peuterba 3a c8axKu HelOIUTUBAH
ueo bpoj obauxa k # —47(8q + 7) u nema peuterva 3a nezaitiusHe yeae 6pojese 06AUKA

k = —4P(8q + 7) u Gosuitiusne yeae bpojese.

o Akojea =2ub = c = 0imiaoa jeOnauuna 5.4 uma peuterba 3a C6aKU HeHe2ATUUBAH 1O
6poj k tiakas 0a ce ceaku tipociti Oeaunay, 6poja k obauxa 4p — 1 iiojaswyje ilapar 6poj

iyiia y KaHoHckoj ghaximiopusauuju 6poja k u Hema peuterba y oCIaAUM CAYHAjeBUMA.

e Akojeb = 2ua = c = 0wmaoa jeonauuna 5.4 uma pewerba 3a ceaxu ueo 6poj k < 0
fiakas 0a ce ceaxu upociti Oeaunay, 6poja k obauxa 4p — 1 tiojasmwyje tiapan 6poj tiyitia

y KanoHcko] paxitiopusayuju 6poja k u Hema peuterba y ociiaium cayyajesuma.

e Axkojea = b = 1uc = 0wmaoa jeonauura 5.4 uma peuterba 3a céaxu yeo 6poj obauka

k # 4p + 2 u nema pewersa 3a 6pojese obauxa k = 4p + 2.
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o Akojea = 1ub = c = 0 maoa jeonavurna 5.4 uma pewerve 3a ceaxu ueo 6poj Koju je

[OMIYH K6AOPAll U HemMa peulerba y OCHaAUM CAYYajesumd.

o Akojeb = 1ua = c = 0 maoa jeoHavurna 5.4 uma pewerve 3a ceaxu ueo 6poj Koju je

HOUIYH K8AOPAlll UOMHONMCeH ca — 1 U HeMa peuterba y OCHAAUM CAYHajesUMA.

o Akojea = b = Ouc > 1 imaoa jeonavuna 5.4 uma pewerba 3a ceaku tapar 6poj k u

HeMa peulerba y OCilanum cayqajesuma.

Jokas: CBaku 11eo 6poj ce MOKe 3aIucaTh y 00IuKy u> + 2vw e €y U, v i W NeTd GPOjeBH.
OBa ocoOMHa HaM rapaHTyje nocrojame npeciukasama f : CP24(S? x S?) — CP? crenena
k. Teopeme 5.3.2 m 5.3.3 pammpyjy oBaj pe3yaTaT Ha KBa3UTOPYCHE MHOTOCTPYKOCTH ca @ > 1
nc > 1. U3 crargappHOr Kypca eneMeHTapHe Teoprje 6pojeBa HaM je TI03HATO Jia Ce CBAKA
11eo 6poj MOKe 3ammcaTi Kao Cyma KBajparta 4eTupu 1esa Opoja, ma mocToju npecinkaBame
creneda k > Oxkagajea > 4ub=c=0.

Cnyuaj a = 3u b = ¢ = 0 je BeoMa WHTepecaHTaH, MOMITO CIEeAN U3 HETPUBUjATHOT
pesynrara Legendre-a (1798) m Gauss-a (1801) ma ce HeHeraTuBHM 1eln GPOjEeBU MOTY
3anMcaTd Kao CyMa KBajipara Tpu Iiejia Gpoja ako u caMo ako cy oomuka 47 (8q + 7).

Akojea = 2mb = ¢ = 0 Taga 3a 6mno Koje npecnukapame [ : CP*4CP? — CP?,
deg f Mopa GutH 11I€0 OpOj KOju ce 3ammcyje Kao cyma KBafgpaTa [Ba Iiejia 6poja. Kao mro je
MO3HATO, 1[0 OpOj ce MOXKE 3amucaTi Kao CyMa KBajipaTa fiBa 1esa Opoja ako u camMo ako ce
CBaKM MPOCT fienuan Tor 6poja oommka 4p — 1 mojasibyje mapad 6poj myTa y ieroBoj KaHOHCKO]

daxropusammjn. 3a k = u? + v* MOXeMO y3eTH fia je MaTpuua P

1 T0OKMjaMO MPEeCTAKaBambe CTeNeHa K.
Y cnyuajya = b = 1uc = 0, creneH npecimkaBama MOpa OUTH 1Ieo OpOj KOjH Ce 3aTucyje
Kao pa3JuKa jjBa NOoTIyHa KBajipaTa, a TO je Moryhe ako u camo ako Taj Opoj He fjaje ocTaTak 2

TpH fierberby ca 4. [IMpeKTHO IpoBepaBaMo fia MaTpuia

rapaHtyje peciuKaBame u? — v2.
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Ocranu ciyvajeBu ce AoKa3yjy Kopucrehu rope HaBefileHe OCOOMHE U aHATOTHO TOKAa3y

IPETXONHUX CIyYajeBa. 0J

5.3.2 Ipecnuxasamway S* x S*

[pecnukapama u3 CP?HCP? u CP?4CP?y S? x S? cy npoyyasana y pagy [25]. Y
OBOM jiesy heMo MpoyuaBaTH MPECIMKaBamba u3 MPON3BOJHHE KBA3UTOPYCHE MHOTOCTPYKOCTH
yS?% x S2,

Cras 5.3.1. He iiocitioju fipecauxasare nenyaitioz ciiieiiena uz (CP2)* ((CP2)#)y §% x S2,

Toxa3: 3a caky matpuiy P nagykoBany npecinkasameM f : (CP2)* — 2 x S? paxn na

0 k
E o |

W3 oBor ycioBa crepu aa je P nyna marpuia, najeu k = 0. U

je

P'P =

Cras 5.3.2. 3a ceaxu yeo 6poj k iociioju iipecauxasarse citieitena k uz (S* x S?)#y 52 x S2,

Toxka3z: [Tpema Teopemu 5.3.3, TOBOJBLHO je MOKA3aTH 12 IOCTOjH IpeciukaBame [ : S? x §2 —

[

npema reopemu 5.2.2 rapaHTyje 0oCTojare MPECinKamba CTeneHa k. U

S? x 52 crenena k. Marpuua

Cras 5.3.3. 3a ceaku yeo 6poj k iocitioju fipecauxasarve citieiiena k uz (CP?)*4C P2
(CP?$(CP2)")y 5% x §2

Jloka3: [lupexTHO mpoBepaBamo fa cieneha matpuna

o

Il
— = O
> > O

o Teopemu 5.2.2 rapaHTyje IOCTOjakbe MpecnKaBamba cTeneHa k. U

Teopema 5.3.6. Heka je M keasuitiopycra mrozociipyxkociii iaxea 0a je ¢ > 1. Taoa iiocitioju

fipecaurasarse citieiiena k uz M y S* x S? 3a ceaxu ueo 6poj k.
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Mloka3: JIako ce mpoBepaBa ja MaTpuia

3ajjoBosbaBa ycioBe Teopeme 5.2.2. U

Teopema 5.3.7. Hexa je M keasuitiopycna muozocupykocii iwiakea oaje a > 2ub > 1 (uau

a > 1ub > 2). Taoa itocitioju iipecauxasarse citieitena k uz M y S* x S? 3a ceaxu yeo 6poj k.

Mloka3: JIako ce npoBepasa ja MaTpuna

O(a—2)x2

kK 0
P = 0 1
-k 1

| Opg2e-1)x2

3ajoBOJbaBa ycaose Teopeme 5.2.2. 0

5.3.3 Ipecmukasama y C P?$C P>

pema pany [25] He nocToju npecnnkasame Henyator crenena us CP?4CP2u S? x S%y
CP?4CP?. 3a ocrane kazuropycHe MHorocTpykoctu ckynosu D (M, CP?#CP?) cy muoro

3aHUMILABU]U.

Cras 5.3.4. Ilocitioju tipecauxasarse f - (CPQ)jj2 — ((CP2)t¢2 citieliena k ako u camo aKo je
k > 0 u axo ceaku apociu Oeaunay, 6poja k obauxa 4p — 1 yuecitigyje tiapan 6poj iyiia y

KAHOHCKO] ¢hakitiopusauuju 6poja k.

Jloka3: Hexa je P =

a b
g ] MaTpula UHAYKOBaHa npecnukaBaweMm f. Oprosapajyhu
c

CUCTEM jefJHAaUMHA je

>+ =0 +d* =k, (5.5)
ab+ cd = 0. (5.6)
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OunrsienHo je 1a k MOpa HMaTH PeNpe3eHTann]y Kao cyMa iBa KBajgpara, Tj. k = u® + v? 3a
nene 6pojeBe w .

Ca gpyre cTpane MaTpuia P = !

] 3a CBaKO TaKBO k MOKa3yje MOCTOjamhe HEKOT
—u

MpeCiinKaBalka CTETICHA k. ]

Cras 5.3.5. Mociioju fipecauxasarse f = (S2 x S2) — (CP2)* n > 2 cimeitena k axo u

camo axo je k tiapar 6poj.

Jloka3: Heka je

aq b1
p_ a2 19.2
Q2n, bsn

MaTpuiia MHIyKOBaHa npecinkaBamweM f. OproBapajyhu cucrem jeqnaunna je

20,16L2 + 4 2a2n_1a2n = 2b1b2 + -+ 2b2n—1b2n = ]{7, (57)
a1b1 + -4 agnbgn =0. (58)

Opnasyie je jacHo fia k Mopa OuTH mapaH 6poj.
TIOBOIBHO je 12 TOKaKEeMO fia 10cToji peciukaame [ : (52 x 52)#2 — (CP?)™ crenena

k = 2t. OBo je TauHO, jep MaTpuIa

o O =+
_ +~ O O

3ajioBOJbaBa yciose Teopeme 5.2.2. 0

CraB5.3.6. 3aceaxuyeo 6pojk diocimiojudpecaurasare f : CP*CP?H(S5?x 52) — (CP?)"

citieiiena k.
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Jokas: Ykomuko je k # 4t + 2 6poj k ce Moxke 3anucaTi y 061uKy u? — v? 1 Tafla MaTpHIa

U u
v v
P= 2 2 ’
u? — v
0 —1

3aji0BOJbaBa yciose Teopeme 5.2.2.

Yxomnuxko je k = 4t 4 2 taga hemo 3a P y3etn:

t+2 t

t t
P =

1 2t+1

—1 —1

O

Teopema 5.3.8. [ocitioju iipecauxasare [ : (CP?) (5% x S?) — CP*#CP? ciieiiena k axo
ucamo axo je k > 0u axo ceaku tipociui Oeaunay, 6poja k o6auxa 4p — 1 yueciuigyje iapan 6poj

iyitia y KaHoHCKoj paxitiopusayuju 6poja k.

Mloka3: Heka je I” MmaTpuna MHAyKOBaHa IPECINKABAKEM

a b
P=1|¢ d

e f

[NoTpe6Ho je ompenuTH cBe Tiese OpojeBe k 3a Koje chucrem

a® 4 2ce = b* + 2df =k, (5.9)
ab+de+cf =0. (5.10)

MHoxemeM Nocnenme jenHatH/IHe ca2cd 1106HjaMo
0 = 2abed + d?(2ce) + ¢*(2df) = 2abed + d*(k — a?) + A (k — b?),

OJIaKJIe CJIEaN 1a je
k(c* + d*) = (ad — be)?.
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Opaspe je k > 0u k o6muka u? + v2.
Ocrtaje 1a TOKaXKeMO caMo jolII fia IIpecuKaBame crenesa u? + v mocToju 3a cBe Lemne

6pojese u 1 v. [I0BOJBHO je fa 3a P y3meMo MaTpuiy

u+v u—v

O

Teopema 5.3.9. ITociioju iipecauxasarse [ : (CP?)™ (5% x $2) — CP%CP? cieiiena k
ako u camo axo je k > 0 u axo ceaxu ipocii Oeaunay, 6poja k obauka 4p — 1 yueciuigyje iiapan

Opoj iyitia y kanoHcko] paxitiopusayuju 6poja k.

Jloka3: Heka je

(ST

®

~ & o

g h

PemaBamo ciepehn cucrem [InodaHToBHX jefHAUMHA

a’+c +2ge =0 +d*+2fh =k (5.11)
ab+cd+ef + gh = 0. (5.12)
Jacojepazak = m?+n?umamMopememea = d =m,b =n,c=-nug=e=h=k = 0.

Iloxasahemo fia ce cBako k 3a Koje OCTOjH pelIe:e, MOXKE 3alcaTh y 00IuKy m?> + n?.

IMomuoxkmnmo ca 2 f g jepraumnny ab + cd + ef + gh = 0 n uckoprucTAMO Npeocrane ase

JeHAKOCTH:
2fglab+ cd) + f2(k —a®> — ) + g*(k — b* — d*) = 0.
Opaspie cneu:
k(f? +¢%) = (af — bg)* + (cf —dg)*.
Capa je jacHo na je k 6poj o6muka u? + v, O

Teopema 5.3.10. [Tocitioju fipecauxasarse f : (CP2)* — CP2$CP? ciiefiena k axo u camo
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ako je k > 0 u axo ceaku tipociti Oeaunay, 6poja k ob6.auxa 4p — 1 yuecitigyje iapan 6poj iyiia

y KaHoHckoj paxiiopusayuju 6poja k.

Tokas: 13 ocaalimbux pa3MaTpaka JOBOJBHO je 1a HOKaxeMo fia je k o6mika u? + v, momro
npecnukasame f : CP2CP? — CP?*CP? crenena u? + v? nocroju o Cragy 5.3.4.
Ykonuko je
a; by
P=1a b |,

as b

ofiroBapajyhu cucrem [{nogaHTOBKX jeHAUNHA je
a% + CL% + (lg = b% + bg + b% = k?, a1b1 + agbg + a3b3 = 0 (513)

Moskemo npernocrasura ia je NZ D(aq, as, as, by, ba, bg) = 1, jep yKoamko je
NZD(ay,as,as,by,bs,bs) = d, periaBaMo eKBUBAJIEHTaH CUCTEM 3 d%. W3zpaszumo Ha jiBa
Ha4MHA a3b3:

agby = (k — ai — a;)(k — bj — b)),
a§b§ = (Clel + a2b2)2.

Opnasnie mo6ujamo fia je
kz — k(a% + CL% + b% + b%) — (a1b2 + a2b1)2 = 0.

IlokaszaheMo fa He ocToju mpoct 6poj ¢ o6muka 4r — 1, Takas ga ¢>**1 || k, opakne cnenmm
Halle TBpheme. AKO OM TakBo ¢ mocrojano, numanu 6u aa ¢>** | (a1by + agbi)? ogHOCHO
¢ | (a1bg + agby). Makne, ¢**72 | k(a? + a3 + b3 + b3) opakne q | a? + a3 + b? + b3. Ho
KaKo je

2k = a} + a3 + a3 + b; + b3 + b3,

Tocnemunaq | a3 +biuq | azmq | bs. Amanorso, ce fokasyjenaq | ai,q | bi,q | azmq | bo.

Kourpagukuuja ca tum pa je N Z D(ay, as, ag, by, b, b3) = 1. O

Teopema 5.3.11. Iocitioju fipecauxasare f : (CP%)" — CP2CP?% n > 4 cilieiiena k axo

u camo ako je k Henezaitiusa yeo 6poj.

Jloka3: 13 Teopeme 5.2.2 n icnncrBama BEHOT YCII0Ba BUUMO fAa je 6poj & cyma n MOTIYHHIX

KBajpaTa, Tj. ycios f1a je k > 0 je morpebas.
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Canpyre cTpaHe cBaki HEHEraTHBaH [1e0 OpOj ce MOXKe 3alMCcaTH Ka0 CyMa YeTHPU KBajipara.

Hekaje k = a® + b + ¢ + d?, taja MaTpuna

a b ¢ d
b —a —d
P a c
c d —a —b
d —c b —a
rapaHryje nocrojame NpecinkaBama cTeneHa k. U

Teopema 5.3.12. Iocitioju fipecauxasare f : (CP2)* #(S2 x 52) — CP2CP? cimieiiena k

30 CBAKU HeHe2atluear yeo 6poj k.

Jloka3: Heka je

a; by
az by
P=1a3 by |,

as by

as b

ofiroBapajyhu cucrem [11o¢haHTOBHX jefHAUNHA je

ai + a3 + a3 + 2a4a5 = b3 + b3 + b3 + 2bsbs = k, (5.14)
a1b1 + CLQbQ + agbg + CL4b4 + (15b5 =0. (515)

[MoMHOKIMO TIOCTENbY jenHaunMy ca 2a4b; M HCKOPHCTAMO TIPBE J[BE jeTHAUNHE CITMIHO

Kao y fokasy Teopeme 5.3.8 1 gobujamo:
k(aj + b3) = (asby — bsar)? + (asbs — bsaz)? + (asbs — bsas)”.

Opnagpe cenu f1a je ycoB £ > 0 motpe6aH.

Yxommko je K > 0, k ce MOXe 3amucaTé Kao CymMa YeTHUPH MOTIYHA KBajgpata k =
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u? + v? + w? + 2°. Taga he maTpuua P

. T
—Zz
P=|w—-—2 u—v |,
w v
- Z u -
rapaHTOBATH MOCTOjakhe MPECINKaBamba cTerneHa k. [

Teopema 5.3.13. ITocitioju iipecauxasare f : (CP2)* 4CP? — CP24CP? citiediena k axo u
camo axo je k > 0 u axo ceaku ipociti Oeaunay, 6poja k obauxa 4p — 1 yuecitisyje tiapar 6poj

iyiia y KaHOHCKO] (haxitiopusauuju 6poja k.

Jloka3: Heka je

onrosapajyhu cucrem [InodanToBux jeHaumHa je
A+ - =0 +d— fP=kab+cd—ef =0. (5.16)
U3 oBor cucrema jefiHaunHa 100ujaMo KBajipaTHY jeJHAYMHY
E* — (a* + b* + & + d*)k + (be — ad)* = 0.

W3 BueroBux (opmyia, ounrsiefso je k > 0.

He ryGehn Ha onmmrroctn MoxeMo fia mpernocTaBuMo fa je NZD(a,b,c,d e, f) = 1.
JTTokaxuMo Jia He TIOCTOj1 TIPocT 6poj ¢ o6muka 4p — 1 takas ga ¢*" ™ || k. 3aucra, ako 6u
TaKBO ¢ IOCTOjal0, U3 KBaipaTHe jeHaunne ouumanuga ¢’ ' | be—adugq | a®+0*+ 2 +d>.
Opaspe cnequpaq | (a+d)*+(b—c)?uq | (a—d)*+ (b+c)?. Opasuejea+d =b—c=0
(mod g)ua—d=b+c=0 (mod ¢). Jakre,a =b=c=d =0 (mod ¢), na Mopa 1a
q|eunq| f. Kourpagukuuja ca rum gaje NZD(a, b, c,d, e, f) = 1.

3ak = u® + v? Matpuna

u v
P=|—-v u|,
0 0
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rapaHTyje OCTOjame MpeciInKaBama CTeneHa k. U

Teopema 5.3.14. Iociwioju ipecaukasarse f : (CP2)* §CP? — CP24CP? ciietiena k axo u
camo axo je k > 0 u axo ceaku ipociti Oeaunay, 6poja k obauxa 4p — 1 yuecitisyje tiapar 6poj

iyitia y KaHoHCKOj paxiiopusayuju 6poja k.

Tokas: 360r nperxofue TeopeMe, J0BOIBHO je ia fOKakeMo fia je k obmuka u? + v2.

Heka je

S|

@)

o)
N e -~

9

ofiroBapajyhu cucrem [lnodaHTOBKX jeHAUNHA je

A+t =0+ d+ P hr =k, (5.17)
ab+cd+ef —gh=0. (5.18)

Moskemo yBecTr cMeHy € = g + mu f = h + n, na npehu Ha pernraBarme eKBUBAICHTHOT

cucreMa

a? +c +m? +2gm = b+ d* +n® 4+ 2hn = k, (5.19)
ab+cd+mn+gn+ fm=0. (5.20)

[TomHOXUMO OCTENHHY jeTHAUMHY ca 271 U ICKOPUCTUMO TIPBE JIBE jefHAYMHE 1 1001jaMO
2mnab + 2mncd + 2m*n® + n*(k — a®> — & — m?) + m*(k — v — d* —n?) = 0.
Opnagpe cnenu f1a je
(m? +n?)k = (mb — an)* + (md — cn)?,

Tj. k Mopa 6uti o61mka u® + v2. O

Teopema 5.3.15. [locitioju iipecaukasarve f : ((CPQ)M $CP2 — CP*CP? n > 4 cilieilena

k ako u camo axo je k nenezaitiusan yeo 6poj.

Jloka3: Hajipe hemo oka3aty 1a je HeonmxomHo fia k Oye HeHeraTHBaH 1eo Opoj.
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Heka je
aq bl
p_ 5] 5'2 7
an bn

ofiroBapajyhu cucrem [11o¢haHTOBHX jefHAUNHA je

A +astta —ak =B b b=k, (5:21)
aiby + -+ -+ ap—1bp—1 — anb, = 0. (522)

CnmyHO IPEeTXOHUM CHTYalljaMa i3 CHCTeMa ce Moxke To0uTH ciefieha KBajjpaTHa jefHaunHA
=k +ai+ a4 2+ ( > (aibj—ajbiﬁ) :
1<i<j<n—1

onaksie 36or BueroBux ropmyna ciaenu naje k > 0.
Ipema Teopemu 5.3.11 u 5.3.2 moGmjamo /1a 3a cBaKW HEHeTaTHBaH 1jeo Opoj k moctoju

NPECITMKABALE CTeTeHa k. O

Teopema 5.3.16. 3a ceaxu yeo 6poj k Gociioju dpecauxasame f : (CP?)* #(CP?2)2 —
CP?*4CP? citieiiena k.

Jloka3: Ykomuko je k = 2t + 1 memapan 6poj 3a MmaTpuiy P MOkeMO y3eTH:

t+1 0
t+1
p_ 0 + ,
0 t
t 0

t+1 0
0 t+1

P = i
1 t

t -1
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Ha ocHoBy rope HaBeguHux pe3yaTara u Teopema 5.3.2 1 5.3.3 o6ujamo:

IMocnepuna 8. Axo je M keasuitiopycua 4-mHozociupykocii ilakea oa je
rankH2(M;Z) > 5u b+ 2c > 2, Wiada 3a ceaxu ueo 6poj k fociioju fpecauxasarve
f: M — CP*$CP? cinieiiena k.

5.3.4 Ipecmukasama y CP*$C P2

Crag 5.3.7. He iiocitioju tipecauxasarse f cp2 CP?$C P2 nenyaitio? citieiiena.

Jloka3: Heka je

aq bl
p_ a2 b.2 7
an, bn

ofiroBapajyhu cucrem [11o¢aHTOBHX jeHAUNHA je

ai+as+---+ai_+al =k, (5.23)

bbby b2 — b2 = —k, (5.24)

albl + o+ anflbnfl + anbn = 0. (525)

W3 npee jemnaunne je £ > 0, a3 gpyre je £ < 0, opakne je k = 0. U

CraB 5.3.8. He iiocitioju iipecaurasarse f : CP*4CP? — CP?*4C P? nenyaitio? citieiiena.

a b
c d|’

ofiroBapajyhu cucreM [11o¢haHTOBHX jeHAUNHA je

Jloka3: Heka je

P =

a?— =0 —-d* =k, (5.26)
ab —cd = 0. (5.27)

W3 oBor cucrema o6mjamo fa je

a’b? = Ad* = (a® — k)(V* — k),
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omakne je k = O mma k = a® + b Y gpyrom cnyvajyjea =b=c=d = 0,1. k = 0je

JEMMHO pelleHe. 0J

Teopema5.3.17. 3aceaxuueo 6pojk iiocimiojuiipecauxasarse f : (CP?)24C P2 — CP?*{C P>

citieiiena k.

Jloka3: Heka je

a b
P=1|c¢ d
e f
WNurepecyje nac cnepehu cucrem [{nodanToBux jefHaunHa
A+l = -d*=k (5.28)
ab+cd—ef =0. (5:29)

3a cBaku 11e0 6poj obimka k # 4t + 2 je No3HATO [1a MOCTOje 1ienu OPOjeBH 11 U 1 TAKBH
naje k = m? —n? Y osom ciyuajy,a = b = 0,c = f = mud = e = nje peliewe. 3a
k=4t + 2, moxemo yzetnnajea = 1,0 =2,c =2t +1,d =2t +2,e=2tu f =2t + 3.
O

Teopema 5.3.18. 3a ceaxu ueo 6poj k iiocitioju iipecauxasawwe f : CP*(S* x S?) —
CP%4C P2 ciuieitena k.

Jloka3: Heka je

a b
P=1c¢ d
e f
Oprosapajyhu cucreMm jejHaunHa je
a®+2ce =b* +2df =k (5.30)
ab+cf +de = 0. (5.31)

Bak =2tmoxkemoyzetupajea =b=0,c=d=t,e=1uf=—-1.3ak=2t+1
MoxkeMoyzetnaajea =b=d=e=2t+1l,e=—tunf = -t — L O
Ha ocHoBy npetxonnux Teopema u Teopema 5.3.2 u 5.3.3 fo6ujamo:
Mocnequna 9. 3a csaxy ksasuitiopycHy 4-mnozocipyxocit M iiaxsy oajeb > luc > lusa

ceaku yeo 6poj k, iocitioju iipecauxasarse f : M — CP?$CP? citieiiena k.
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5.4 OproroHasHe pelieTke U NIPECTHKABaba H3Mehy NOBe3aHUX CyMa
npojextusaux npocropa C P2
Y oBoM fieny hemo noceOHy naxwy I0CBETUTH IIPECIKaBabiuMa u3Mehy MHOrocTpyKocTH

KOje Cy XoMeoMOop(hHe I0BE3aHO] CyMH KOHA4HOT Opoja mpojexTusHux npocropa CP?%. Un-

Tepecyjy Hac CTENeHN NPeCcInKaBaka

f: (CP?)*" — (CP?) .
Cras 5.4.1. ITocitioju iipecauxasare f : (CP?)#2"=1 — (CP?)*?~1 n > 1 ciieiiena k axo
u camo axo je k HouiityH k8aopaii.

Jloka3: Tephemwe cnegu u3 [Tocnenure 6. ]

Teopema 5.4.1. Iocitioju iipecauxasarse f : (CP?)** — (CP?)* citieiiena k axo u camo axo

je k Henezaitiusar yeo 6poj.

Jloka3: VickopructnheMo YHIbEHHUIY 1a CBaKH HEHETaTUBaH 11eo Opoj IMa perpe3eHTanujy Kao

CyMa YeTHPH NOTIyHA KBaJpaTa

k=a?>+b>+ 3+ d°

Tapa maTpuna
a b ¢ d
b —a —d
p_ a c
c d —a —b
d —c b —a
rapaHTyje MoCTojarbe MpecinKaBamba CTeneHa k. U

Teopema 5.4.1 3ajenno ca Teopemom 5.3.4 umruimpa:

Hocnemuna 10. ITociioju fipecauxasarwe f : (CP?)#4" — (CP?)# 4" n > 1 citieiiena k axo

u camo ako je k Henezaitiusa yeo 6poj.

[Ipeocranu cayuaj ofpebrBama cTeneHa NpecanKaBama
4 4
f . ((CPZ)]i n+2 N (CPQ)ﬁ n+2’

n > 1 je jom yBek oTBopeH. CraB 5.3.4 UMIIUIEpPa a CKYII CBUX LIENNX OpojeBa KOju ce MOTy

3amICcaTH Kao cyMa jiBa MOTIyHa KBajpara je nopckyn o D ((CP?)#4n+2 (CP?)#4n+2) Yax
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ny cnydajy f : (CP?)!¢ — (CP?)*® mnje mo3HaT OfroBop, anm UPEKTHO ce MPOBEPaBa
na 3, 7, 11, 15, 19 He Mory OuTH CTeNeHH NpeciuKaBama, ITO MOApXkKaBa XUIOTE3Y Aa je
D((CP?%)*6 (CP?)*°) jennak ckyny neaux GpojeBa KOju ce MOTY 3amucaTi Kao cyma jia

MOTIIyHA KBafpaTa:

Xmnoresa 1. Cxya D((CP?)#4n+2 (CP2)*4*2) je cxyil nenezaitiusHux yeaux bpojesa k
faksux 0a ceaxu upocii deauaay 6poja k obauka 4p — 1 yueciuigyje tiapan 6poj iyitia y

KAHOHCKO] ¢hakitiopusauuju bpoja k.

Xunoresa 1 ce Moxe pehopMyHcaTH Ha clefehn HauuH:
Hocitioju yeaobpojua maitipuya P = [p;;] 1 < 4,5 < 4n + 2 iaxea oa je

An+2

Zp?j:k
J

saceakoti =1,...,4n+2u
4n+2

Z Pipjt = 0
t

30 C6aK0 T F ] AKO U CAMO aKo ce k moxce 3aiiucaiiiv Kao cyma 06a UOUWILyHA K8AOPaid.

Kosone Matpuie P MoxkeMo cXBaTHTH Kao BekTope y R4 2, [IpumeTnMo f1a 61 TakBa Ma-
Tpuia P 3aj0BosbaBaa ciyuaj jegHakoctu y uyBeHoj Hadamard-oBoj Hejenakoctu (more-
natu [16], crp. 108). OBo umiumimpa ia ako Bektope (KojioHe martpuie P) y3amemo 3a
reHepaTope pelleTke (Koja je MofpelleTka craHfappae pemetke Z"2) 6poj k je mena
nuckpumuHaHTa. Haie nuTame je 3anpaBo Koje cy Moryhe BpeJHOCTH JUCKPUMUHAHTE OPTOT-
oHanHux pemetku y R 2 puju cy renepatopu jeiHake fyxuHe. MaTpulie Koje 3a0B0/baBajy
ycios jegaakoctn y Hadamard-oBoj HejemrakocTH ce uecTo cpehy y pazmmantim obmactaMa
matematuke. OHe unju cy enemenT — 1 u 1 HasuBamo Hadamard-osum maitipuyama (BUReTH
[1]). He nocroju (4n + 2) x (4n + 2) Hadamard-osa marpuiia npema pesyarary Paley-a 3
1933. 3060r Tora MucauMo fia je Xunoresa 1 61ucKo NoBe3aHa ca NpoyvyaBambeM OPTOTOHATHHIX

PEUIETKN U BbbUXOBUX NUCKPUMUHAHTA.
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5.5 Heke o63epBaruje 0 cTelleHuMa MPeCTHKaBamba H3Mehy KBa3uTOPYCHUX

4-MHOrOCTpyKOCTH

Y IpeTXOfiHOj IJ1aBH, BUMIEIM CMO HEKOJIMKO npumepa ckynosa D (M, N') kaga cy M u N
KBa3UTOPYCHE 4-MHOTOCTPYKOCTHU. JOII yBEK HUCMO Y MOTYhHOCTH Jla OfIPEAMMO OBaj CKYII 3a
NPOM3BOJbHE KBA3UTOPYCHE 4-MHOTOCTPYKOCTH, amn 3axBasbyjyhu Teopemu 5.3.4, nocnepuim 7
¥ CTIELIM] JTHAM CITyYajeBUMa KOj€ CMO UCIIMTAIIH, 32 MHOT€ MHOTOCTPYKOCTH MOXEMO OfIPEIUTH
OBe CKYTOBe 1 Y BehnHN ciydajeBa laTu HEKY HETPUBHUjATTHY HH(OPMAIIA]y O HUMA.

Mozkemo nipo6iemy npucTynuTa Ha ciefiehn HaunH. Hajnpe mekommonyjemo M u N Kao
nose3sane cyme o C P2, CP2u S? x 52, V3 cucrema [Tno(haHTOBIX jejJHAUNHA MOKEMO TOOUTH
HEKy TeHepalHy peCTPUKIIN]Y Ha CTeTIeH pecInKaBamba k, Kao HIIp. la MOpa OWTH HeHeTaTHBaH
WK HEMO3UTHBAH, IapaH WM HellapaH WM cyMa U3BecHOT Opoja NOTHyHuX KBaapara. OHpa
TOKYILIAMO fIa JOKAKEMO fia Cy TH YCIOBH IoBoJbHH. TIpoyuapasu cMo npeciukapama y CP?,
CP?,5%x 8%, CP?CP?,CP?*CP?uzp. Ose pe3yarare MOXeMO KOMOHHOBATH y3aCTOIHOM
npumeHoM Teopeme 5.3.4 nHanaTu ce ma hemonponsBectTunpecnukapame [ : M — N crenena
k. OBo Huje MoTyhe yBEeK ypamuTu, ajid je jelaH aJIrOpuTaM 3a FeHEPUCAthe MHTEPECAHTHIX

pe3yJarara.

Teopema 5.5.1. Heka cy I, m u n flo3uitiusHu ueau 6pojesu miaxeu 0a je [ > m + n, wada

iocioju upecauxkasarbe
f:(S* x SHH 5 (CP?)*4(CP2)™4(S? x S2)fm
citietiena k axo u camo axo je k tiapan 6poj.

Toxka3z: OuuriiesHo je 1a je yenos napHocTa 3a k neonxopan. Ha ocHoBy pesynrara [27] mocroje
npecnuKasama 610 Kor napHor crenena f : S% x S? — CP*4(CP?)ug : S* x S? —

S? x S2. Ha ocroBy Teopeme 5.3.4 cequ TBpheme. 0

Teopema 5.5.2. Heka cy m u n ilo3uitiusHu yeau 6pojesu imiaksu oa je n > m, iiaoa dociioju

upecauxkasaroe
[ (CP?) (8% x S2) — (CP?)#m

citietiena k ako u camo axo je k tottiilyH k8aopatii.

Jloxka3: Ha ocroBy Teopeme 5.3.5, u Teopeme 5.3.4 cineniu TBpheme. 0
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Teopema 5.5.3. Heka cy l, m, n u p tio3uitiusnu yeau 6pojesu iiaxsu oajep > 2nul > m,

imaoa 3a ceaku yeo 6poj k tiocitioju tipecauxasarse
[+ (CPAPHTPR)H(S? x S*) — (CPA"g(CPRm4(S? x 5°)™
ciueiiena k.

Hloka3: Ha ocroBy Teopeme 5.3.16, CraBa 5.3.2 u Teopewme 5.3.4 cinenu TBpheme. U

Nmajyhu y BUy oBy njejy, MOXKEMO 10Ka3aTH f1a je:

Teopema 5.5.4. Hexa je M keasuitiopycna 4-muozociipykociu. Taoa iiocitioje ueau 6pojesu

ag, by u ¢y waxsu 0a 3a cee ueae bpojese a, b u c iwiaxee oa 3a a > ap, b > by uc > cy saxcu
D((CP*)4(CP2)"4(S? x %)%, M) = Z.
Jloxka3: Hexka je M mucdeomopdHo ca
(CP?)Pm(CP2)™4(S? x S%)%.

Tpema Teopemu 5.3.5 1 5.3.4 nocroje npecinkapama fi : (CP24(S? x S?))fm — (CP?%)m,
fo 1 (CP25(S? x S?))fm — (CP2)"™ u f3 : (S x S2))™ — (S% x §%)) 6uno kor
creneHa k. ¥Y3mmMmo fa je ag = m, by = nucy = m + n + p. Ilo Teopemn 5.3.4 nocroju

MpEeCInKaBame

f 1 (CP?)Pog(CP2)Mog(S? x S2)F0 — M.

Capa m3 Teopema 5.3.2 1 5.3.3 cnefu TBphemwe 3amarTka. 0

OBa Teopema TBp/H ja I0CTOju OECKOHAYHO MHOI'O MHOI'OCTPYKOCTH KOJ€ CE MOT'Y CIIMKaTH
Y KBa3UTOPYCHY MHOTOCTPYKOCT M mpecinnkaBambeM OUII0 KOT CTETeHa.

Yysenu pap [29] Freedman-a maje knacudmkanujy 4-MHOTOCTPYKOCTH Y TEPMHUHEMA
BHUXoBe mpeceyne ¢opme. Ho Kao mTo cMO BHfenH, TEXHUKA KOjy CMO KOPHCTHIIM MMa
orpannyeHe e(heKTuBHe MOrYhHOCTH Yak M y CIy4yajy KBa3UTOPYCHUX MHOTOCTPYKOCTH KOje
MIMajy peJIaTUBHO jeAHOCTaBHY Ipecevny popMy. Pajjca onmuTijumM MHOrOCTPyKOCTHMA H IIOPEN
pe3yarara Freedman-a ca craHoBuiTa eneMmeHTapHe Teopuje 6pojeBa Huje morofas. Beh cmo
o0jacHUNN Be3y OBHX MpobieMa ca MpolieMuMa O pelieTkaMa i KBafipaTHuM opmama. 3a
YIIO3HABake PELIETKY 1 BbUXOBE BE3€ ca allCTPaKTHIM MHOTOCTPYKOCTUMA ypyhyjeMo unTaona

Ha [10] u [20]. TIpupogHO je HacTaBUTH f1a Ce MPOOJIEM H3yUaBa Ca CTAHOBHUIITA O30MBHAJIX
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TEXHHKa, IIpe cBera Teoprje OpojeBa. 3a OYEKUBATH je 3aTO Aa CBaKH MOMaK y OUIIO KOjoj Off
OBHX JIUCIUIUIAHA IOBEJE 10 TOMAKa Y OCTAIIHM.

[MTapuumjanau pezyaraTu Koje cMO AOOHUIM Y Clydajy 4-MHOTOCTPYKOCTH Jjaje Hajy Aa hemo
Gap 3a KJacy KBa3UTOPYCHAX MHOTOCTPYKOCTH MOKH Jia jacHO (hOPMYIHIIEMO T TOKAXKEMO

KPHUTEPH]jYM 32 IOCTOjambe NpecinKaBama ofpeheHor creneHa.
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6. TOTAJIHO KOCA YIIATABA U VUMEP3UJE KBASUTOPYCHUX
MHOT'OCTPYKOCTHA

6.1 TortalHO KOca yJIarama MHOTOCTPYKOCTH

Y 0BOj rnaBu pa3MaTpaheMo TOTAHO KOCa yJlarakba MHOTOCTPYKOCTH Ca IOCEOHUM aK-

LIEHTOM Ha KBa3UTOPYCHE MHOTOCTPYKOCTH.

Jedununnja 6.1.1. 3a se npase y adpurom npocropy RY kaxeMo fa cy y kocom Honoxajy ako
HHUCY T1ApaJIeJIHE U aKO CE HE CEKY MU €KBUBAJIEHTHO aKO pa3aliby a(puH NpOCTOp JUMEH3H]E
3. Tenepanuuje, adpurn notnpocropu Uy, . . ., Uy on RY ce masmpajy kocu ako pazanumby achus

npocrop pamersmje dim(Uy) + - - - + dim(U;) + 1 — 1.

Crnenujanso, map U, V acdunnx notnpocropa y RY je xoc ako 1 caMo ako cy cBake jiBe

npase p C Ung C V Koce.

Hedununuja6.1.2. Ynarame f : M"™ — R” rnartke MHorocrpykoctu M™ ce Ha3uBa iolidAHO
KOco aKo Cy 3a cBake jiBe Tauke x, y € M™ adunn nornpocropu df (T, M) u df (T,M) on
RY kocu. N(M™) je munnmanuu npupofas 6poj N Takas [ja HOCTOj TOTATHO KOCO YJIarame

mHorocTpykoct M™y RY.

Ghomi n Tabachnikov cy y pagy [32] nmoyenu msyyaBame TOTaTHO KOCHX yjarama
MHOTOCTPYKOCTH ¥ ToBe3aiu uuBapujanty N (M ™) ca HeKMM Ofl KIIACHYHUX MHBAPHjAHTH Y
reomerpuju 1 Tonojioruju. Onu ¢y nokaszamu 32, Teopema 1.4] na je npoGiem ofpebusarma
N(R™) y 6muckoj Be3u ca reHepalTn30BaHAM IPOOIeM BEKTOPCKOT TT07ba i TIPOGIEeMOM AMEp3-

Hje peaHoT POjeKTUBHOT POCTOPA | fia Cy IOBE3aHH HejeHakolhy
NR") > r(n)+n

rjie je (1) MAHEMAJTHO T TaKBO fja BuTHHjeBa cyMa 1€, 1 O 7 KONHja KAHOHCKOT JIAHH]CKOT

pacnojema Hag R P"~! jonyimra n + 1 1MHEapHO HE3aBUCHUX CEYEmA.
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Npyru npumep je ([32, Teopema 1.2]) je HejemHakocT
N(S") <n+m(n)+1

e je m(n) mobpomosHara (pyHKIHja MeUHICAaHA KA0 MHHAMAIHO 7 TaKBO Jla MOCTOjH
HECHHTyJapHa, CAMETpHYHA OuiuHeapHa (opma B : R™ x R™1 — R™. Kao nocnenuy
oBe Be3e, 00ujajy ce cnenehe nejemnakoctn N (S™) < 3n+2u N(S?FH1) < 3(2k + 1) + 1.

O taunmum BpeiHoctMa uasapujarre N (M) ce Beoma maiio 3ua. [pema pany [32], jenuro

M0 CaJia TO3HATE TaYHE BPEAHOCTH CY
N(RY) =3, N(S')=4, N(R?) =6.

Konauno 3a 6mmo kojy n-maoroctpykoct M" Ghomin Tabachnikov cy ycnocraBmmm ropme
U I0K-€ TPaHULEe
2n+ 1< NM") <4dn+1 (6.1)

1 TIOKa3ald Jla ce JIokha TpaHmna Moxe nmoBehatn Ha 2n + 2 kapa je M 3aTBOpeHa MHO-

FOCTPYKOCT.

Y pagy [7] u3yuaBaHe cy TOMOJNOIIKE OOCTPYKIMjE€ 3a TOTANHO KOCA yjlararmba MHO-
FOCTPYKOCTH U IPOHAJIAXEHe Cy 100pe ome oneHe 3a N (M™). TlokasaHo je fja y MHOTEM
KJTacaMa MHOTOCTPYKOCTH TOCTOje TIpUMepH Kajia je ropra rpanmna 4n + 1 u3 (6.1) Beoma
Omucka Taunoj Bpeguoctn on N(M™). Ha npumep N(RP™) je mo [7] jeman op GpojeBa
4n — 1,4n,4n + 1 kaga je n = 2% crenen 6poja 2, cnemmjamao N (RP?) je 7, 8, umn 9.
lenepanumje, ako je M™ = RP™ X --- x RP™ npou3Bof pealHuX MpOjeKTUBHAX MTPOCTOPa

un; = 2" cy pa3nu4InTH CTeNeHn Opoja 2, Tajia je
N(M™) = N(RP" x --- x RP™) > 4n — 2a(n) + 1

e je a(n) 6poj HeHyna nugapa y GMHAPHO] penpe3enTanuji 6poja n. ClndyHa mporeHa
N(X) > 8n—4a(n) +1=4-dimg(X) — 4a(n) + 1

je modmjena 3a X = CP™ x --- x CP™ rue cy n; = 2" pa3nu4uTé cTeneHn 6poja 2 u
n=mny+- -+ n, = dime(X).

Y ucrom pany cy panu nponanaxkerma N (M"™) koju cy Gucku ropwoj rpanumu 4n + 1

101



Bopbe Bapanuh

msyuaBane [ pacmanose Maorocrpykoct G, (R ) mopujentucann I'pacmanmjamm G, (R ).
Tokasano je naje N (Ga (R¥+2)) > 427+ — 3u N(Go(R?'*2)) > 327+ + 1. Conume

HEjeIHAKOCTH Cy oOujeHe 3a MHOTO Apyrux ['pacManmjaHa Kao Ha IpUMED:
N(G5(R%) > 31, N(G3(R7)) >43, N(Gs(R")) > 41, urx.

OBu pe3ynTaTd Cy y OLITPOM KOHTPACTY Ca YMHEHHUIIOM Jia ce O Taunoj Bpegrocta N (M™)
BeoMa Mano 3Ha. Tauna Bpegaoct N (M ?) Huje no3HaTa YaK HA y Cy4ajy 3aTBOPEHHAX OBPILHA
M?

Y ucTOM pajly je MOCTaB/beHa y aHaNOTHj| ca KiIacuaHoM Xuioiiesom umepsuje [19)],

Xurnore3a kKoja npesuba ga 3a n > 1 Baxu
N(M"™) <4n —2a(n) + 1.

6.1.1 Jlekomio3uiuja BEKTOPCKOT paciojama
Hekaje Fb(M) := M?\ A KOH(pUrypaluoHn 0pocTop (MHOTOCTPYKOCT ) CBUX PA3THYHAT
ypebenux naposa rauaka y M. Tanrenrtro paciojetse T'(F»(M)) mo3soibasa nenarmbe
T(Fy(M)) =2 mTM & TM (6.2)
e cy my, mo ¢ Fo(M) — M npuponse npojexuuje. Paju nakure HoTauje ca

Twy) (Fo(M)) = T, (M) & T, (M)

hemo obesexkaBaru BIIakHa OBOT paciojemay (x,y) € Fy(M).

Axoje f : M™ — RY yraname, Tafja mocToju TpUBHjalHO NMHH|CKO paciojeme L Haj
F,(M) rakso pa 3a (v,y) € Fy(M) Bmakso Ly, je mpaBa R - (f(y) — f(2)). Axo je

f: M™ — RY toramHo koco ynarame, Tafia HocToju MOHOMOP(HU3aM BEKTOPCKHX PACIOjeHha

d =W po?® . T(F(M)®e — (M) xRY

e je @Ei?y) : To(M) & T,(M) — RY npecnukapame nedpunncano ca @Ei?y) (u,v) =
df(u) + df,(v) 1 @@, necpunmcano ca @ (\) = A\(f(y) — f(z)), npecimkapa TpuBHjaTHO

MHMHHjCKO paciojeme c! y L. Y oBoM ciyuajy TpusHjamHo N-JUMEH3HOHATHO paciojerme &
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dA(T,M))

df(T,M))

Crmika 6.1: Brakzo paciojema T'(Fo(M)) @ .

Hay Fo (M) ce nena
N2T(FR(M)oe ov (6.3)

e je v (N — 2n — 1)-IUMEH3HOHATHO ,,HOPMATHO™ paciojerme. Kao mociemumiy ([48,

Ceknuuja 4]) moGujamo ciepehin cras:

Cras 6.1.1. Axo je Oyaana Stiefel-Whitney-esa kaaca
Wi(T(Fo(M))) := wi(v) € H*(F>(M),F,)
neitipusujaana, waoa 2n + k + 1 < N. Cieyujaano, N(M) > 2n + k + 1.

6.1.2 Kapakrepucruune krace ox T (F»(M))

Koxomonoruja of Fy(M) = M? \ Ay ce MOoXe n3padyHaTH U3 AYTOr TAYHOT HA3a [apa
(M2, M?*\ Ay,

oo HY (M2, M2\ Ay) =% HY(M?) -5 HY(Fy(M)) — ... (64)

Hac unrepecyjy nyanue Stiefel-Whitney-ese knace (Crag 6.1.1) Tako a Mu mogpazymMmeBamo
Jla CBa KOXOMOJIOTHja MMa KOe(UIHjeHTe Zo OCHM aKO HHje [pyradnje Ha3HaueHo.

[To mpUpOAHOCTH, TOBOJBLHO je Nla MPOBEPUMO HETPHUBUJATHOCT KApAKTEPHCTHIHE Kiace
Wi (T (Fy(M))), a3a 0Bo je fOBOLHO IIPOBEPHTH fia ce Wy, (M ?) He HaNa3H y CIMIM NpecTuKa-

Bama .

Cmuka A := Image(a) on « je ompebena y [48, Teopema 11.11] (BugeTn Takobhe
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[11, Chapter VI, Section 12]). Oma je renepucana, kao H*(M )-mopnyn, ,,iMjaroOHATHOM

KOXOMOJIOIIKOM KJ1acoM*

u' =" b x bf (6.5)
i=1

rme je {b; }/_, amuruBHa Gasa 3a H* (M) u b knaca gyanna b;.

IMocroje iBa ejerBa nperena H* (M ) wa H* (M x M) acoumpana ca mpojeKIjama my , s
M? — M. Ilpema [48, Jlema 11.8], koja TBpnu fa ako je @ € H*(M) Tapa je

(ax1Uu" =(1xa)Uuu”,

oBa [1Ba fiejcTBa mMajy ucth epekaT Ha u”. Kao mocnemuiy gobujamo cieehin cras.
Cras 6.1.2.

A = Image(a) = H*M)-v" = {(I1xa)Uu"|aec H (M)}

(6.6)
= {(ax1)Uud" |ae H (M)}

Cnenehu craB 006e30ehyje jemHOCTaBaH 1 euKacaH KPUTEPHjyM 3a TECTHPAE Kajia ce

KJ1aca Hajia3u y ey off . [Tpumernmo n1a je yenoB £ < n — 1 ecenumjanan 360r
H*(M x M) = H"(M)® H"(M) C Image(a). (6.7)

Cras 6.1.3. Heka je M 3aitisopena u 2aailika n-0UMeH3UOHAAHA MHOZOCTUpYKOCcil. Heka je
k<n-—1ufe€ H*(M)® H*(M) C H*(M x M) = H*(M) ® H*(M) nenyaa kaaca.
Taoa 0 ¢ Tmage(«). I'enepannuje, axo jew € H™P(M x M) nenyaa kaaca y cauyu 00 o
{ada OHA MOPA UMATTU KOMITOHEHTY Oucitieliena (P, n) HeHyAa ,, UBUYHY Kadcy * 00AuUKa a X Z

sanexko a € HP (M), 20e je z € H"(M) hynoamenitianna koxomoaouka kaaca oo M.

Moka3s: Akoje z € H"(M) dysgamenTanisa KOXOMOJIOIIKA Kiaca o M Taja amjaronaisa

kiaca u” uma ciegehe opme
W=zxl+ax Xy +-+z,, Xy +1x2

e je x; X y; kiaca oucrenena (t,n —t)3aHeko 0 < t < n. Akojew € H"P(M x M)y

crurm off o Tafia u3 Craga 6.1.2 cneu fia je

w=(axu"=azx1+A+axz
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e je A = axy X y1 + -+ + ax, X Y, Kaca 4nje cy XOMOreHe KOMIOHEHTe OUCTeneHa

(¢,n + p — q) 3a HEKO ¢ > P, OlAKJIE TBPHEE NUPEKTHO CIIENIH. U

Iocnemuna 11. Axo je k := max{i | w;(M) # 0} iwiada je Wy, (T (Fo(M))) = war(v) # 0.
Jloka3: 13 npuporoctn Stiefel-Whitney-eBux kmaca go6ujamo
war(v) = War(T(Fo(M))) = B(@ak(M?)) = B(@r(M) x W(M)).

IMpumernmo fa je k < n — 1. Y cynpoTHOM, cBaka n-TMMEH3MOHAHA TJIATKa MHOTOCTPYKOCT
6u ce Morna ynoxuta y R nw, (M) = 0 npema [48, INocnenuna 11.4.).
Kako je £ < n — 1 moxemo uckopucrura Crag 6.1.3 koju ummmumupa ia je wy (M) x

wi(M) ¢ Image(«). Onaspe n u3 TauHOCTH HE3a (6.4) KOHAYHO 3aKIbYUyjeMO wo (1) # 0.
U

6.2 ToramHo Koca ynarama

KBa3UTOPYCHUX MHOTOCTPYKOCTH

Y oBOM fienty u3yuaBamo U JjajeMo 1000JblIaka JOWE OLIEHE 3a TOTANIHO KOca yJarawa y

CITy4ajy HeKUX KBa3UTOPYCHUX MHOTOCTPYKOCTH.

6.2.1 KommnieKkcHH NpOjeKTUBHU IPOCTOPH

[Tpema Ilpumepy 67 kommnekcan npojektuHA mpocrop CP™ je KBa3UTOpyCHa MHO-
TOCTPYKOCT Ha CAMILTEKcoM A",

Koxomorsoruja komiiekcHor npojektuBHor npocropa CP™ ca Z xoeduinujeHTnMa je
1oceyeHa IonMHOMMjanHa anredpa, na je no Teopemu o yHUBEp3alHUM KOe(ULMjEHTUMA
H*(CP™; Zy) = Zs[t]/(t" = 0) rue je degt = 2.

IMpema IMpumepy 67 u Teopemu 4.3.2 umamo fa je Toranna Stifel-Whitney-eBa kiaca

TaHreHTHOr paciojewa o CP™ 3aiara ca

w(CP") = (14 ¢)"t.
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Capa ce mako Haasu a je onroapajyha ayamna Stifel-Whitney-eBa kiaca

WCP" = (14+1)" ! = Zn: (n * j)tﬂ'. (6.8)

=0 N 7

[TpumeTumo fia je HajBUIIIA KITaca Wa, YBEK HYIA, LITO j€ CIELWjalHN Cy4aj TeHepaTHujer

pesyarata Massey-a 6.4.1. TIpema [Tocnennmu 11 maTepecyje Hac Hajeha BpegHOCT J TakBa
s (n+j

aje sy = ()

CTEIEH 2.

7 % 0. Hajupe nIpuMETHMO J1a je Wa, o # 0 ako u camMo akoje n = 2" u

To cnenn n3 HU3a eeMeHTapHIX 0COOMHA (PYHKIH] € [IeNN 1e0 1 OWHOMHUX KoehuIjeHara.

Cras 6.2.1. 3a csaxu iipupodan 6poj n eaxu

3 [g] =n ot

k=1

20e je a(n) 6poj jedunuya y bunaprom saiiucy bpoja n.
Toka3: Tepherbe oKa3yjemMo NHIYKIMjOM 110 (7).

3aa(n) = 1 umamo naje n = 2" u TBpheme cie/u.

Heka tBpheme Baxu 3a «(n) = m 1 TOKaXUMO Jla BaXH U 3a CBE 7. TaKBe j1a je a(n) =
m + 1.

3aucra, n MoxkeMo 3anucaru y 00iuky n = 2" 4+ n/, e je 2" > n’ uw a(n’) = m. Tpema

WHIYKTABHO] IPETIIOCTABIHN j&

>[5 -u ] p e [5]) -

k=1 k=

=2"—1+n"—aln)=n—-an),

unMe je TBpheme oKa3aHo. 0

CraB 6.2.2. bpoj2¢zoejed = a(k) + a(n — k) — a(n), je najsehu ciliefien 6poja 2 iliakas da
().

Hoka3: Mimamo f1a Z;; [2%} = n — a(n) 6poj 2 y KaHoHCKOj (hakTOpH3anuju 6poja n!. 3aTo

je npema npeTxogHOM cTasy, 6poj asojku y () jennax

2([2%] - {2%1 = {”;k’D = (n—an) — (k—a(k) — (n—k—aln— k) =
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=a(k) + a(n—k) —a(n).

O

W3 npetxopiHa fiBa cTaBa clefu Aa je OMHOMHH KOe(HIUjeHT (2::11) HEMapaH ako U caMo

akojea(n)+a(n—1) = a(2n—1) = 0. Tenepanuo, a(n) +a(m) = a(n-+m) ako n camo

aKo HEMa HUjeIHOT Tok1anamwa uudpe 1y OnHapHuMm 3anicuma Opojesa m U 1, 1a CleLujaaHo
3a Hall ciiyyvaj je n = 2",

JenHa mupekTHA nocnenuna je faje 3a n = 2"
w(CP") =1+t+t" u wWCP")=1+t+---+t"".

ITpema ITocnenunu 11, 3aK/bydyjeMo fia je y 0BOM ciy4dajy W, —4(v) # 0 mno Crasy 6.1.1

nobujamo caenehu pesynrar.

Teopema 6.2.1. Hexajen = 2" 3anexor > 0. Taoa je
N(CP") >4n+ (4n—4)+1=4-dim(CP") — 3.

WnTepecanTHa je u TeHepajiHa Ol[eHa 3a CBAaKO 71, KOja o0yxBarta mpeTxoHu ciayuaj. OBa
OlLleHa He Mopa OuTu OlucKa ropwOoj rpaHuly, Hop. 3a n = 27 — 1 nokniamna ce ca JomOoM

rpanutioM Kojy cy moomm Ghomin Tabachnikov.

IMocaennma 12.

N(CP") > 8- 2Mle2n] _ 3,
Hoka3s: Hekajen = 2" + - - - + 2" GuHapHa penpe3eHTanuja opojanury > - - > 13, > 0.
Huje Temiko nposeputy fa je OMHOMHM KOe(uIjeHT (2“;1_1) Hemapas, na cJeiu f1a je 3a

j =2t — 1 — n,w,; # 0. OBAM cMo MoOKa3anu fa je mpema Crasy 6.1.1
N(CP") >4n+4j+1=4dn+42" —1—n)+1 =820 _3
jepjer1 = [log, n]. O

6.2.2 IIpon3Bonu KOMILZIEKCHUX NIPOJEKTUBHUX IIPOCTOPA

Heka je X = CP™ x --- x CP™. OBo cy KBa3UTOPYCHE MHOTOCTPYKOCTH Hajl
TpOM3BOAIMMa OffroBapajyhnx cuMmiekca. Koxomonomxkunperer on X ca Zs KoepuuujeHTaMa
je

H*(X) = Zoluy, ... ug)/(uP = = u ™ = 0)
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rie je deg(uy) = ... = deg(u,,) = 2. 3a 0BO je MHOTrO NaKiie KOPHCTATH TeopeMy o
Koxomooraju npousBopa Hero Teopemy Davis-am Januszkiewicz-a4.3.1. Mu hemo Hafiambe
cMaTpatugacy nq,ne, . . . , Ny CTeneHn Opoja 2, 3ato mro ce 30or Teopeme 6.2.1 y oBoM ciiyuajy
no0ujajy HajOOIBH pE3YITATH.

Stifel-Whitney-eBe kimace ce moHamajy mpupoiHO y OTHOCY Ha TMPOM3BON TAHTE€HTHUX

paciojema 1na je ToOTajTHa Kjiaca jjata ca
WX) = (L g+ ) (14 g+ ),
a ofrosapajyha myanna Kimaca

BX) = (L4 4+ +ul ) (Lt 4o+ a7,

1

. A _ -1 .
Opaspe 3aKibyuyjeMOAaje Wa, ok = Uy~ -+ - u, " HETPHBHjaIHAKIIACA, a KAO TOCIETHILY

Craga 6.1.1 u [Tocnepuue 11 nobujamo caenehy oueny.

Teopema 6.2.2. Hekaje X = CP™ x --- x CP™ z0e cy n; = 2" citieiienu 6poja 2 u Heka je
n = dimc(X) = (1/2)dimr(X) = ny + - - + ng. TaoajeN(X) > 8n — 4k + 1. Axocy

ceu ueau b6pojesu pazaunuiliy n; iaoa je
N(X)>8n—4a(n)+1=4-dimg(X) —4a(n) +1

20e je a(n) 6poj jedunuya y bunaprom saiiucy bpoja n.

6.3 ToramHo KOca ynaramba KBa3UTOPYCHAX MHOTOCTPYKOCTH Hajl KoKom 1"

Heka je I" xouka u M~ xBazutopycHa MHOroctpykocT /”. Komka nuMa 2n mwocHu Fi,
oo B FY, .. F! takeux ga F; N F] = ()3acBakoi = 1,...,n. Hekacy vy, ..., Up, U1,
..., U, [ToeHKapeoBH yany KapaKTEPUCTHYHUX NOAMHOTOCTPYKOCTH Hajl IUbOCHUMA F1, . . .,

F,, F|,..., F! pemom. Tamaje Stanley-Reisner-os mean reHeprcan MOHOMEMA
I = {vlul, VaUa, . . . ,vnun}.

Koncrpyncahemo crnenyjanty KBa3uTOpycHy MHOTOCTPYKOCT M~ HaJi KOLKOM TaKBY fla

j€ BEKTOp A; mpuApykeH mbocHE F; (mmm rerepatop JInese anre6pe m30Tpom-cke MOArpymne
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KapaKTepHCTHYHE IoMHOTrOCTpYyKOCcTH M ;)

Xy
3acBakoj = 1,...,n. Taaa je kapakrepucTuyHa MaTpuLa:
_ ) , -
011 ... 0
Ay, = P
1 ... 0
10 ... 0
Unean J y Zlvy, ..., Un, U1, . . ., Up| je reHepucan nuaeapaum popmama
v+ Uy,

6.3.1 Koxomomomku npcren H* (M) n Stiefel-Whitney-ese krace w(M;n)

Koxomomnomuiku npcren H*( M=) je oppeben reopemom Davis-Januszkiewicz-a 4.3.1:

Crag 6.3.1. Koxomonowxu apcitien H*(Mn; Z) je usomopgpan ca
H*(Mpn; Z) ~ Zluy, . . ., u,]/ Fn

20e je F,, udean y oauHomujaaHom ipcitieny Zuy, . . ., uy,| (axas oa je deguy = -+ =

degu,, = 2) 2enepucan ksadpaiinum popmama

2 2 2
Fo = {uf,us + ugug, ..., u;, + Uity + Ugly + ¢+ 0+ Uy 1Up )
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Jlako ce mpoBepasa jia je y npcreny H*(Mn; Z):
Cras 6.3.2. 3acsakoi = 2,...,n eamu
(IT+u)(l+v)=14u + - +u_1=1+uv_1.
PenykoBameM Ha Zy koeduiujeHTe o0ujamo aa je
H*(Mpn; Zs) =~ Zoluq, . . ., un)/ Fn

rje je J, uiaeasn y mONMHOME|jalHOM npcTreny Zo[uy, . . ., u,] TakaB fga je degu; = --- =

degu,, = 2) reHepucan KBajgpaTHIM popMamMa
Fo— (22 2 o
w = {ul, us + ugug, .U A U Uy, F Uty F o Uy U

Stiefel-Whitney-ese xiace cy KapakTepuCTHUHE Kilace Y KOXOMOJOTH]H ca Zo KoehuIy-
jenruma. [To Davis-Januszkiewicz-oBoj opmynu, Toranna Stiefel-Whitney-esa knaca on

M~ je 3amara ca
w(Mp) = (T4 ur) -+ (1 +un)(L+01) - (1 +w0n),
anu 360or Crasa 6.3.1 n 6.3.2 nako ce pefykyje Ha
wMp) =1 +u)(14+u+ug) - (1T +u 4+ up_q).

360r jeHOCTaBHUjEr pauyHa y KOXOMOJIOMKOM npcreny H* (M ; Zs), nckopucrehemo

Npyru 06JIMK KOXOMOOMIKOT pcreHa. [lofgceTnmo fia je

U1 = Ui,
U = up + U,
Up = U1 + U2 + + up
Nmamo na je
H*(M]n,Zg) ~ ZQ[Ul, . ,Un]/gn
rne je G, upean y NOMMHOMMjalHOM NpcTeny Zsolvy, . .., v,] (Takas ga je degu; = -+ =
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degv,, = 2) reHepuca KBajipaTHEM (hopMama
Gn = {v},v5 + v1vg, ..., V2 + Vy_qUn )
Y HoBUM reHeparopuMa, TotanHa Stiefel-Whitney-eBa Kiaca je mara ca
w(Mpm) = (14wv1) (14 v,_1).

ITonoBoO, Huje ce Temmko yBeputu (4] u [5] may H*(Min; Zs) Baxu:

Cras 6.3.3. 3acsakor =1,...,neamu
v; =9 v 0 ut§+1:0.

Jloka3: Jlako ce Buju fa je

i+l 4 _ _ 7 _ i—1 _ _ 2 __
v; =001 = " =0V;_1 = UV;_1Vj—2 =+ =7U;" VU] = 0.

CnunuHo je u

(A
’UZ»—Uﬂ)Q"'Ui

3acBet =1,...,n.
Ila 6ucMo JJOKa3ald HETPUBHjaTHOCT KJaca v!, JOBOJHHO je [a JOKAXeMOo fia je vl =
V1 - - - U, HETPUBH]jAJTHA KJIAca.

Hajnpe hemo nokasaru cinenehy nemy:

Jema 6.3.1. Hexajei < juaub nenezaiuiusru uyeau 6pojesu imiaxsu oajea < tub < j. Taoa

je kaaca va? pUBUJANHA UAU JeOHAKA UPOU3600Y HeKUX a + b pasauduiiiux 2enepamiopa vy.
Jloxa3: Huje Teiiko nposepuTy fia je

U?U;? = Vj—a+1 """ UiUj—bt1 " " Ub-
Axoje: < j—bpokasje 3aBpiieH. Y CynmpoTHOM, ¢ = j — k 3a HeKu npupopaan 6poj £ < b—1,
OfIaKIe je

vj:Uj—(a—l—k;)—‘,—l""'Uj—k'vj—b-‘rl"”'vb:
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Cana HaCTaBUMO J1a EJIMMUHHUIIEMO KBaJpaTe U CTETICHE '€HEPATOPA Y OBOM U3pa3y KOpI/ICTChI/I

jemHakocT! v2, = v,,v,,_1. Onaspe 360r v7 = 0 uMamo ako je j > a + bpaje

a,b
Vi Vj = Uj—(a+b)+1 " " Vjs
JIOK j€ Y CYIIPOTHOM CIy4ajy va? =0. 0J

Kao nupexTHy nocienuily npeTxofgHe Jeme o00ujamo:

— = 1 Tk = — . . —
Iocnepnma 13. Ceaxa kaaca iwuiia v;) - - v, Je uau WpusujanHa uau Jjeonaxa ipoussooy
HeKUX 11 + - - - + 1 padauquiniux 2enepamiopa. Ulivasuwe, osa kaaca je HeWpUBUJAAHA AKO U

camoakojep =1,2,....nri+...+1, <p.

W3 oniute TeOpUje MHOIOCTPYKOCTH 3HaMO fia je H*"(Mpn;Zy) = Zo. Jakne, Ha oc-
HOBY MPETXOfIHOT pa3MaTpama, FeHepaTop HajBrhe KOXOMOJIOMIKE Irpyne Mopa OUTH Kiaca

U1Vg - - U, YAME j€ CTAB JIOKA3aH. ]

Cnepehu cras, koju hemo HazuBatu ,,iema o ckpahuBawy*, 00jeumbyje Behuny ocobuna Koxo-
mostomkor nperena H* (M, Z,) koju hemo kacuuje Kopucturi. Kopucruhiemo o3Haky v* 1a
OUCMO O3HAYHIIA MOHOM U = V;,V;, . . . U;, CTenena || = ke je o = {41, 4o, ..., i)} HOA-
ckynop [n] = {1,2,...,n}. lokonBenumju je v* = 1 ako je & = () m yBek npeTnocraBmbamo

najei1<i2<..‘<z'k.

Cras 6.3.4 (Jlema o ckpahuBamwy). Ckyid moHOMA V* = V; U, ... 0V;,, 20e je o C [n], je
Zpaoyucana Z-6asa zpadyucano? eexiiopcko? ipociiopa H* (M, Zo). Hlitiasuwe, axo je

B C [n] iwiada je v°vP? # 0 axo u camo axo je |3 +p < n.

Hoxka3: Beh 3namo f1a je mpema Crasy 6.3.3, konexknuja B = {v},c[,) pazanumyhu ckym 3a
Zo-Bexropeku npoctop H* (M, Zs). Kao nocnenuiy umamo
dim(H*(My,Zs)) < 2™. Tpema [13] Baxu:

rie je h = (ho, ..., hy,) h-Bekrop acouupanor nosmrona. IlopceTnumo fa je cyma cBux h;
yBEK jelHaka Opojy TeMeHa aconupaHor npocror nonutona . Cneuujanto, kaga je P = I
n-IUMEH3MOHATHA KOLKa, tooujamo fia je dim(H*(Myn, Zy)) = 2" uume je IpBH JI€0 I0Ka3a

3aBpiteH. [Ipyru 1eo ce je[HOCTaBHO MOKa3yje UHAYKIIU]OM T10 P. U
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6.3.2  Stiefel-Whitney-eBa knaca w( M) HopMaHOT paciojerma

HNurepecyje nac Stiefel-Whitney-esa knaca w( M ») HopMasHOT pacnojema. Stiefel-

Whitney-ese knace w(My») uw(Mn) cy noBesaue jegnakourhy
w(MIn) : E(M1n> - 1

Kaxko cmo Beh oppepunu Stiefel-Whitneyesy knacy w( M) npema Crasy 6.3.3, Baxu:

Jlema 6.3.2. Toiiaana Stiefel-Whitney-eea kaaca (M ») Hopmaanoz pacaojersa je Oaitia ca:
W(Mpm) = (1+v)(1+vy+v3) - (T v g +---+0"1).

Kako je Wa;(Mjn) = 0 xapma je ¢ > n, Huje jacHo mTa je nyanna Stiefel-Whitney-esa
kitaca W(Mpn) y koxomonomikom npcreny H*(Mn; Zs). 3a Mano n, AMPEKTHAM PauyHOM

no6ujamo a je w( Min ):
CraB63.5. [ w(Mp) =1+,
2. W(Mp) =1+ (v1 + v9),
3. w(Mpa) =1+ (v1 + vy + v3) + V1V3 + VIV,
4 W(Mps) =14 (v1 + v + v3 + vy) + (V1v3 + V1Vg + Vovy) + (V1V2V3 + VoV3VY).

IMpema Jlemn 6.3.2 nyanue Stiefel-Whitney-ese kmace o w(Myn ) mw (M n+1) 3a00BOI-
jasajy cefiehy pexypentry peraumjy (y H* (Mn+1; Zy)):
W(Mpnsr) =wW(Mpm)(1+v, + - +0y), (6.9)

n

WY jOLL eKCIUTUIUTHH]Ee

Wop(Mni1) = Wop( M) + vy Wog—o(Mn) 4+ - - +vF3acBe k = 0,...,n —1 (6.10)

w2n<MIn+l) = Unp wgn,Q(M]n) + -+ UZ. (611)

OBJie CMO KOPHCTHIIH YHE-EHUITY fIa TOCTOjU Tpupofan xomomopduszami, i : H*(Myn; Zq) —

H*(Mjn+1; Zs) KOje 103BOIbaBA fla cBE Ki1ace mocMarpamo y rpynu H*(Mn+1; Zs).
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[pema remu o ckpahmBamy (CraB6.3.4) n pagehn o monymy 2, Wy, je cyma ogpeberor 6poja

JIMHEAPHO HE3aBUCHUX Oe3KBapaTHUX MOHOMaA. [locMmarpajmo mosmHoM Wy (v, ..., v,) Y
npcreny Zs[vy, . . ., vy crenena 2k, gobujeHor nocie npumere ceux Moryhux ckpahugarma y
Jlemn 6.3.2.

THedunmmimo 6pojese o 3a cBe npupopae 6pojee nu 0 < k < n — 1 Ha cnenehn HauNH

oF =Way(1,...,1) (mod 2) (6.12)

[pema (6.10) u (6.11), mmamo fa je

k
ok = Z ol (6.13)
i=0
3aceek=1,....,n—1m
Ont1 = Opi1-
Hanummmo npBix HEKOTHKO 1. BpeTa 6pojesa o 3ak = 0, ..., n:
1
11
1 00
1111
10100
110000
100 00O0O0
11111111

[Iperxonnu HU3 Opojesa je y Oauckoj Be3u 3a cinefehiM Hu30M OMHOMHUX KoedulujeHaTa
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MareMaTiHuKOM HHAYKIMjOM Ce TIOKa3yje fia je:

ok = (" Z k) (mod 2).

ITo npetxonnoj Jlemn, y ciyuajy kazia je n = 2", gobujamo aa je

2+ (2" -1 2rtl 1
ol = + ) = =1 (mod 2).
2r—1 2r—1

Ounrneno, no Aebunnuumju oF ako je o* = 1 rapaje

Jema 6.3.3.

Wa(Mn) # 0.

Jakie,

Teopema 6.3.1. Axo jen = 2 cilieiier 00 2 iiaoa je
wgn_Q(M]n) = V1VU2 " Up—1 7é 0.

Kao JAPEKTHY Nodjeauny nMamMo

. = 7} MHOZOCIL i Myn M ot
Hocnemuua 14. 3an = 27, ksasuitiopycra muozociupykociti M ce He modxce TOMAAHO KOCO

yaoxcuitiu y RY xaoa je N marse 00

8n—3=4-dim M~ — 3.
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Teopema 6.3.1 je Haj6oba Moryha omeHa kKoja ce Moxe mooutu kopuctehm Stiefel-
Whitney-eBe kmace 3a KBa3uTopycHe MHOTOCTpyKocTd. Mmak, Kaja m HHje CTeneH Of 2,
y omuTeM ciay4ajy M- He mocrixke makcumainy moryhy BpegHoct k 3a xoje je Stiefel-
Whitney-eBa kmaca Way, (Mn) # 0.

Ho oBaj npo6nem ce moxke npeBa3uhu Kopucrehu Beh fodujenn pesynrar.

Hekajen = 2" + 2™ 4 ... + 2™ ry > ry > --- > 1, > (0 OMHapHA penpe3eHTanmja

OpojannHekajem; = 2" 3a1 = 1,...,t. [Togemamo mbocuu off I, y t rpyma Ay, - - -, A; Ha
TaKaB HAYMH [a CyIIPOTHE [UHOCHM MPHUNaajy HCToj rpymu u fa je |[A;| = 2m;3aj = 1,... ¢
3acBakoj = 1,...,t, 03HaunMo mbocHA Off A ca Fi(j ) I/IFz-l(j ) (cynporHe mbocHu), i = 1,.. .,
m;. KoncrpyucaheMo HOBY KBa3uTOpyCHY MHOrOCTPYKOCT (%™ Haji KOLKOM JiebuHUCAEM
HOBe KapakTepucTuune MaTpuiie A. Heka cy )\Z(»j) =( 0,...,0, 1, 0,...,0 )Yez"
(Lt ma)+(i-1) (1 ma)—i

() t n €)
a\y,=(0,...,01,...,1, 0,...,0 € Z" BeXTOpH NPUAPYXKEHN MbOCHIMA F” 1

= . | ' ) pH IIPHAPY3K

(Ctme) (T ma) i

)

i

i .
F; @ penom. Hekacyv;”’ n ugj ) [ToenkapeoBu fyand KapaKTepUCTHYHUX IOAMHOTOCTPYKOCTH

1 /(9 .
nap woctnva F7) u F/Y) 3a cse mbocnu, pegom. Kapakrepucruuna matpuna A je

11 1
0 :
- 11 . 0
10
me Xme
0 0
A= I,
0 0
11 1
: _O_
11 0 L
10
L m1Xmi .

[pema Teopemn Davis-Januszkiewicz-a 4.3.1 je
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Teopema 6.3.2. o Koxomonowru ipcitien H*(Q); Z) je usomopgpan ca

HQD) =)l )T

20e je F uoean y GOAUHOMUJANHOM APCITEHY Z[ugl), RTIC uﬁfl)t]

(itlakeom Oa je deguz(»j ) = 23q cee J U 1) 2eHepucau K8aopailiHum gopmama

N2 N2 . .
F={u?" " + a0

m

e Koxomonowku ipcitien H*(Q; Zs) je usomopan ca

H*(Q;Zy) ~ Zz[ugl), . ,u%i, o ,ug,?t]/g

20e je G udean y oauHomujaanom apcitiery Zs [ugl), Cu) u%)t]

(ttiaxeom Oa je degul(»j ) = 23a cee J ut) Zenepucar ca K8aopawiHum hopmama

N2 ()2
6= ).
u%i + ugj)u% + ugj)ufm 4ot u%i_lu% 5 € [1]}.

e Toiiaana Stiefel-Whitney-esa kaaca w(Q)) je 3adaitia ca

t

m]—l
J=1

Ha nictu HaumH Kao paHuje yBOIUMO HOBE FeHepaTope t( ) . tgrle, cee t,(fl)t TakBe f1a je

r7ie je § miean y NOJINHOMH]aJTHOM TIPCTEHY Zo [tgl), o ,t%i, e tﬁl?t] (rakBoM f1a je degt, =

- = degt,, = 2) reHepucaH ca KBaJipaTHUM (hopMama

N2 N2 N .
G = {tgj) ,tg]) +t§])t§),... £0)? —l—t( t(] |j e [1]}.

7m]
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Toramna Stiefel-Whitney-eBa kiaca mara je ca

t

w(@) =[Ja+6") -+ ).

j=1
Opnrosapajyha nyanna Stiefel-Whitney-eBa knaca gara je ca

t
. . N2 . . mi—1
w(Q) = [[A+ )+ + &) (a0 o+t ).

J=1

Aunn, npema Teopemu 6.3.1 je:
w(@) =+ +- +t9 o DD ),
j=1

Jlakie, Hajpuina HeTpuBHjaiHa AyanHa Stifel-Whitneyesa kimaca je

w2n72a(n)(Q) = tgl) o 't(l)—lt?) St

mi my—1>

e je o(n) 6poj HeHysta udapa y GMHAPHOM 3amucy 6poja n

Kao mocienuuy nobujamo

Teopema 6.3.3. 3a ceaku iipupooan 6poj n Hociioju K6a3UILOPYCHA MHOZOCIUPYKOCIL HAO
kouxom I™ taxea Oa je
N(Q) > 8n —4a(n) + 1.

IMperxoxuo TBphemwe je y [5] mokazano Ha kpahu Haumu ocnamajyhu ce Ha pesynrare u3
[15].
Komenitiap. CnrvaH pe3yaTar ce He MOXe OYeKHUBATH y KJIacH TOPYCHUX BapHjeTeTa jep je

y Tom cnyuajy Stiefel-Whitney-esa kinaca tpusujanna.

6.4 Hwmep3uje u yiaramba HEKUX KBA3UTOPYCHUX MHOTOCTPYKOCTH

Ogne hemo ce KpaTKo OCBPHYTH Ha MPOOIIEM UMEP3Hja KBA3UTOPYCHUX MHOTOCTPYKOCTH.
Wmep3anje MHOTOCTPYKOCTH Cy BeOMa MpoyvaBaH (heHOMEH y anre6apcKoj TOTOTIOTH| 1 1 iugep-
eHujanHoj reometpuju. [IpoydyaBame MMep3uja MHOTOCTPYKOCTH j€ jeHO Off LEHTPATHUX

nuTama anredapcke TOMOJOrhje M MOTUBHCAJIO j€ MHOTE MO3HATE MaTeMaTHyape fja Ha OBOM
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npo6ieMy pafe. JemaH of MpBHUX W Haj3HavajHUjuX pe3yaTara je Whitney-eBa Teopema o
ynaramy ( [61], [62] 1 [63]) Koja TBpiHM 1 ce cBaKa KOMIIAKTHA 1-MHOIOCTPYKOCT 1t > 1 MOXKe
rnaTko ynoxutu y R*" u umepsosatu y R*"~!,  Smale u Hirsch cy 3nauajuo fonpunennu
TEeOpHjH UIMep3dja MHOTOCTpYKocTH, [38] 1 [53].

[MosHaty Xuiioitiezy umep3uje, Koja npefiBubha ja ce cBaka KOMITAKTHA TJIATKA 1-MHOTOCTpY-
xocrn > 1 mosxe nmep3osatuy R?" =) rreje ar(n) 6poj jequnnna y GuaapHOM 3amicy 6poja

n, nokazao je R. Cohen [19]. benom gokasy je nperxopuo cinesehu pesyarar Masseya-a.

Teopema 6.4.1 ( W.S. Massey, [44]). Hexa je M" Zaaitika, KOMAAKITHA N-OUMEHIUOHANHA

mnozocimpykocii (n > 1). Tadajew;(M) = 03aj > n — a(n).

Nyanue Stiefel-Whitney-eBe kmace Takohe mpefcraBibajy TOHOMOMIKY OOCTPYKIH]Y 3a
nuMep3njy MHOrocTpykoct. 360r pesyarara Cohen-a MOXeMO 3a HEKE MHOTOCTPYKOCTH
ONIPEUTH M TaYHY BPEMHOCT MUHUMAIHE AUMeH3mje Eykmmickor mpocropa y Koju ce MHO-
TOCTPYKOCT MOKE HMEP30BATH.

Tpema Teopemu 4.5 u3 [48] Baxu:

Teopema 6.4.2. Axo ce 2aaitika, Komilakitina n-mHozociipykocii M"™ moaxce umepsosaitiv y

Eyxaudcku iipocitiop R ¥, fiiada cy oyanne Stiefel- Whitney-ese kaace

3al > k.

Beszam3mebhy Stiefel-Whitney-eBux kiraca, nmep3uja n ynarama je gata cienehiom reope-

MOM

Teopema 6.4.3. Axo je k := max{i | w;(M") # 0} iwaoa
imm(M"™) >n+kuem(M") >n+k+1,

20e je imm(M™) = min {d | M ce umepayje yR*} u
em(M™) = min {d | M ce yaaxe y R?}.
Kako je M2 opjenTaGuiiHa MHOTOCTPYKOCT, OHa ce MoxKe ynoxutn y R, TTakne,

Teopema 6.4.4. Axo je n citietien 080jKe {laoa je

em(Mi) = 4n — 1.
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Jlema 6.3.2 nmMnunmpa fa je
Wo(Mm) =v1 +vg+ -+ + Vyp_1.

[Ipema nemu o ckpahuBamy, Kajia je 2 CTeNeH IBOjKe, KapaKTepHCTHYHA Ki1aca

Wa(Mn)Way_o(Mjn) je TpuBmjanna. Ipema pesyarary Massey-a [45], cieu:

Teopema 6.4.5. Axo jen > 4 ciueiier 08ojke iiaoa

imm(Mpn) = 4n — 2

lenepanHo, 3a MHOTOCTPYKOCT M » W3 MPETXOIHOT pa3MaTpama Basku:

Hocnemnua 15. 3a ceaku iipupooar 6poj n locitioju keazuitiopycHa mHozociipykocid M nao
KOUKOM Taxkea 0a je
imm(My) > 4n — 2a(n),

em(Mp) > 4n — 2a(n) + 1

N(Mp) > 8n — 4a(n) + 1.
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A. JIEJCTBATPYIIA

A.1 TomnoJotike rpyme

A.1.1 OcHoBHE 0cOOHHE TONMOJOUWIKHX IPyNa

Tomosomike rpyme cy TOMOJIOMIKY MTPOCTOPH KOj! CY ICTOBPEMEHO TpyTIe Y anre6apckoM
cmuciy. OHe npejicTaBibajy 60raT pyHUK Ba>KHUX IPUMEPA Y TOIONOTUjU U TEOMETPHjH. Y

OBOM JieJTy heMo IPEKa3aTH OCHOBE TEOPHje TOMONONIKUX IpyIa oclamajyhu ce Ha [11] u [23].

Hedunnmmja A.1.1. Toioaowrxa zpyia je Xay3popco Tonosouku npoctrop G 3ajefHo ca

CTPYKTypoM Tpyre Ha (G TakaB J1a BaXKu:

(1) maoxeme y rpymu (g, h) — gh, G X G — G je HeNPEKUIHO NPECTUKABAILE; U

(2) nHBep3HO MpecuKaBame y rpyma g — g~ ', G — G je HempeKuHO.

Hedunnmuja A.1.2. [Toozpyiia H Tononouike rpyne G je nognpocTop Koju je Takobe u noj-

rpymnay aare6apckoM CMHCTY.

Hpumep 69. IIpocrop Zy, = {e,w,w? w?} ca gucKkpeTHOM TONONOrMjOM UMa CTPYKTYPY
Tononomke rpyne Z, = (w|w* = e). Hognpocrop Zy = {e,w?} oBor mpocTopa je morpyna

ca CTPyKTYPOM Tpyme Zo.

NMedunmmja A.1.3. Akocy G uG’ TONONOIIKE rPyIe XOMOMOPPUIMOM HABABAMO HETIPUKHTAH

xomomopusam rpyna f : G — G'.

Hedunnmmja A.1.4. Ako je G Tononorika rpyna u ¢ € G Tana qesum WUPAHCAUPArLEM 3
eJleMEHT g 30BeMO mnpecimkaBawe L, : G — G maro ca L,(h) = gh. Cumuno, OecHum

fipancauparbem 3a g Ha3sMBaMo npecinkasame R, : G — G maro ca Ry(h) = hg™'.

CraB A.1.l. 3a woioaowxky 2pyiy G eamu Ly o L, = Ly, u Ry o R, = Rg,. Oba

ipecaukasara L, u R, cy xomeomopdusmu kao u konjyzayuja ca g (h — ghg™").
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HOK?B. 3a NPOMU3BOJbaH €JIEMEHT U € G Baxm:

Lg o L(f) = Ly(Ln(f)) = Ly(hf) = g(hf) = (gh)f = Lan (/).

AHanorso nposepaBaMo # Apyry penanujy. M3 ose penanmje Baxu Ly o Ly = L, = Id
ul,10L; =L, = Idnaje Ly = L;l. AHaJIOrHO foKasyjeMo fia je u 1, XxomeoMop-
duzam. Konjyrammja h — ghg ™! je 3anpaso komnosuumja R, o L, na je Kao KoMnosuuuja
xoMeoMopgr3amMa Takohe XoMeoMophI3aMm. O

Axo cy A u B nopckynosu Tononouike rpyne G osnauumo ca AB = {abla € A,b € B}
nca A~ = {a7|a € A}

CraB A.1.2. Heka je G ioiionowka 2pyiia u U Gipou3somHa OKOAUHA jeOUHUHHOZ eneMeHilia

e. Taoa iiocitioju oxoauna V- C U koja cadpcu e u sanu'V =V "1,

Toka3. M3 HenmpeKujHOCTM MHBEP3HOT IpeciuKaBamwa je U ' Takohe oxonuna of e, na je
V = U N U~! okonnHa Kojy Tpaxumo. 0
W3 HenpekugHOCT! MHOXKEha 1 MHBEP3HOT NIPECINKaBamba JaKo ce oKa3zyjy cienehe e

[pOINO3uLyje.

CraB A.1.3. Hexka je G mwotionowrxa zpyiia, g € G u U GipoussomHa okoauna 00 g wiaoa

focitioju oxoauna V 00 e imiakéa daje V =V 1y VgV =1 C U.

CraB A.14. Heka je G iuoiionowka 2pyiia, U iipou3sonra 0KoAuHa jeOUHUHHOZ eaeMeHilia e

un iipupodar 6poj wiada itocitioju okoauna V 00 e itiakea oajeV =Vt u V™ C U.

CraB A.L5. Heka je H fio0zpyiia iwoiionouike zpyiie G onoa je H faxobe iodzpyiia 00 G.

Axo je H nopmaana fio0zpyiia onoa je u H nopmaana iiodzpyia.

Tlokas3. JIOBOJBHO je JOKa3aTH fia je H 'cHuHHC H.

Hekajev € " 'av TIPOH3BOJbaH OTBOPEH CKYI Koju capku v. Tagaje v = w ™! 3a HeKo
w € H. Opaspe cneqm ga w € V1. Ckyn V™! je otBopes 360t yciosa (2) y nedurumujn
A1, 3aroje V' N H # 0 nanocroju h € H taxso ga h € V1. Opasne cnenu a
h~' € V,axaxoje H nogrpymatoje h~' € H. lakne,V N H # Qnav € H.

Hexa cy hy, ho € H nHexa je U nponsBosbaH OTBOPEH CKYII TakKas ia hyhy € U. Mamo
na je hy 'U oTBOpeH cKyn Koju canpku ho, maje by 'U N H # () 1j. nocroju h' € H Takas
nah' € hy'U. Opaspe cnepn ja hih/ € U. Ananorso, Uh'~! je oTBOpeH cKym Kojut cafpxu
hy mnocroju b € Huh" € UW~!. 3aro h'h" € U, axako je H nogrpynato h'h” € Hn
Mh'" e UNH.
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Ipeoctami ieo TBpheme J0Ka3yjeMo aHAIOTHO foKasyjyhm3a g € G pemamujy gHg ™! C
H. O

CraB A.1.6. Axo je G wwiotionowka 2pyiia u H mwena 3aitisopera io0zpyiia wiaoa upociiop
G/H aesux koceitia 00 H y G, ca ioioa0Zujom uHOyK08aHOM KAHOHCKUM TPECAUKABAFbEM

7 : G — G/ H je Xay3oopghos iipocitiop, a ipecauxasare T je 0lle0peHo U HelpeKUOHO.

Hokas. Heka je U C G orsopen taga je 7 'n(U) = UH = |J{Uhlh € H} ynnja
OTBOPEHUX CKYIIOBA I1a je U caM OTBOpeH ckyll. Ha ocHOBY iepuHu1IMje KOTMYHMYKE TONOJIOTHje
cemu mia je 7(U) oTBOpeH, Ta je 7 HENPEKUTHO W OTBOPEHO MpecinKaBame. Ocraje fa
nokaxkemo jia je G / H Xaysgopgos npocrop.

Hexkacy g1, g2 € G raksuaje g1 H # goH,1j. g7 *go & H. Kaxoje G — H okomuua of
g1 " g2 To npema nponosmmjn A.1.3 mocroju okonona U off e TakBa ga je Ug; 'goU N H = 0.
Opnagpe cnenn fa je g, lpyUNUH =0, 1. 92U N g1UH = (). ocnenma penanuja nopiaun
unaje oUH N guUH = 0, nacy g;UH n goU H (ka0 CKynoBu KOCETa) [IUC]YHKTHE OKOJIMHE
Tavaka g1 H n go H. O

Cras A.1.7. Axo je H 3aitisopena Hopmanna io0zpyia iwiotionouike 2pyiie G wiaoa je upociiop

G/ H ca koauunuukom woiiosozujos iaxohe woiosouka zpyia.

Toxka3. [Tpema nponosuuuju A.1.6 G/ H je Xay3popdoB npocTop 11a je JOBOJLHO J0Ka3aTH ja
Cy MHOXEH-€ H MHBEP3HO NpecinKaBare y rpynn G/ H HenpekuHa npeciukaBama. [TocMa-

TpajMo ciefaeh KOMyTaTUBHHY iMjarpaMm Ijie Cy XOPU30HTAIHE CTPEJINIE MHOXKEHA Y TPYIH:

GxG G

e s

G/H xG/H—G/H.

W3 nponosunuje A.1.6 ce nako 3aksbyuyje aaje ckyny G/ H x G/ H oTBOpeH ako 1 caMo ako
je y G x G oTBOpeHa IheroBa MHBEp3Ha ciika. [la GMCMO TOKa3ajIi HEMPEKMTHOCT MHOXKEHA
Ha JIOF0] XOPU30HTAJIHO]j CTPEIHIH, TOBOJHHO j€ JOKA3aTH [Ia je WHBEP3HA CJIMKA OTBOPEHOT
ckyna y G/H orsopena y G/H x G/H, a 10 je HCTO Kao []a MOKAXEMO JIa je MHBEP3 Y
G x G (unyhm mujarpamom neBo-rope) orBopeH. OBaj HHBEP3 je MCTH Kao M Kajja HAEMO
jarpaMoM rope-iieso (mpeko (G) a OH je OTBOPEH MOIITO €y MHOXKEHE Y G U T HENpeKujIHa

npeciuKaBama. AHAJIOTHO JOKA3yjeMO W HENPEKUIHOCT WHBEP3HOT npecinkasama y G/ H.
0
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A.1.2 Knacmyne Jlnuese rpymne

JenHa oy HajBaXKHMjUX KJTaca TOMOJIONIKUX Tpyna cy Jlueae zpyiie Koje mocefyjy u iucepeH-
1ujabunny crpykTypy. OnucaheMo cTpyKType TOMONIOMKIX IPyIa HEKUX ,,KiIacuuHmuX JInoBux
rpyma‘.

Ckyn M,, cBAX 1 X 1 MaTpHIA je 3aIpaBo eYKIMICKA NpoCTop AuMeHsnje n?. dyrkimja
nerepmurante M, — R je HempekujHa jep je MOJMHOM 0 Koe(hUuIUjeHTHMA MaTpuIle. 3aTo
je muBep3Ha ciuka of {0} 3aTBOpeH ckym. HberoB KOMIUIEHT je CKyIl CBHX HECHHTYIapHAX
MaTpuia, u opMEpa TPYIy y OFHOCY Ha MHOXeme MaTtpuna. OBa rpyma ce Ha3uBa ouuliia
auneapHa zpyia n obenexasa ce GL(n,R). Muoxema MaTpuIa je 3aaTo NOIMHOMOM 110
Koe(uijeHTMa MaTpuIa, Na je OYMIJIE[HO Henpekua- Ho. VIHBep3Ha maTpuua je npema
KpamepoBom npaBuny panuoHaiHa (hyHKIH]a KoeuiujeHata MaTpuIe, 11a je i oBa (pyHKIuja
uenpeknpra. [Takne, GL(n, R) je Tonosorka rpyma.

AHaJIOrHO MOXEMO 3aKJbyunTH jia je onmira muneapra rpyna GL(n, C) nag kommiekcHum
Gpojesuma Tomosnomka rpyma. Ommira nuneapra rpyna GL(n, H) napg kBatepunonnma je
Takohe TOMOJIOoIIKA IPyMa, HaKo Ce TO JOKA3yje MPyraunjuM apryMEeHTOM.

Citeyujaana auneapra zpyiia Sl(n, R) (onsocuo Sl(n, C)) je nourpyna rpyne GL(n, R)
(omrocHo GL(n, C)) xojy unHe MaTpHIle Yrja je IeTepMAHAHTa jeiHaKa 1.

Ckyn O(n) cBUX OPTOrOHAIHAX peanHux Marpuiia popmupa norpymny rpyne GL(n, R) u
TO j€ 3aTBOPEH CKyI, MoITo je fedunmcan penamujom AA" = 1. Kako KoeduuujenTa oproro-
HamHe MaTpune nexey [—1, 1] ckyn O(n) je orpaHmyeH 3aTBOPEH IOCKYT 122 -TAMEH3HOHATHOT
eYKIHJICKOT IPOCTOpA I1a je KOMIaKTaH. AHAIOTHO, ckyn U (n) yHATapHUX KOMIUTEKCHAX Ma-
Tpuna, Tj. Matpuua pecuHucannx peramjom AA* = I rpe je A* = A!, je KommakTHa
noprpyna o GL(n, C). KparepHuOHCKE aHAIOT IPyNia OPTOTOHAJIHUX M YHUTAPHAX MATPHIIA
je cammuekTHuka rpyma Sp(n), Kojy umHe cBe KBaTepPHHOHCKe Marpuie A Koje 3ajoBOJ-
jaBajy penaumnjy AA* = I, rie A* npejicTaBba KBapTEHHOHCKH KOHjyrOBaHY TPAHCIIOHOBAHY
marpuiy o A. OBa rpyna je Takobe komnakraa noprpyna og GL(n, H).

Pectpukijom Ha MaTpHie AuMen3nje 1 fobujajy ce cnenehe rpyme:

SO(n) = {Ae€O(n)| det(A)

= 1} = ciieyujaana opitioZonanna Zpyia,
SU((n) = {Ae€U(n)| det(A) = 1} = citeyujaana ynuitiapna zpyia.

CuMIIIEKTUYKY aHAJIOT OBUX IPYIIA HE IIOCTOJU.
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A.2 JlejctBarpyna

A.2.1 OcHoBHe ocoOnHe jiejcTBa rpyna
Y oBoM fiesty heMo ce yo3HaTi ca OCHOBHIM KOHIIETITOM JIejCTBA IpyTIa.

Je¢unnmuja A.2.1. Heka je G ronomomika rpyna u X mpocTop, Tajia ce esum 0ejcitiBom Zpyiie
(G ma X Ha3uBa HENPEKMIHO NpecimKaBame 0 : G X X — X, npuuemy o(g, ) obenekaBamo

ca g(z), rakBo f1a je:

Jesun G-iipocitiopom (fipacgopmayujckom zpyiiom) Hasmsamo map (X, ¢) Koju ce cacToju

on mpocropa X u jieBor jejcra rpymne G Ha X .

Amnanorto aedpunniujn A.2.1 fepUHALIEMO OecHO Oejciliéo Kao HETPEKUIHO MpeCcIuKa-
Bawe X X G — X, (x,¢g) — g koje 3agoBosbasa ycnose (zh)g = x(hg) u xe = x. Huje
TENKO BANETH fla aKo je (r,g) — g AecHo fiejcTBo, Taxa je (r,g) — xg~ ' neBo nejcTso.
O6muHO pagnmo ca eBuM G-IpoCTOpUMa, TIa H30CTaBIbaMo Ped JIEBH.

U3 necpunnmmje A.2.1 nako fodujamo cienehe TBpheme.
Cras A.2.1. Jleso wipancaupawe L, : X — X, x — g(x) je xomeomoppusan ipocitiopa X.

Hpyrum peunma npono3uiuja A.2.1 kaxe aa je gejcro rpyne G Ha X 3ampaBo XOMOMOp-
¢usam rpyne G y rpyny xomeomopduzama npocropa X .

Bartaukyx € X,ckynG(z) = {g(x) | g € G} 30BeMo opbuition enemenTa , a MOArpyIy
G, = {9 € G| g(z) = x} nasuBamo Zpyiiom u3oipoiiuje WK CAOUAUIATIOPOM ZpYiie Y X.
Ckyn cBux rpyna uzorpormje o3uadasamo ca Iso(X ). Ykomuko je G(z) = X 1j. mocroju
camo jefHa opoura (11eo mpoctop X ) 1ejCTBO rpyIie Ce Ha3uBa MIPAHIUMUBHUM. Y KOITHKO BaxKH
(9(x) = z 3acBako x) = g = e, IEjCTBO e HasuMBa epexitiusrum. I'pyma fiejcTByje c10600HO

ako Baxu (¢() = x 3a HEKO T) = ¢ = €.

Ipumep 70. Heka je H noprpyna ronosouike rpyne G. Taga MHOXewe y rpynu G fedunuiie
jemHo cro6opHo nejerBo rpyne H wa G, H X G — G, (h, g) — hg. Takobe rpyna G aejctByje
cama Ha ce6n KoHjyropameM G X G — G, (g, h) — ghg™'.

IIpumep 71. Hekaje G = Z5 = {e,w}u X = R™ I'pyna Z, nejcrByje Ha R”™ ca neHTpamHoM

CHMETPHjOM Y OJHOCY Ha KOOP[JUHATHHU IOYETaK w(x) = —.
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Ipumep 72. Quenapcka rpyna G = D, = (s,p| s*> = p" =e¢,sp ! = ps) nejcrsyje Ha

MPABIWIHOM 1-TOYTITy X Kao Tpyla HberoBux CAMETpHja

n
)

Cmuka A.1: [lmegapcka rpyma

IIpumep 73. Oproronanua rpyna O(n) mejerByjy Ha R™ kKao m3oMeTpHja Tj. dyBa AyXKUHY
BekTopa. Ilpumep jennor aejcrsa rpyne O(n) je meHo fejeTBo Ha jeguHuuny chepy S L.

Takobe na S" ! pejcrayje u 6uno koja nogrpyna rpyne O(n).

Ipumep 74. T'pyna G = Aj je rpymna cumeTprja WKOcaeipa u iejCTByje Ha nkocaefapy X .

IIpumep 75. Heka je X Tonomomku npoctopu Y = X X X X --- x X = X". Hanpocropy

Y nmejcrByje rpyma cBux mepmyranmja S, y n-ciosa, o : [n] — [n], ¢o(x1, xa, ..., 1y,) =
(To(1), To(2), - - - s To(n)). Takobe, 6uno koja mogrpyna G C S, (Kao HIp. LUKIAYHA rPyHa
Zy,) nejctByje Ha Y.

Ipumep 76. Heka je X G-npocrop u Y H-npocrop. [Ipocrop X x Y nocraje jepan G x H
TPOCTOP €a JIEjCTBOM
((g, ), (2,y)) = (g9, hy).

CraB A.2.2. Heka je x iniaura G iipocimiopa X u G, = H. Tadaje Gy = gHg ™.

Hoxka3. Heka je g1 € Gy, Tapaje g1(g9(x)) = g(z), a onaspe je

9 a(g(x)) ==

Cmuka A.2: VIkocaenap
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Omaspe cnepupa g ' g19 € Hj. g1 € gHg ' uGyy C gHg ™.

Mmamo ga3a h € H Baxu

ghg ' (g(x)) = gh(z) = g(z),

onakie ciepu fia ghg ™' € Gy, 1j. gHg™' C G (). Dakne, Gy = gHg ™. O

Heka je X G-npocrop. Penanmja ~= {(z, gz) | € X, g € G} je penanuja eKBuBaneH-
umje Ha ckyny X . Knaca ekpusasienuuje esiemenra X je G(x) opoura esemenra x. CKyn cBUX
KJlaca eKBuBaneHImje oberexasamo ca X /G, a ofie/byjeMo My KOJTMIHAYKY TOMONOTH]Y UH-
nykoBaHy npecinkaBambeM X — X /G, x — G(x). OBaj npocTop 30BeMO iipocitiop opbuilia
G-npocropa X .

Momckyn mpoctopa £ C X G-npoctopa X ce Ha3uBa ¢hyHOameHiiasHL O0MeH OBOT IPOC-
Topa yKoJmKo je F' — X — X/G Gujekuuja. OyHIaMEHTATHA IOMEH CafipKi TAYHO jeflaH
eNIEMEHT 13 CBaKe opOuTe. JemaH MpocTop MOXKE NMATH BHUIIE PA3INIUTHX (PYHIAMEHTATHIX

JTOMeHa.

Ilpumep 77. I'pyna S' cxBahena Kao rpyma cBuX KOMIUTEKCHEX OpojeBa MOfiy/1a 1 oOMIHEM
MHOXEHeM fienyje y komiiekcHoj pasan C, reometpujcku kao potaimja oko 0. Op6ura
eJIEMEHTa T je KpyxHuia ca neHrpoM y 0 u nosynpeunuka |z|. OBO fejcTBO HEje CIOGOIHO
jep cBaxu enement S’ ukcupa 0. Ho, oBa rpyna nejcrByje cno6omuo va C\{0}. ITpumep

(ynnamenTansor fomena 3a C npu ejetBy S' je Guo Koja momynpasa ca modeTkoM y 0.

Crmuixa A.3: Tpyna S*

Ipumep 78. T'pymna Z; nejcryje Ha cepu S, & — —x. OpOUTa CBaKOT €IEMEHTa T Ce CACTOj|
on nBa enementa {x, —x}. TIpocTop opGura OBOr IPOCTOPa je mpojeKTuBHE npoctop R P,
Hbera BusyenmsyjeMo Kao ropmy nonymonty cepe S™ ca aHTHTIONATHOM HeHTA(DUKAIN]OM

Ha €KBaTOpYy.

Ilpumep 79. PyHpaMeHTaNHU JOMEH 3a TPYIy CHMETPHja je[[HAKOCTPAHMYHOT TPOYIJa je

nipacupaHu TPOyrao Ha ciuiu A.S.
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Cimka A.4: Artumopianso fiejctso Ha cepu S™

Cmaka A.5: Tlpamep 79

A.2.2 Heke BaxkHe 0COOHHE JIejCTBa IpyIna

Y npeTXOoaHOM JieNy BHIENN CMO Pa3InyuTe pUMepe JiejCTBa rpyna Ha o0jeKTiMa Koje
cmarpamo OnuckuMm. Beh y wuMma ce youaBa BaxXHOCT u Takopehu cTaqHO cperame OBOT
KOHIIENTa y MaTeMaTUI. Y OBOM fiely hemo ommcaTy joll HeKa CBOjCTBA [IejCTBA Ipymna
BUXO0BE OfIp:KaBambe Ha KOMOMHATOPHKY, FEOMETPH]Y, anredpy u TonoJaorujy npocropa. Csa

NpecnnKaBarma ca KOjuMa Off Hajla/be PajiiMo MOfPa3yMeBaMo fja Cy HEMPEKM/IHA.

Cra A.2.3. Heka je X G-iipociiop u v € X. Ilpecaukasarwe G — X, g — gx je KOH-
cltlanitino Ha koceitiuma §G'o u UHOYKY]e unjekimiusho pecaukasamwe ¢, - G /G, — X uuja je

cauka opbuilia enemeritia .

Toxa3. Hekaje g1Gy = oGy, 1j. Heka g7 ‘g € G,. Opasne ciepn a je g; "go(z) =
1. g1(2) = go(x), unMe cMO MOKa3an fia je IpecIuKaBambe KOHCTAHTHO Ha KOCETHMA | J1a
je npecinkamwe ¢, (9G,) = g(x) 1o6po nedunncano u wekTHBHO. Ha ocHOBY jieduHuImje
KOJIMYHIYKE TOMOJIOTH]€ OHO je 1 HenpekuiHo. OunrieHo je fa je cimka of ¢, opoura G ()
eJeMeHTa T. 0

o caja cMO aKby IocBehnBaId jIejCTBUMA He IPeNU3upajyhiu 1a Jid je ped o IeBOM WK

necuom iejerBy. [Ipocrop opOura ieBux jiejcraBa yoouuajeno odenexkasamo ca G\ X, aiecHux
X/G.

Ipumep 80. TIpocrop opbura necuux fejcraa G X H — G je G/ H, upocrop necHux Kkocera
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gH. Ipocrop nesux kocera je H\G. I[IpecinkaBame
GxG/H— G/H, (¢',gH) — ¢'9H

je wempekunao. bmino xoju G-npoctop G/ H ca oBako fepMHICAaHEM [IejCTBOM HA3MBa ce
xomoZzenutipociiop. Yxomikoje K C G 6unoxojagpyra noarpyma, MokeMo onet (popMapaT

npocrop K\ (G/H ), ipocitiop dyiiaupanux koceia.

3a ase moprpyne rpyne G, K m H kaxemo na cy korwyzosane y G (H ~ K) ako u
camo ako nmocroju g € G takso fa je H = gKg~!. Penauuja KOmyropaHocTd rpyna je
jenHa penanuja ekBuBaeHnuje Ha ckymy S((G) monrpymna rpyne G. Komyrosany kmacy rpyme
H osnauaBamo ca (H). 3a rpyny H kaxeMmo fia je io0koryzosana rpyma K yKOJIAKO
je komyroana Hekoj moxrpymu rpyne K u o3nauaBamo ca (H) < (K). Tlogkomyrauuja
ne(uHUIIIe jefHO MapUjaTHO ypeherme Ha CKyIy KiTaca Komyramnmje mogrpymna rpyme G.

Heka je X G-npocrop n H noprpyna rpyne G. dedunncahemo cienehie nouckymose oy
X:

Xy = {$€X|Ga::H}7

X(H) = {I’GX|G$NH}
Ckyn X 1) HasuBamo (H )-opbuitinum pacaojersem ox X . Ilpoctop X je AUCjyHKTHA yHHja CBO-
jux OpOMTHUX paciojema. Jegan o npobaemay Teopuju TpaHcopmalijarpymnaje pa3yMeBame

HayMHa Ha KOj! Cy IPOCTOPH M3rpaheHn off CBOjiuxX OpOMTHUX paciojerma.

Hexa je H nogrpymna on GG, Tafia cKyn
X" = {re€ X|hr=ux3acsakoh € H}

HasmBaMo H -hukcrum ckyiiom itiawaxa o X . Tauke y X ce HasuBajy ciliayuoHapHe ifiauke

G-npocropa. Ounrnenuo je X C X, Jlako ce nposepasa a Baxu ciefieha penanuja

XM =X"\Xy = | JX* sacee K D H H#K.
K

Ipuvep 81. Heka je X kBagpar u weka je G = D, muepapcka rpyma.  Y3mumo 3a [
JIBOCJIEMEHTHY TOArPYIly TEHEPUCAHY EIEMEHTOM PS5 (CUMETPUjOM Y OHOCY Ha AMjaroHaiy).

Tapa je X ckyn cBux Tayaka aujaronane Oe3 IeHTpa KBafpaTa, X ;) CKyIl CBUX Tayaka 00e

130



Bopbe Bapanuh

nujaroHase U o0e oce CHMETpHje HOPMAlTHUX Ha CTpaHuIe KBajipaTa 0e3 [eHTpa KBajjpaTa, a

X nena pujaronana (Cruka A.6).

ps X Xy

XH H

Cimka A.6: Tlpumep 81

Hexaje X G-npocropuY C X,Y uazusamo G-unsapujanitinum wiv G-Uoiiiapociiopom
ako3acee g € Gucsey € Y Baxu gy € Y. Taga ounriegHo umamo MH[YKOBAHY aKIHjy
GxY —T,(g9,y) — gynajenY G-npocrop. Op6ure cy HajMarbu (Y CMACITY HHKITy3HjE)
G-nornpoctopu G-mipocTopa, a ceaku (G-MOTNPOCTOP je yHuja opoura. OpOuUTHA paciojerha
cy G-mornpocropu. Op6utHO pacnojeme Xy je Hajsehu nogckyn nmpocropa X Ha KoMme je
nejctBo cnodopHo. Kommement X \ X, ce HasuBa cunZyaaprum ckynoM G-npocropa X.

OBaj cKyn je yHuja puKcHuX ckynopa Tauaka X 7, H # {e}.

IIpumep 82. Y npumepy 81 ckyn Xy, je cKyn cBMX Tayaka KoOje HUCY HA OcaMa CUMETpHUje

KBajparTa.

A.3 EKBHBapHjaHTHA IIPECITHKABAKbA

A.3.1 Kareropmja G-npocropa n GG-npecnukaBama

MHoru npoGnemu y MaTeMaTHIM MOTY CE€ CBECTH Ha MHTamE MOCTOjama ofpeheHor ex-
BMBApHjAHTHOT NpeciukaBamka. Heke of Haj3HauajHuX TeopeMa maremMaTke XX Beka, Kao
Hip. bopcak-YmnamoBa TeopeMa, TOBOpe O BHXOBO] er3ucTeHInju. HbUX0BO M3yyaBame je
3aT0 O KpyIMjaJIHE BAXKHOCTH. Y ONIIITEHO rOBOpehn eKBUBapujaHTHA MPeCINKaBama n3mehy
nBa G-mpocTopa cy OHa NMpecimKaBamwa Koja ce ,,cnaxy  ca G-gejcrBuma. Hhuxosa npumena
y KOMOMHATOPHIA ¥ {PYIMM TPaHaMa MaTeMaTHKe je u3noxena y [66] u [46]. Pesymnraru n
TeopHja Kojy OBJie H3MakeMo IIpaTi MoHorpadujy [23] y Kojoj je Teopuja eKBUBaApUjaHTHOCTH

leTaJbHO POYYEHa.

Je¢punnmuja A.3.1. Heka cy X n Y nBa G-npoctopa. [pecimkaBame f : X — Y HazmBamo

G-exeusapujanitinum yKoJmKo 3a cBako g € GG m3a cako x € X Baxkn

flgz) = g(f(z)).
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G-exBuBapujaHTHO TipecinkaBame [ : X — Y WHAyKyje HeNpeKuaHO MpeclnKaBamke Ha

IpOCTOpYy OpOuTa

F/G:X/G = Y/G, Gx) — G(f(x)).

Ounrnenro je paje3acBako r € X, G, C Gy(y). Ykomuko je3acBako x € X, G, = Gy
NPECNKaBambe [ HA3UBAMO U30BAPUJAHTIHUM.

Pann nakmrer o3nauaBama, (G-eKBHBapWjaHTHO TpecinKaBame f Hariamasamo ca [ :
X S Y nwasmsamo ra kpahe G-nipecinKaBame.

G-npocropu kao o6jekTu u G-npecnukaBarma kao Mopdusmu u3mehy oojekara hopmupajy
jemHy kateropujy. M3omopcau 06jexTr oBe Kateropuje cy G-nmpoctopu n3Melhy Kojux mocroju
G-xomeomopgmsam (G-TpecnuKaBame Koje je 1 XOMeOMOpghH3aMm).

Osa kareropuja mocenyje mpousson. Heka je (X;|i € I) dammwmja G-npocropa.

Tononowku npoussop | [, X; nocenyje G-nejerso pedpunucano ca

(9, (wi| i € 1)) = (g(xi) | 0 € 1),
KOje Ha3UBAMO OUJAZOHANHUM O€JCIIBOM.

Jepunnmuja A.3.2. G-npecnmukaBama fo, f1 : X — Y HazuBamo G-xomoiloiiHuM YKOTAKO

nocroju HenpekugHo G-npecinkaBame F', Koje 30BeMo G-xomoionuja nameby fou fi
F:Xx[0,1]—Y

takBo fia je F'(z,0) = fo(x), F(x,1) = fi(x), a G nejcrByje TpuBmjanuo Ha [0, 1] u gujaro-

nanno Ha X X [0, 1]. Ceako tipecauxasare fy, © — F(x,t) je jeono G-iipecauxasarse.

Penanuja GG-xoMoTONHOCTH je jefiHa penaija eKBUBAICHIje 1 nocToju Kateropuja G-
npocTopa 1 G-XOMOTOIHHX Kj1aca npecnukaBama. Ckyn (G-XOMOTOIHAX KJTaca MpecinKaBamba

G
X = Y oGenexasamo ca [ X, Y]q. Ca fo ~¢ fi o3nauaBamo fia cy fo u f; xomoTornHa.

Cra A3.1. Hexacy H u K @ioozpyiie wiotionouike zpyiie G.

(1) G-tipecaurasawe G/H — G /K uocitioju ako u camo axo je H korwyzosana Hekoj
iloozpyiiu 2pyiie K.

(2)3aa € G, a'Ha C K, itocitioju G-iipecauxasawe R, : G/H — G/K, gH >
gakK.

(3) Csaxo G-uipecauxasawe G/H — G /K uma popmy ipecauxasarsa R, 3a oOpeheno
a € Gitaxeo dajea *Ha C K.
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(4) R, = Ry axo u camo ako ab™' € K.

Mokas. Hekaje f : G/H 4 G/K. Younmo a € G rakso jia je f(eH) = aK. W3
eKBHBApHjaHTHOCTH 3aKibydyjeMo fa je aK = f(eH) = f(hH) = hf(eH) = haK 3a
ceakoh € H. Opaspe cnemupajea ' Ha C K u H je ounriefHo KOBYrOBaHa OBOj IOATPYIIH.
Takobe u3 exsusapujantroctu godujamo naje f(gH) = f(geH) = gf(eH) = gaK.

O6pnyro Hekaje a 'Ha C K. Axoje g1 H = goH, Tafaje g1 = goh3amexkoh € Hn
ha = ak3anekok € K. OnaBueje g1a K = gohaK = goak K = goaK nnpecnukaBame R,
je mo6po aedunucano. R, je no cBojoj necunnimju G-ekBuBapujanTHo. OBUM CMO JI0Ka3au
(1), (2)m (3).

R, = Ry je ekBUBaNeHTHO ca TUM J1a 3a cBako g € (G Baxku gaX = gbI, omHOCHO f1a je
aK = bK,aoBo je exBuBanenTHo catum ia ab~! € K., O

Hexa je H nogrpyna rpyne G. Hopmaausaitiop zpyiie H y rpynu G je rpyna
NH = {ne€ G|n'Hn = H}. I'pyna H je Hopmanna noxrpyna rpyne N H, ma nocroju
kBonujentHa rpyrma N H/H kojy o3nauaBamo ca W H u 30BeMo Bajaosom 2pyiiomn. TIpema
npumepy A.3.1 G-eugomopdusmu npocropa G/ H umajy obnuk R, : G/H — G/H,gH —
gnH 3an™'Hn C H.Y onmrewM cydajy n He Mopa 6uth enement of N H, n npunaga N H
ako u caMmo ako je R,, G-ayromopcuzam og G/ H. Opaspie ce 3akibyuyje fia je Bajmosa rpyna

uzomopua rpymu Aute (G / H) G-ayromopdusama.

Crae A.3.2. [ejcitiso zpyiie W H na G/ H
G/H xWH — G/H, (¢H,nH) — gnH

je ca0600Ho.
Jloka3. Heka je 3anekon € NH uneko gH,gnH = gH. TamajenH = Huh € H.UJ
Cra A.3.3. Heka je X G-tipocitiop u H iioozpyiia 00 G. IIpocitiop X i je N H/H apocitiop.

Moxkas. Hekajex € Xyug € NH/H. Tpema craBy A.2.2 u necpunnnuje Bajnose rpyme,
uMamo fia je Gy = gHg ' = H. akne, g(z) € Xg.

Ocraje ma okaxkeMo fia je 0BO JiejcTBO mo6po necdurncano. Heka cy g1, go € N H TakBu
naje o H = g H. Tapaje g, g1 € H,maje g5 g1(z) = x1j. g1(z) = go(x), unme je

TBpbheme 0Ka3aHo. U
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A.3.2 ®amunnje noarpyna u eKBUBapHjaHTHA IPECTUKABamba

Ha name hemo nocmartpatu fiejcTBa KOMNAKTHUX Tpyna Ha Xay3a0p¢oBUM TPOCTOPHUMA.
Op6uitnu wiui G-npocropa X je cKyn Kiaca u3o0Mophu3ama XOMOI€HUX IIPOCTOpa KOju
cy m3oMopHI opouTama. AKO je OBaj CKyll KOHaYaH, KaskeMo fa X mMa KOHA4aH opOuiliHu

. Usottpoicku mui G-npoctopa X je cKyl KOHjyrOBaHHX KJiaca H30TPOTICKHX TPyTIa.

Mepunnmuja A.3.3. Qamuauja usoiuipoiuje (uau kpake gpamuauja) rpyne G je cKyn § 3aTBOpe-

Hux noarpyna rpyne GG Takux ja3acee H € §, H ~ K cnequja K € 3.

damunuja § je 3aitisopena ykonuko uz H € §, H C K cnenu ja K € §, a oitisopena
ykomuko H € §, K C H cnepuna K € §. Hekaje X G-npocrop u § hamuinja aepuHAIIAMO
CKyII

X(F) ={re X |G, €5}.
Ogaj G-motnpocTop je yHuja OpOUTHHX paciojema.

Ipumep 83. Heka je X = R™ & R" u neka na X pejcrsyje rpyna Z;, = {wjw? = e} na
cnepehn vaunn w(x, y) = (—y, ). 3aTBOpene pamunnje cy §1 = {724}, 53 = {{e, w?}, Z4}
n {{6}7 {67 w2}7 Z4} Hmamo Haje X(Sd) = X(SQ) = {(07 0)} n X(Sg) =X.

NMedunmmja A.3.4. G-ipocrop X ce Ha3mBa F-iipusujastum ako moctoju G-eKBUBa-pHjaHTHO
npecnukasawe X — G/H,H € 3.

OrtBopenn G-nortnpocrop U mpocropa X Ha3mBamo yes oko Tauke r € U ako mocroju

G-exBuBapujaHTHO npecinkaBawe U — G /G,

HMedmnmmmja A.3.5. G-npocrop X ce Ha3WBa F-10KAIHO HIPUBUJANHUM AKO TIOCTOjH OTBOPEHO
nokpuBame F-rpusrjanaum G-nornpocropuma. G-npocrop X ce Ha3uBa F-Cilipozo A0KAAHO

{pusujanHum ako TIOCTOj| aKO MOCTOJH LIEB OKO CBaKe Tauke mpocTopa X.

CraB A.34. Heka je X ciipozo nokaano wipusujaran upociiop. Ako je § 3ailisopena

(oitieopena) pamuauja, iwaoa je X (§) saiusopen (oitieopen) y X.

Tloka3. Heka je § orsopena dpamunuja, © € X (§) u f : U — G /G, G-upecnukasarme u3
uesu U oko z. Hekajey € U n f(y) = gG., Tana u3 eKBUBAPHjaHTHOCTH T00HMjaMo Jia 3a

cBako h € G, Baxn

9G. = [(y) = f(h(y)) = h(f(y)) = hgG..
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Onasne je G, = ¢ 'hgG,mag thg € G, 1j. h € gG,.g7 ' uG, C gG,g~*. Nakne, cBe
rpyIe u3oTponuja Tadaka u3 U cy nopkonjyrosase rpym G, € §ulU C X (), naje X (3)
oTBOpeH Y X.

Heka je § 3aTBOpeHa (hamuinja 1 §’ KOMIUIEMEHT Off § Y CKYITy CBUX 3aTBOPEHHX MOTPYIIA.
3 Mopa 6uTu oTBOpeHa jep yromuko 6u 3a H € §', K C H Baxwmwio K € §, 3aTBOPeHOCT
§ om 3Haumno ma H € §, mro je Hemoryhe. CBe rpymne m30Tponmja cy 3aTBOpEHE, Ma je
X(F) =X\ X(3)3arsopeny X. O

CBako (G-ekBuWBapwWjaHTHO mpeciukaBake f : X — Y umHAyKyje (G-eKBHBapHjaHTHO

TIPECIINKABAE
f(@): X(E) = Y(3)

3a CBaKy 3aTBOpEHYy (hammimjy §. 3aTo ce yecTo mocmarpa ¢uiarpanmja mpocropa X mor-
npocropuma X (§) rje cy § 3arBopene damununje. MuKny3uja aeuHuLIe jeHO NapuujaaHo
ypeheme nopckynosa X (F). Jlokasu i KOHCTPYKIHje Y TEOPHjI TpaHCOPMAaIL[Hja IPYIIE YECTO
ce CIIPOBOJIE MHAYKIMjOM 110 (huntparuju X (F) moueBim off ckyna (pUKCHUX Tauaka u gofajyhu
jeHO OPOUTHO PACIIOjeHE.

Hexka cy X nY G-npocropu. 3a G-ekBuBapHjaHTHO npecimkaBame f : X — Y nmamo

na3acsako r € X Baxu G, C G (,). [Tocmarpahemo motnpocrop
I(X,Y)={(z,y)| G, C G,} C X xY.

OBo je G-mornpocrop mpocropa X X Y ca gujaroHaaHuMm fejctBom. [Ipocrop opoOura

osnaunhemoca M (X,Y) = I(X,Y)/G. Tpojekumja X x Y — X uHgyKyje npeciukaBame
q: M(X,)Y)— X/G

MpesiackoM Ha npocrope opouta. G-npecnukaBamwe f : X — Y uHAyKyje npeciukaBame

X = I(X,Y),z — (x, f(z)), a nperackom Ha pocTOpe OpOUTa TOOH]aMO MPECTNKABAE
sy X/G— M(X,Y).

OBo mpecnuKaBame Sy je ceuere, Tj. Baxu ¢sy = id. [lokazahemo ma mom ompehernm

YCIIOBUMA, CEYEHa Off ¢ OArOBapajy €eKBUBAapHjaHTHUM IIPECTUKABAbUAMA.
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HMedunmmja A.3.6. [Tap (X, YY) G-npocTopa ce Ha3mBa 00ilycilius aKo je ajarpam

I(X,V)—%-X

| s lpx

M(X,Y)1-X/G
KOjH HacTaje Off ¢, osaauerve.

CraB A3.5. Heka je iap (X,Y) ooiycitius. Tada je doOemwusarwe f +— sy OujexiiueHa
kopeciionoenyuja usmehy G-iupecauxasawa X — Y u ceuerva 00 q. /Isa G-ipecauxasarsa
fo, f1 + X = Y ¢y G-xomottioiina axo u camo axo cy oozosapajyha ceversa XOMOMOUHA KAO

ceverba.

Tokas. Hekaje s : X/G — M(X,Y) ceueme. [Iujarpam nosnayerma HaM [jaje MHIYKOBAHO
ceuemet : 1(X,Y"). Kommonyjmo ¢ canpojekumjom [ (X, Y) — Y upoGujamo npecnukaBame
fs + X — Y. Umamo ga je Qt(gx) = gr = gQt(x) = Q(gt(x)), jep je t ceueme u
() G-npecimkasawe. Takobe je, Pt(gz) = sp(gx) = sp(z) jep je t MHIYKOBAHO CeUeHe
1 p OpOMTHO NpecinKaBame. Baxw u ma je P(gtx) = Pt(x) = sp(x) jep je P Takobe
opbuTHO MpecimKaBamwe. [akie, gt(x) u t(gr) UMajy ucre CIMKe y OHOCY Ha MPOjeKIje
P w (), na oun mopajy 6urtu jegsaku. I[lpuppyxuBame s — fs ce jako mpoBepasa ja
je uHBep3 mpuapyxkuBawy [ — sy. G-xomotommja H : X X I — Y unaykyje ceueme
sy (X xI)/)G — M(X x I,Y). TlpecmukaBamwe M (X x I,Y) — (X x I)/G je
KaHOHCKY xoMeoMopdro ca g X idy : M(X xY) x I — X/G x I u sy je rpancopmucano
OBIM XOMeOMOP(MH3MOM Y XOMOTOTIH]Y Off ceuerha ¢. JIako ce mpoBepaanajeumap (X x 1,Y)
JIOMYCTHB, YAME je TBphewe Y IIOTIYHOCTH TOKA3aHO. O

Cnenehu cTaB HaMm [jaje KapakTepHU3alujy jefHe IMUPOKeE Klace JOMYCTUBUAX MapOBa.

CraB A.3.6. Heka je G komtiaxitina Zpyiia u Hexkacy X u'Y Xaysoopgposu apociiopu. Taoa je

dap (X,Y) oouiycitiue.

CraB A.3.6 omoryhaBa npoyuyaBame €KBUBApHjaHTHUX TpecinKaBamba MeTOfjama ajre-
Oapcke TOMmoJIOTHje Kao IITO j€ Teopuja 00CTpyKIHja.

MerTop nHAyK1IMje 0 OpOUTHAM THIIOBEMA PEAyKYje MHOTe MpobieMe Ha clI000/iHa fiejcTBa

rpymna.

Teopema A.3.1. Hexa je § 3aiisopena ¢pamuauja u X citipozo aokaano wipusujasarn G-

ipociiop. Heka je H maxcumaana meby 2pyiiama usottipotiuje imiawaxa us X koja Huje y
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F u Heka je § munumanna samwieopena gamuauja koja caopxu § u (H). Ipeitiiiocitiasumo
oaje f : X(§) — Y(§) G-upecauxasare. Ilpooywerwa F : X(§') — Y (§') apec-
auxaeara f 6ujeximiusno oozosapajy N H/H-iipodymeruma h : X (3)% — Y(§)H 00
T X@T =Y E)"

X<s>$yi§> X(f)”—iw?ff
X@F) - =Y(EF). XEF)HE- =Y (EHH

Toxkas. TIpeTnocraBnMo jia ce npofyxkema Iy u Iy noknamajy na ckynmy X (3'). Onn ce
noknamajy 1 Ha X (3) n (X () \ X(3)) = X(If{) = Xp. Kaxkoje X(g) = GXp, 360r
€KBMBAPHjaHTHOCTH ce MOpajy nofynapaTi u Ha X g). 360r MmakcumansocTu rpyne H Baxu
naje X(§') = Xy U X(3) maje Fy = I,

Cnuka A.8: Paumpeme N H/H-npecnukasama
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Hexka je h N H/ H-npecnukasame Koje mpopyxyje f. Iledpunummumo
E:XF)—=Y(®FE)

Ha C.TICI[ChI/I Ha4YvH

f(x), ©e€X(3)
E<J;) - N\H
gh(y), =gy, yc XF)".
Tpeba nokasaru fia je E 1o6po neduHICaHO, HEMPEKAIHO M EKBUBAPHjAHTHO MPECTHKABAKSE.
[IpernocraBumo fa je * = ¢g1y1 1y € X(%)H Tana je g1h(y1) = glf(y1) = f(91y1) =
f(z). Akojex = q1y1 = goy2 Y1, Y2 € Xy, Tagaje g1 = gon3auekon € N H. Kakoje h

N H -exBUBapujaHTHO, CTIENIU fia je

91h(y1) = ganh(y1) = g2h(ny1) = gah(ya).

Hakne, £ je mobpo peduHncano. OHO je HENPEKUAHO jep je HeNPEeKUAHO Ha 3aTBOPEHAM

nopckynosuma X (§) u GX (3')". ExsusapujanTHocT off F ce IUPEKTHO IIPOBEPaBA. U

Ilpnvep 84. Heka je G rpynam Y G-mpoctop. 3a npousBosban npoctop X mpocrop G X X
je G-pocrop ca cirobogHuM fiejcTBoM. [IponsBosbHO nipecnukaBame f : X — Y ungykyje G
npecmkaBamwe F : G x X = Y, F(g,2) = gf(x).

ITpumep 85. Heka je G rpyna, H wmena noprpyna u Y G-npocrop. 3a mpon3BoJbaH MPOCTOp
X npocrop G/H x X je G-npocrop. IIpoussomuo npeciukasame f : X — Y uugykyje
G npecmukaBawe F : G/H x X — Y, F(gH,z) = gf(x).

Teopema 2.3.1 Baxku y eKBUBApUjaHTHO] BEP3HUjH:

Crag A.3.7. Ocobuna G-exeusapujanitinociiiu u G-ek8usapujanitine XOMomoucke eK8UBINEH-

uuje ce tipeHocu u Ha pyrxiiop hocolim.
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buorpagmuja ayropa

Hophe bapanuh je pohen 29.09.1986. y Kparyjesiy, rje je 3aBpiimo OCHOBHY IIKOJY
»Cranucnas Cpemuesuh u IIpBy KparyjeBauky rumHasujy Kao yueHuK resepauuje. Tane-
HAT 3a MaTE€MAaTHKy je OTKpHO y MaTeMaTHykoj paHOHULH MIagux U npogecopa 3opaHa
Bacumesnha - rykuja. TOKOM OCHOBHE WM Cpe[ii€ ITKOJIE YIECTOBAO j€ HA MaTEMATHIKUM
TaKMUYEHMMA U OCBajay je Mefja/ba Ha MehyHapoiHUM MaTeMaTuukuM onumnujafama. 2008.
je numnomupao Ha [IM® y KparyjeBiy, cMep Teopujcka MaTeMaTHKa M YIIECA0 JOKTOPCKE
crynuje Ha MaTtematinukoM akyaTeTy y beorpafy Ha rpynu Tomnonoruja. 3armocyieH je Ha
Maremarnukom uacrutyty CAHY. AkTuBHO yuecTByje y npojekty 2KuBa MaTeMaTHKa U pajy
HI'TA cemunapa kojum pykosogie ap Pane 2KuBamesuh u ap Cunnina Bpehmna.

TOKOM OKTOPCKUX CTY/IHja y4eCTOBAO je X IMao NPefiaBama i ocTepe Ha 2 MaTeMaTH4Ka
KoHrpeca, 10 MehyHapoiH1uX HayYHIX KOH(epeHIrja 1 00paBHO y MAaTEMAaTHYKUM HHCTUTYTHMA
y [Im3u (Uranmja), O6epBondaxy (Hemauka), bepmmay (Hemauka), Jby6mana (CrnoBeHnja)
n Crokxonmy (llIBencka). KMma 2 o6jaBibeHa pama y wacomucnma SCI mmcre, Kao m 2y y
300pHHIIMA PajioBa ca KOH(epeHmja. AyTop je jemHe 30upke 3ajataka. Jomr 4 paga cy
y npouecy peuensuje. I[lopen TopycHe, reOMeTpHjcKe U aaredapcke TOMOJIOTHjE, Y HEroB
Hay4HH HHTEPEC CIajlajy KOMOMHATOPUKA, JUCKPETHA 1 KOMOMHATOpHA FeOMETPH]a, KITaCHIHa

W padyyHapcKa MpojeKTHBHA FeOMETpH]a.



Mpunor 1.

UsjaBa o aytopcTBy

[NoTnucann hophe Bapanuh

Bpoj ynuca 2010/2008

UsjaBmbyjem

[a je QOKTOpCcKa AucepTauuja noq HacnoBoMm

Tononozuja u koM6uHamopuka

KeasumopycHux MHo2ocmpykocmu u K cmeneHa

® PE3yNnTaT CONCTBEHOr UCTPaXMBaYKor paaa,

* AanpeanoxeHa auceptauunja y UenuHW HY y fenosuma Huje 6una npeanoxeHa
3a pobujarbe BWUNO Koje AUNNOMe Npema CTyaujcKUM nporpamuma  Apyrux
BWCOKOLLKOMCKMX YCTaHOBA,

® [a Cy pe3yntaTtu KOPeKTHO HaBedeHW 1

* /a HUCaM KpLUIMO ayTopcka npasa W KOPUCTWO MHTENEKTYanHy CBOJUHY ApPYrux
nvua.

MoTnuc noktopaHaa

Y Beorpaay, 2. 9. 2013.
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Mpunor 2.

MU3jaBa 0 MCTOBETHOCTU WITAMMaHe U ereKTpoHCKe
- Bep3uje 4OKTOpPCKOr paaa

Mve 1 npesnme aytopa Fophe Bapanuh
Bpoj ynuca 2010/2008
Cryawvjcku nporpam Tononoruja

Hacnos pasfa Tononoruja n KOMGMHaTOPUKa KBAa3UTOPYCHUX MHOFOCTPYKOCTM U K
cTeneHa

Mentop ap Page T. XuBarseBuh
[Motnucanun hophe Bapanuh

W3jaBrobyjem fa je wraMmnaHa Bep3nja MOr [OKTOPCKOr paja MCTOBETHA €NeKTPOHCKO)
Bep3uju Kojy cam npenao 3a objasrbusarse Ha noptany [IUruTanHor penosutopujyma
YHuBep3uteta y Georpagay.

HossorbaBam fa ce objaBe MOjM NWYHM NojauM BesaHw 3a AobWjarme akaaemcKor
3Bakba [OKTOpPa Hayka, Kao LUTO Cy UMe 1 npe3uMe, roguHa U MecTo poflersa u aaTym
ofbpaHe paga.

OBM nuuHM nogaum mory ce 06jaBUTU Ha MPEXHUM CTpaHuLuama aururanHe
BubnuoTeke, y enekTpoOHCKOM KaTarory vy nyénukauumjama YHusepsuteTa y Beorpanay.

MoTnuc gokropaHga

Y beorpaay, 2. 9. 2013. | ( - .7
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Mpwnor 3.

M3jaBa o kopuwhemy

Osnawhyjem YHuBepautetcky bubnuorteky ,Ceetosap Mapkoeuh* ga y OurutanHu
penosuTopujym YHusepsuTeTa y Beorpagy yHece Mojy OOKTOpPCKy AucepTauujy nog
HacnoBOM;

Tomojiornja ¥ KOMOMHATOPHKA KBAa3HTOPYCHUX MHorocTpykocrn 1 K crenena
Koja je Moje ayTopcKo aeno.

OucepTaumjy ca cBMM Npunos1MMa npefao/na cam y enekTpoHcKoM hopmarty norogHom
3a TpajHO apxvBMpatLe.

Mojy OOKTOpCKY AucepTauujy noxparseHy y OurutanHiu penosvtopujym YHusepsuTeTa
y beorpagy mory aa kopucTe CBM Koju NowTyjy oapeabe cagpxaHe y ogabpaHoM Tuny
nuueHue KpeatusHe 3ajegnuLie (Creative Commons) 3a kojy cam ce ogny4uo/na.

@yropcmo
2. AyTOpPCTBO - HEKOMEPLNjanHo
3. AYyTOpCTBO — HEKOMepUWjanHo — bes npepage
4. AyTOpCTBO — HEKOMEpPLWjanHo — AenuT Noa UCTUM YCroBMMa
5. AytopctBo — ©e3 npepaje
6. AyTopCcTBO — AENUTWU NOA UCTUM yCroBuMa

(Monumo fna 3aoKpyxuTe camo jeflHy oA LeCT MOoHyReHWX NuueHUW, KpaTak onwuc
nuueHun aar je Ha nonefuHn nucTa).

MoTnuc pokTopaHaa

Y Beorpaay, 2. 9. 2013.




1. AytopcTtBo - [lo3Borbaesarte ymMHOXagare, AUCTPMOYLM)Y W jaBHO CaonluTaBamke
hena, u npepane, ako ce HaBefe nMme aytopa Ha HayuH o,upeF]eH o4 CTpaHe ayTopa
unu gasaoua nuueHue, Yak Uy komepuujande capxe. OBo je HajcnobogHuja oa Ceux
NLEHLIN.

2. AyTopcTBO — HekoMepuujanHo. [lo3sorbasare yMHOXaBame, UCTpubyuujy 1 jaBHo
caonwTaeake Aena, W npepage, ako ce HaBefe MMe ayTopa Ha HauumH ofpefeH of
cTpaHe ayTopa unu fasaoua nuueHue. Oa nuueHUa He 403BOSbaBa KoMepLUujanHy
ynoTpedy gena.

3. AyTopcTBO - HekomepuumjanHo — ©Ges3 npepage. [loseorbaBaTe yMHOXaBae,
avetpubyunjy M jaBHo caonwrasBarwe fena, ©e3 npomeHa, npeobnukoBara Unu
ynoTpebe Oena y CBOM feny, ako ce HaBeAe wuMe ayTopa Ha HadyuH onpeheH of
cTpaHe aytopa wnu fgasaoua nuueHue. Oa nNuUeHLa He [03BOSfbasa KoMmepuujanHy
yrnoTpeby fena. ¥ ofHocy Ha cBe OocTane NuLeHue, OBOM NMUEHLIOM ce orpaHiyasa
Hajsehu 0Oum npaea kopuwhewa gena.

4. AyTOpCTBO - HeKoMepuujanHo — penutu nof uctum ycnoeuma. [losBorbasarte
yMHOKaBare, AncTpubyumjy v jaBHO caoniuTaBarse Aena, 1 npepane, ako ce Hasene
ume aytopa Ha HaduH ofapehleH of cTpaHe ayTopa Wnu gaBaola nuueHue 1 ako ce
npepaga guctpubyupa nog UCTOM MMM CAnYHOM nuueHuoM. Osa nuueHua He
[03BoSbaBa KoMepunjanHy ynotpeby fena v npepaja.

5. AytopctBo — 6e3 npepafe. [os3BorbaBaTte yMHOXaBarbe, AWCTpUbyuMjy 4 jaBHO
caonwrasake gena, 6es npomeHa, npeobnvkosara unu ynotpebe Aena y cBom aeny,
axko Ce HaBede WMMe ayTopa Ha HaduH ofpeheH of cTpaHe aytopa vnv fasaola
nvueHue. Osa nyueHua [03Borbasa komepuujandy ynotpeby gena.

6. AyTOpCTBO - AenuT nog wWCTUMm ycrnosuma. [lo3BorbaBaTe YMHOXaBawe,
AucTpubyumjy 1 jaBHO caonwiTasarbe fena, u npepage, ako ce HaBefe UMe aytopa Ha
HaunH ogpefeH of cTpaHe ayTopa unu Aasaocua nuueHue U ako ce npepaja
aucTpubympa nop WCTOM WKW CnudHOM  nuueHuom. OBa nuueHua [o3sorbasa
Komepuunjandy ynoTtpeby gena u npepaga. CrnundHa je codTBepckMM nuUeHLama,
O[HOCHC nuLeHLlamMa OTBOPEHOT KoAa.
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